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1. Representations of a compound matrix. 

1. Standard notations for a compound matrix. 

If ag, . . . and /3j, /525 * . . A are any two sets of positive integers, 
and if 

aj -f ttg-f . . . + Oy =m, p] -j- . . . + fSg =:n, (1) 

a matrix Z==[x]'* expressed in one of the equivalent forms 





Zjj, Z|g, . 


Si, • 

. 60 

a| 

Xjj, Xi2, • . 

■ z,.-- 

z== 

-^21 > -^ 22 ? * 

• • Zj, 


ttg 

-^21 » '^ 22 > * ' 




. . z„_ 


Or 

1 „ Xr } , X^r^s • • 

• Z„_ 


aj, a^f . . . ar 


where the i th horizontal minor contains a,- horizontal rows and the j th 
vertical minor contains vertical rows, will be called a compound 
matrix of the class 

M (3) 

in which, the horizontal and vertical index numbers are a,, a^, . . . and 
Pi, Pi, . .. P,. The first representation of X in ( 2) is the ordinary stand- 
ard notation for a compound matrix; the alternative standard nota- 
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tion on tlie right will be convenient on account of its conciseness when a 
large number of constituents are shown. Any matrix X= whose 
horizontal and vertical orders are m and n can be expressed as a com- 
pound matrix of the class (3) where a,,a 2 , and /?i, 
any positive integers satisfying the relations (2). When the class 
of X is taken to be ilf (") , X is not regarded as compound, and will be 
called a simple matrix. 

2. Representations of a compound matrix by a skeleton^ class- 
symbol or scheme. 

When a compound matrix X=[a;]” of the class (3) is expressed in 
the forms (2)^ we will define the skeleton of X to be the matrix 




•^12 • 


11 

r — 


“^22 * 

• X2J} 

Li. 2. ...rj 

L x,.i 

Xr2 • 



formed by omitting the index numbers in (2) ; and we will define 

-.-AA (5) 

V aj, aj, ...Or/ 

to be the class-symbol of X, the class-symbol being formed with the 
successive horizontal and vertical index numbers of X. The compound 
matrix X is formed from its skeleton by replacing the element X^y of the 

skeleton by the constituent [X^y] , which is a matrix with horizontal 

and /3j vertical rows, this being true for all the values 1,2, . . . r of i and 
all the values 1 , 2, ...5 of j. The complete representations of X in 
the forms (2) are known when the skeleton (4) and the class-symbol (5) 
are known. The skeleton gives the notations used for the constituents 
of X, and the class-symbol shows what the horizontal and vertical 
orders of each constituent are. We can represent X by its skeleton 
only when the class-symbol is known ; and we can represent X by its 
class-symbol only when the notations for its constituents are known 
or are left undefined. 

In our language we shall usually identify the constituents of X with 
the elements of the skeleton, and speak of the lines of the skeleton as 
lines of X. Those consecutive constituents in (2) which in the 
skeleton form lines sloping diagonally from above downwards and 
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towards the right (or towards the left) will be regarded as forming 
the diagonal lines (or the counter-diagonal lines) of X. The diagonals 
of X are the diagonal lines drawn through the corner constituents 
Xii and X^gi the counter-diagonals of X are the counter-diagonal lines 
drawn through the corner constituents X^, and The leading 

diagonal of X is the diagonal through the top left-hand constituent Xi,. 
By the diagonal constituents of X we usually mean the constituents 
forming the leading diagonal. When the number of horizontal index 
numbers is equal to the number of vertical index numbers, i.e. 
when r=8, there is only one diagonal and only one counter-diagonal ; 
and in this case the term ‘ diagonal constituent ’ is entirely free from 
ambiguity. 

A super-minor of X is a minor formed with complete constituents, 
and will often be regarded as a minor of the skeleton (3). The super- 
minor 



y 

^ nix') ' 

X 


Y 

■ 

■ 


* 

• • - 


will usually be denoted by the most suitable of the expressions 


.< 

Ta, ”1 

^ Lw, r, . . , wJ 

[_U, V, . . . 


which are respectively its class-symbol^ its skeleton, and its skeleton- 
symbol. An unbroken super-minor is a corranged super-minor formed by 
the intersections of consecutive horizontal and consecutive vertical 
minors. Thus the super-minor shown above is unbroken when 
Uy V, ... w and X, fjL, ... v are two series of consecutive positive integers 
arranged in ascending orders of magnitude. 

When a compound matrix X=-* [a?]” is expressed in the forms (2), 

we define its scheme to be formed by replacing each symbol Xi^ by 0 
or by a cross according as the corresponding constituent of X is or is 
not known to be. a zero matrix. The skeleton-scheme oi X is formed 
in the same way from the skeleton (3). We use such schemes to show 
concisely the general character of a compound matrix. . When a 
constituent X^^ is known to be a zero matrix, we shall often replace 
X|y by 0 both in the expressions (2) and in the skeleton (3). 
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The notations for the elements of the skeleton of a compound 
matrix X, i.e. for the constituents of X, may be any we please. Thus 
the complete representations of a compound matrix X whose class- 
symbol and skeleton are 


/a, /3, y 


^ and 

1 



Xupy 

Xuq} 



L w, 0 J 



Xnq^ 

X-orJ 


are 



X'oqj 



0 , 7 


A, (X 



a 

J8 

\ 

Xjipi 




Xvqj 



3. Zero index numbers. 


The index numbers of a compound matrix X are usually considered 
to be all dijSerent from 0 ; but this is not necessary. When any 
horizontal (or vertical) index number is 0, the corresponding horizontal 
(or vertical) minor of X is absent, or can be struck out. Consequently 
we can always add to or remove from the index numbers as many 
O’s as we please occupying any positions amongst them. When we 
do this, the matrix X and its class remain unaltered, but we alter the 
skeleton and the class-symbol, and we therefore alter the designations 
of the actually occurring constituents ; for the number of horizontal or 
vertical rows in the skeleton is always equal to the total niumber of 
horizontal or vertical index numbers, O’s included. 

When the number of vertical minors is equal to the number of 
horizontal minors, or has been made equal to it by the addition or 
removal of zero index numbers, the class-symbol (5) assumes the form 






and then the diagonal constituents (some or all of which may be 
absent), are those of orders varying the 

zero index numbers and their positions we can vary the constituents 
which are to be regarded as diagonal constituents. When we use the 
class-symbol (6) in which s ^ r, we usually imagine s - r final O’s to be 
added to the horizontal index numbers ot r -s final O’s to be added to 
the vertical index numbers according as 5 - r or r - a is positive. This 
enables us to regard the constituents of the leading diagonal as the 
diagonal constituents. The following are different representations of 
a given compound matrix of the class M 


HEMIPTERIC MATRICES. 


5 


(1) 

Glass symbol. 

Skeleton, 

m 

x = 

Representation of X. 

~x,„ x,„ 

_Xg,, Xjj, ^ 

(2) 

/2, 4, 3\ 

\3, 2, 0/ 

ri. 2,3-1 

[„fj 

x = 

rxi„ x,„ x.sT’"’* 
_X 2 „ X,„ 

(3) 

/2.4, 3s 
\0, 3, 21 

Li, 2 , 3J 

x = 

-^21 > -^22> Aigs"] 
LX3„ x., 2 , xJ^,^ 

( 4 ) 

/0,2,4,3,0s 

Vo, 0, 3,2,0/ 

1 1 

L J 

x = 

^ -12. ^ 
x,„ x,,l 


Here only the actually occurring constituents have been shown ; and 
these are the same in all cases, though their designations are diflEerent. 
In (2) there are 3 diagonal constituents X,i, X;^3 of which the last 
is absent; in (3) there are 3 diagonal constituents X|i,X22,Xo^3 of 
which the first is absent; in (4) there are, 5 diagonal constituents 
Xu, X 22, X33, X56 of which the first two and the last are absent. 

We usually regard (1) and (2) as the same. 


2. Simple reversants; symbolic commutants; com- 
mutantal products of simple matrices. 

1. Simple reversants. 

For the undegenerate symmetric matrix formed by reversing the 
order of arrangement of the horizontal or vertical rows of the unit matrix 

[if we shall use the notation 




- 0 .. 

.0 1 - 

0 .. 

.1 0 

Li.’. 

.0 0 - 


, which includes [^'J^ =[1], 


(A) 


and we will call Ij]' the simple reversant of order r or the reversant of 
the class M ( |! ). When this matrix is applied as a prefactor to a 
matrix A with r horizontal rows, it reverses the order of arrangement 
of the horizontal rows of A ; and when it is applied as a postfactor to 
a matrix A with r vertical rows, it reverses the order of arrangement 
of the vertical rows of A. The equations 

r • r * * 1 ^ ri 1 r • / "t \ “ l) 
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show that [7/ is its own inverse, and that its reciprocal and con- 
jugate reciprocal are the undegenerate symmetric matrix 


2. Symbolic commutants. 

Taking tt and tt' to be two different symbolic elements, we will 
impose on the four expressions 

{tt, tt], {tt', tt}, {tt, tt'} (B) 

the law of composition of the symbols for commutants, and call them 
symbolic commutants. A product 

. . . k\ (1) 

in which each of the factors is one of the four symbolic commutants (B) 
is commutantal (in the symbolic sense) when in every pair of consecutive 
factors the second element of the factor on the left is the same as the 
first element of the factor on the right. Whenever the product (1) is 
commutantal^ it is to be regarded as equivalent to that one ^ of the 
four symbolic commutants (B) which is such that the first element 
of ^ is the first element of the first factor symbol «, and the second 
element of ^ is the second element of the last factor symbol X. We 
then call f the product symbol of the symbolic commutantal product ( 1) 
and put 

a/3y.,. = ( 2 ) 


Consistently with the above definitions we can define 7 to be a 
symbohc reversant subject to the relation 




(Bi) 


which when applied as a prefactor to any one of the symbolic com- 
mutants (B) changes its first element from r to tt' or from 71*' to and 
which when applied as a postfactor to any one of them changes its 
second element from to or from tt' to r. Then the four symbolic 
commutants (B) are subject to the relations, 



^'y 



{tt'. 

ir} = J 

{rr, 

TT }, 





w. 

tt}- 

= ,-{7r', 




w. 

tt'}, 

w. 

TT } = 






1 ^ lit 

{tt , 

ir) = j 


tt}. 

{x'. 



*]?> 


^ } 


, w'} h 

{tt', 




{tt. 

TT } = 

{’T, 









r} = {ff, r}, 





(B,) 

(Bb) 
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the remaining 3 lines in being deducible from any one of the 
4 lines by use of the relation (BJ ; and the value of any commutantal 
product of the symbolic commutants (B) can be deduced from that of 
the product (Bg) by using the relations (B^) and. If ^ 3 ? ^4 

the 4 symbolic commutants (B) taken in any order, the 12 relations 
(B.;^) are all included in the 16 relations given by the formula 

(C) 

where a is 1 or j according as the first elements of are like or 

unlike, and & is 1 or j according as the second elements of ^/j, and 
like or unlike. When a or & is 1 , we will regard it as being absent. 

Ex. i. The product {^r, 7r'}{7r', 7r'}{ir', iT}{7r, Tr'} = {7r, tt'} 

is commutantal. If we denote the product symbol by and evaluate it by using the 
relations (Bj), (Ba), (B.s), we have 

|={7r, 7r} / . / (tt, tt] j . / {tt, 7r} . {tt, tt) /={7r, ^r} {tt, ir} (tt, tt} {w , -tt} . j 

= {7r, iT}/=:{7r, ir'}. 

Ex. ii. If ^ is any one of the symbolic commutants (B), then the four symbolic 
commutants are 

b /!> I/- 

3. Simple matrices correlated by simple reversants. 

Let X=lxf^ be any simple matrix of the class M(”). Then 

if X\ y, Y' are the matrices derived from X by reversing the orders 
of arrangement of both its horizontal and vertical rows, the order of 
arrangement of its horizontal rows only, the order of arrangement of 
its vertical rows only, we have 


Xu . 

. . xm 

. X'= 

Xfnn • ■ 

■ • Xml" 

, r=> 

Xml • 

• • Xmn~"\ 

rxm . . 
y'= 

• • 

.J^ml • 

• • Xmfi 


■ • 


^X]i . 

. • X\nJ 

..JXmn • • 

• • £»ml~ 


and if J^— [ j and J„= [ / are the simple reversants of orders m and 
n, so that 

JmJ. = [l]l, JnJ«=[l]^ (B/) 

these four matrices are connected by the relations 

X'=J^XJ., Y^JmX, Y'^^XJn, 

X y'=j„.x', y ^x'Jn. 

Y'^J^YJ,, X =J^Y, X':=YJn. 

Y X'^J^T, X = TJn. (B/) 

where each of the remaining 3 lines can be deduced from any one of 
the 4 lines by using the relations (B/). The* four matrices (B') will be 
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said to be correlated by simple reversants. When any one of them 
is given the relations (B^') determine the other three. If X^, X, 

are these four correlated matrices taken in any order, the 1 2 relations 
(B/) are all included in the 16 relations given by the formula 

Xt,=AXj,B, (CO 

where A is [1]“ or according as the horizontal rows of Xf^ and Xj have 
the same or reversed arrangements, and B is [1]” or J„ according as the 
vertical rows of Xj^ and Xj have the same or reversed arrangements. 
When A is [1]™, we may regard it as being absent; and when B 
is [1]^ j we may regard it as being absent. 

We can choose such an arrangement fi, 4 of the 4 symbolic 
commutants (B) that the relations (CO become the relations (0) when 
Xg, are replaced respectively by ^ 4 ? eeich of the 

simple reversants and J,, is replaced by the symbolic reversant j ; 
whilst conversely the relations (0) become the relations (O') when 
hi hi h are replaced respectively by X|, , Xg, X^, the prefactor j 
is replaced by the simple reversant reversing the order of arrange- 
ment of the horizontal rows, and the postfactor j is replaced by the 
simple reversant reversing the order of arrangement of the vertical 
rows. We can then distinguish between the four correlated matrices 
Xp X^, Xg, X^^ by ascribing to them the respective commutantal 
types hihihih'y regarding the symbolic commutants and 

the symbolic commutantal equations (C) as representatives of the 
correlated matrices X^ X^, Xg, and the equations (O'). We 
can ascribe to any one of the four correlated matrices (B') any 
one of the four types (B), and the types of the other 3 correlated 
matrices are then uniquely determinate. The actual values of all 
four of the correlated matrices are known from their types when 
the actual value of any one of them is given; for a change in the 
first (or second) element of corresponds to and represents a reversal 
of the horizontal (or vertical) rows of Xj^ . 

Ex. iih If I', 7), v' are the types ascribed to X, X', Y, Y\ the four possible sets 
of values of 97, V are 

(1) |={9r,9r}, ^'={7r%7r'}, 97={7r', tt), 97'={7r,7r'}i 

(2) ^={9r', ir'}, |'={7r 97={7r , tt'}, 97's={ir% it}; 

X (3) |={9r% -TT }, ^ it'}, 9?={7r , fr }, 97' = {9r , V} ; 

(4) , V}, I' = {9r', IT }, 9J=s{ir', tt}, , it }• 
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Since n and tt' are two arbitrary symbols, ihoso four (^hoicoH aro 
Ex. iv. If the types ascribed to X|^ and X/^ art» {v\ rr'} and 
{tt, 7t'}=/ ['h', tt'} shows that Xj^ doriv<ul Iroui 

order of arrangement of the horizontal rows. 


eHH<’ntifdly tho 
{ rr, jr'}, th<' nd|4t iun 
X fi by rovorHi'ni^ tin* 


4. Gommutantal products of simple matrices. 

A product of any number of simple matri(*.(^8 will be cjiIIcmI a row- 
mutantal product (in the symbolic sense) when : 

(1) it is in standard form, so that in ovory jjair of oonsotiutivi' 

factors the number of vertical rows in tlio fiwjtor oti th<*, 
left is equal to the number of horizontal i'owh in the tactor 
on the right ; 

(2) such types are ascribed to the factors that the produeti of the 

symbolic commutants which roprosc.nt thc-ir tyjs's is (siin- 
mutantal. 

Thus the product ABCD=^[af^ \d\'‘^ 

is commutantal when the typos a = { tt, nr' } , />* = j r', ?r' i , y ■ ( ?r', n- ) , li ^ 
are ascribed to the factors A, li, G, />; because then the {iroduid. 

a/iyS={Tr, Tr'jlrr', Tr'lfr', wJItt, tt'} 

is commutantal. 


Let 




or A[U)...KL^^X 


{.■!) 


be any commutantal product of t simple matrices in whi<di tho product 
of the symbolic commutants representing tho tyjjes uHoribed to the 
factors A,B,G, ... K, L is 

a/3y ... K\ = i, where ^ is a known symbolic commutant, (4) 
By replacing each of the factors A, B, .. . L in (3) fjy one of th<» 
four matrices correlated with it (of which it itself is one) wo can 


form 4 different producte of which 2 ’ are commutaiital, the ct»m- 
mutantal products being those in which corresponding reversals are 
applied to corresponding passive rows. Let 


1^®'^ • • • ■ . . K'L ' « K' 


(3') 


T "h I 

he any one of these 2 commutantal products correlated with (3), the 
product of the symbolic commutants representing the typci of 
A', B', 0',... K', L’ being 

o'^'y' . . . where i is a known symbolic commutant. (4') 

Because the reversals applied to the passive rows in (3) in deriving (S') 
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from it are replaceable in pairs by unit matrices placed between 
adjacent factors, we have 

X'^PXQ, = 

where P is the prefactor applied to A, which is either [1]^ or [f , and 

Q is the postfactor applied to L, which is either [1]^ or and where 
p is either 1 or and q is either 1 or Moreover by the definitions 
of the product symbols i and i' we have p—j when and only when 
P=[/]^, and q=j when and only when Q==[;£; and we conclude 
that : 

If we ascribe to the product matrix X in (5) the type then the 
product matrix X' in (S') is the matrix of type i’ correlated with X, 

Thus when the product matrix in the commutantal product (3) is 
known, the product matrices in all the correlated commutantal products 
derived from ( 3) by simple reversals are known by simply observing 
the types of the corresponding products of symbolic commutants, and 
there is no need to evaluate them directly. 

We will call (3) a commutantal equation of the type (4) when the 
product on the left in (3) is commutantal, and the types ascribed to 
A, B, 0, . , : K, L and X are y, . . . k, A and A commutantal 
equation of the form 

HXK=Y 

win be called a commutantal transformation converting X into Y, 

Ex, V. Let [af [cf Id] [ef ==[aj]” or ABODE=:X (5) 

m p Q r 8 7H 

be a given commutantal product, the product of the symbolic commutants representing 
the types ascribed to A, B, O, D, E being 

{tt, 'Jr'}{7r', ir}{ir, irjl'jr, w'}{7r', 7r'}=|, where ir'}; 

and let [a'f [6^^ [o'f [e'f =[x'f or A^B'0'iyE'=X' ($') 

tn p T 8 

be a correlated cmmutantal product obtained by applying simple reversals to the horizontal 
and vertical rows of some of the factors in (5), the product of the symbolic commutants 
representing the types of A', B\ 0\ P', E' being 

{tt', '7r}{'7r, , '}T}{ir, , where |' = {-7r', -tt'} . 

In order to evaluate the new product matrix X' directly, we should define 
Jmy Jpf Jq* Jr 9 Jg, Jntohe the simple reversants of orders m, p, g, r, n, so that 
A'^JmA,B':=gB,0'=z0Jr9D'=JrDJ»9E'=J8E, 

Then X'^mA.B.OJr .Jr DJ8>^J8E= ABODE (6) 


HEMIPTERIC MATRICES. 


11 


i.e. X' is the matrix obtained by reversing the order of arrangement of the horizontal 
cows of X. 

Now the equation (6) corresponds to and can be represented by the equation 

1'=/ {tt, tt'} . {tt'j tt} . {tt, tt} j . i (tt, tt'} j . j (tt' 7r'}=/ I ; (6') 

and the equation X'=:J^X can be deduced from the equation |'=7 Tlieroforo the 
equation 1 is sufficient to show the relation between. X' and X ; and if we ascribe 
to X the type ^={ 7 r, ir'], we know that X' is the matrix of type i' = {7r', tt'} correlated 
with X, 

3. Compound reversants; commutantal products of 
compound matrices. 

1 . Part-reversants, 

Lefc tt], ••• and /Si, A, ... A be two sets of positive integers 
such that 

a, + + . . . + a,, = + ^2 -f . . . + ^ ; (1) 

let the standard notations of Art. 2 be used for simple reversants, and 
let X=[xf be any compound matrix of the class 


\ ttj J ag, . . . o.f>/ 


expressed in the forms (2) of Art. 1. Then the compound square 
matrices 


djn — I 

a, L 

which are such that 



al 02 

ar 


^1 H 

Ba 

i 

j, 0, . . 

,.0-| 

, 

r j, 0, . . 

..0 


0, j, . 

i 

..0 

J 

0, j, . . 

.. 0 

ar 

Lo, 0 ,. 

■ - 

""a 1 

lo/a' 

..j- 




will he called the reversants, or with greater definiteness the fart- 
reversants of the respective class 

jjf /“U “3; • • • “r\ J/ /A’ (3) 

^VA.A.---Ah 

When J„ is applied as a prefactor to X, it reverses the order of 
arrangement of the horizontal rows in every coastituent of X, leaving 
the class of X unaltered ; and when J„ is applied as a postfactor to X, 
it reverses the order Of arrangement of the vertical rows in every 
constituent of X, leaving the class of X unaltered. Thus we have 

/.X/«= X', J„X = r, XJ„ = T, (As) 

where X', T , Y' are the compound matrices of the same class as X 
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which are obtained by reversing the orders of arrangement of both the 
horizontal and vertical rows, the order of arrangement of the horizontal 
rows only, the order of arrangement of the vertical rows only in every 
one of the constituents of X. We will call X, X' , Y, Y' four matrices 
of the class (2) correlated hy fari-reversants. If we denote these four 
matrices taken in any order by we have 


Xu^AX^B, 


(A;,) 


where A is [1]” or according as the horizontal rows of correspond- 
ing constituents of X^, and Xj, have the same or reversed orders of 
arrangement, and where B is [1]” or according as the vertical rows 
of corresponding constituents of Xj^ and Xj, have the same or reversed 
orders of arrangement. We can choose such an arrangement ii, 
of the symbolic commutants (B) of Art. 2 that the equations (A,,) 
become the equations (C) of Art. 2 when X^, X^, Xj, X^, are replaced 
respectively by li, ^ 2 , and each of the part-reversants J„ and J„ is 
replaced by the symbolic reversant j ; and we can then distinguish 
between the four correlated matrices Xj, X^, Xj, X^ by ascribing to 
them the types f,, We can ascribe to any one of the four 

correlated matrices the type represented by any one of the four 
symbolic commutants ; and the types of the other three correlated 
matrices are then uniquely determinate. The argument is exactly 
the same as in Art. 2.3, the part-reversants and taking the place 
of the simple reversants J„ and J„ . 

2. Glass-reversants. 

The compound square matrices 




“2 


«1 “2 
-0,0, . 

ar 

.. I™-| 

1 

j 

“0,.. 
0 . 

, . 0, 1 - 
. 1 0 

0, 1, . 

..6 



-1,0, . 

.. o_ 

j8. 

Li’,'.' 

1 

0 

o' 


(B) 


J y . , . 

wiU be called the class-reversants of the respective classes 

if “ 2 ’ if , 4 . 

Their conjugates JJ and are the class-reversants of the 
respective conjugate classes 
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and are also the inverses of and ; for we have 


When is applied as a prefactor to the compound matrix 


X==lxf^ of the class (2), it reverses the order of arrangement of the 
horizontal minors of X without altering those minors themselves ; and 
when is applied as a postfactor to X, it reverses the order of 
arrangement of the vertical minors of X without altering those minors 
themselves. Thus we have 


inXe/ 




where X', 7, F' are the compound matrices of the respective classes 


/A, . 

• • jdg, /?l\ 

ilf f V 

• • • As /^j\ 

\ar, . 

. . a^, ttj/ ’ 

V«r, • • • “2. “l / 

\ %S • • • 


which are obtained when we reverse the orders of arrangement of the 
horizontal and vertical minors of X, the order of arrangement of the 
horizontal minors of X only, the order of arrangement of the vertical 
minors of X only, leaving the constituents of X unaltered in every 
case. We will callX, X\ F, Y' four matrices of the classes (2) and (2') 
correlated by class-reversants. If we denote these four matrices taken 
in any order by Xj, X^^, Xg, X^, it follows from the relations (B^) that 
we have 

X/c = ^X;^j5, (Bg) 


where A is either [I]"” or one of the class-re versants and JJ accord- 
ing as the horizontal minors of and Xj, have the same or reversed 
orders of arrangement, and where B is either [1]” or one of the class- 
reversants J„ and according as the vertical minors of X^ and X^ 
have the same or reversed orders of arrangement, A and B being 
uniquely determinate when X/^ and X^. are given. When A is [1]” , we 
will regard it as being absent ; and when B is [1]” , we will regard it 

as being absent. We can choose such an arrangement ^i, 4, of the 
symbolic commdtants (B) of Art. 2 that the equations (Ag) become the 
equations (C) of Art. 2 when Xj, Xj, Xg, are replaced respectively 
by fb fs) fa. f*. a-ud the class reversants are replaced by 

the symbolic reversant / ; and we can then distinguish between the four 
correlated matrices X^, X^, Xg, X^ by ascribing to them the types 
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i\> 4- We can ascribe to an^ one of the four correlated matrices 

the type represented by any one of the four symbolic commutants ; 
and the types of the other three correlated matrices are then uniquely 
determinate. The argument is the same as in Art. 2.3, the class-rever- 
sants J,,, and ' taking the place of the simple reversant , and the 
class-reversants and ' taking the place of the simple reversant J,,. 

Bx, i. If we denote the part-reversaats (A) hyJn and J«, and the class-re^v'ersants (B) 
by Kin and Km we have 

m n 

Consequently the successive applications of the prefactors Jm and Km to the compound 

matrix X=[a; f of the class (2) simply reverse the order of arrangement of the horizontal 
m 

rows of X ; and the successive application of the postfactors Jn and Kn to X simply 
reverse the order of arrangement of the vertical rows of X. 

3. Oommutantal 'products of compound matrices, 

A product of any number of compound matrices of specified classes 
will be called a oommutantal product (in the symbolic sense) when : 

(1) in every pair of consecutive factors the successive vertical 

index numbers of the factor on the left are the same as the 
successive horizontal index numbers of the factor on the 
right ; 

(2) such commutantal types are ascribed to the successive factor 

matrices that the product of the symbolic commutants 
representing their types is commutantal. 

The product matrix in a commutantal product will always be 
regarded as belonging to the class defined by the successive horizontal 
index numbers of the first factor matrix and the successive vertical 
index numbers of the last factor matrix. 

When correlated compound matrices and their types are defined 
as in sub-article 2 or 1 by class-reversants or part-reversants, the 
product matrices in any number of correlated commutantal products 
are correlated matrices to which the types of the corresponding com- 
mutantal products of symbolic commutants can be ascribed ; and when 
my one of the product matrices is given, all the others are known by 
their types only. 

For let [< [6 ]«Lc];...[&]*P]“=Ej<0; m AM€...EL=X (5) 
be any oommutantal product of compound matrices in which the pro- 
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duct of the symbolic com mutants representing the types ascribed 
to A, jB, G, . . , K, L is 

a^y.,,K\=$, (6) 


where | is a known symbolic commutant ; 


also let 




ov A'B'O' ... K'L'^X' (S') 


be a correlated commutantal product derived from (5) by applying the 
appropriate class-reversants (or part-reversants) to some of the factors 
A, , L, and let the product of the known symbolic commutants 
representing the types of A\ B' , C\ . . . K\ U be 

a'i3y..,/y=e (&) 


where is a known symbolic commutant ; 

further let be the prefactor which reverses the order of arrange- 
ment of the horizontal minors of A (or the orders of arrangement of 
the horizontal rows of the successive horizontal minors of A), and 
let be the postfactor which reverses the order of arrangement of 
the vertical minors of L (or the orders of arrangement of the vertical 
rows of the successive vertical minors of JS), Then we have 
X'^X, or X'^J^XJn, or X' = J^Z, or X' = Z/n 
according as 

or or = or 

In particular if we ascribe the type $to the product matrix X in (5), 
then the product matrix X' in {6') is the matrix of type correlated with 
X by class-reversants (or part-reversants) . 

The argument is the same as in Art. 2 A when we replace each 
simple reversant by the appropriate class-reversant (or part-reversant). 

We cal] (5) a commutantal equation of the type (6) when the product 
on the left in (5) is commutantal, and the types ascribed to 
Aj B, C . . , L and X are a, y, , . . \ and A commutantal 

equation of the form 

HXX= T 

is called a commutantal transformation converting X into F. 

Ex. ii. The prodact [a] [&/ [of [df -[xf or ABOD^X (7) 

m T $ t m 

in which Af B, O, D, X are compound matrices having the class-symbols 

/«!,%, /ni, nn, . . . ny\ /n], %, 

\wj, wa, ... Wj, Up) ' , Vg. ) * \wi, . . . w^j ’ Wh 
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is commutantal when we ascribe to A, B, D the types 

a=:{7r', tt}, 0 ={7f, tt'}, y={Tt' , tt'}, 8 ={7r% ir}, 

because then a^yZ is the commutantal product 

a0yZ={Tt' , 7r}{ir, 7 r'}( 7 r', Tr}= where ^ ={7r', tt}. (S) 

Bx. Hi. Let [&'/ or A'B'G'D'z=X' (T) 

be the commutantal product correlated with (7) by class-re versants in which the types 
of A ' , B' , C' , D' are 

a' = {jr', tt'), = {Tr\ tt' } , 7'=:{ir' tt}, 5'=:{7r, tt'}, 

SO that a'0'y'Z' is the commutantal product 

= '7r'}{7r', ' 7 r'}{Tr', 7r}{iT, ir'} = where ^'={'7r', it'}. (S') 

Then if J*-, are the class-reversants of the respective classes 


M (“p ’ • * • 



^l\ 

Wl, W-2, 


Vl, V<1, ... v^/ \^1, n^, . . . 

rij, 1 


and a Jr f J s' are the conjugates and inverses of Jr, Js* we have 

X'= AJr . Jr'B . CJs . Js'DJn = ABOD . Jn = XJn, 

I' = o/ . . yj . jZj, = aByZ . j — 

the second equation being representative of the first. 

The relation of X' to X follows from the known values of f and ; for the equa- 
tion shows that X'=XJn, i.e. X' is the matrix obtained by reversing the order 

of arrangement of the vertical minors of X. If we ascribe to X the type $ ={ 7 r', tt}, 
then X' is the matrix of type |'={- 7 r', ir'} correlated with X by class-reversants. 

Ex. iv. The class-symbols of A', B', O', D' , X' in (7') are 

iUp , . .. Wi,,uj\ /Vi, v^, . . . Vfj\ . . . m? 2, w;A /nj, , . . . ni\ /w„, 

\mi, ’ Wp , . . . %, ui) ’ \viy ... vj * Vw;^, ...w<i,wi)* Wj, . . . mj ' 

If (7') were correlated with (7) by part-reversants, the class-symbols A' ^ B', C', D\ X' 
would be the same as those of J., B, 0,1), Z in (7). 


4. Hemipteric matrices. 

1 . The four types of hemipteric matrices. 


A compound matrix X whose successive horizontal and vertical 
index nurribers are «!, ag, . . . and ^1,^2, ... ft will be called a hemipteric 
matrix or a hemipteric of tlie class 


M 


ftj • • 
. • * 


A 


■) 


(A) 


in tlie four cases when every constituent, which hes below (to the left 
^ of) or above (to the right of) either diagonal, or above (to the left of) 
Of below (to the right of) either eounter-diagonal is a zero matrix. We 
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can distinguish between these four kinds of hemipteric matrices by- 
ascribing to them the respective commutantal types 

{tt, it}, {tt', tt'}, {tt', tt}, [tt, tt'] ; (B) 

and we will define the hemipteric matrices of the class (A) to be : 

(1) those of the 1st type or of the type tt) in which every 

constituent lying below (or to the left of) either of the two 
diagonals is a zero matrix ; 

(2) those of the 2nd type or of the type {tt', tt'} in which every 

constituent lying above (or to the right of) either of the 
two diagonals is a zero matrix ; 

(3) those of the 3rd type or of the type tt) in which every con- 

stituent lying above (or to the left of) either of the two 
counter-diagonals is a zero matrix ; 

(4) those of the 4th type or of the type {tt, tt'} in which every 

constituent lying below (or to the right of) either of the 
two counter-diagonals is a zero matrix. 

The term ' hemipteric ’ is most appropriate when the horizontal 
and vertical minors are equal in number, i.e. when s—r, so that the 
two diagonals coincide, and the two counter-diagonals coincide. A 
hemipteric matrix in which this condition is satisfied will be called a 
pure hemipteric matrix. When s = r, the constituents of a compound 
matrix X of the class (A) can be regarded as forming a diagonal (or 
counter- diagonal) and two wings, one wing lying on each side of the 
diagonal (or counter-diagonal) ; and X becomes hemipteric when one 
of the two wings is made to vanish. 

The structures of hemipteric matrices are shown in Exs i ii and iii, 
where the constituents represented by O’s are zero matrices. In 
general hemipteric matrices the other constituents, represented by the 
letter X with suffixes, are matrices whose elements are all arbitrary ; 
particular hemipteric matrices are obtained by giving particular values 
to the elements of those arbitrary constituents. 


Bx. i If ^ = r, the standard skeletons of general hemipteric matrices X of the 
class (A) and of the respective types (B) will be taken to be the matrices. 


“•^11 • • 
0 JCja . . 

Xi, 



0 0- 


-0 0 ... 



X^r.. 

• XiaXii- 
. 0 

f 


0 

- 

t 

0 Xo9 . . . 


9 

Lo , b, ... 

Xyy— i 


~-Xj[r * • < 


-Xu Xjj . . . 

Xir- 



,•0 0--. 


... (Ai) 
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•which are correlated by simple reversals. These are the standard skeletons of general 
pure hemipieric maf-rices denoted by X, 

Ex. ii. If s > r, the standard skeletons of general hemipteric matrices X of the 
class (A) and of the respective feypes (B) will be taken to be the matrices 


”0 .. 
0. 

• .^11 • 

. 0 X.2.2 . 

. X^r 

Xrr . 

0 

0 

. 0 

, 0.. 

1 

. 0 

0 .. 

Xr^- 1 

. A.2r 1 

X2r . . 

. X 2.2 0 . 

.. 0 ’ 

1 0.. 

. 0 

Xn- 

, . X2y 

- 0 

0 

0 

. Xrr- 

X,r.. 

-XnXu- 

..0- 

' 0 .. 

.z, 

1 X,.2.. 

Xir 


X^T . . . 

Xor . . • X.i^ 0 


■i , 

H -1? :■ 


!i I : 


which are correlated by simple reversals. In each case X has s — r initial or final zero 
vertical minors which are represented by 8 — r initial or final vertical rows of 0 s in the 
skeleton. The pure hemipteric matrix which remains when the zero vertical minors are 
struck out will be called the general pure part of X. 

Ex, iii. If r > «, the standard skeletons of general hemipteric matrices X of the 
class (A) and of the respective types (B) will be taken to be the matrices 

-Xii Xi.. . . . Xi«-. r 0 ... 0 0 1 (-0.0 ... 0 1 ,-X 3 »...XhXii 

X2« . . . X 22 0 


~X]i X ].2 . . . X]« 


0 ... 0 0 

0 . . . Xqs 





0 

0 

0 

0 

N 






X^i , , . X22 0 

1 

0 

0 

0 


LX]« ... X] 2 Xji- 


Lo 0 0 ' Lx;;...x;;x,i-’ '-X]iXi2...xi.j i o ... o o ■ 

... (As) 

which are correlated by simple reversals. In each case X has r — 8 final or initial zero 
horizontal which are represented by r — s final or initial horizontal rows of O’s in 

the skeleton. The pure hemipteric matrix which remains when the zero horizontal 
minors are struck out will be called the general pure part of X. 

Ex, iv. All particular hemipteric matrices X of the respective types (B) which are 
not zero matrices can be expressed in the corresponding forms 


K?]"'. 


where in each case the minor X' = ^ pure hemipteric matrix of the same type as 

X in which the constituents of the leading diagonal (for the first two types) or of the 
counter-diagonal (for the last two types) are not aU zero matrices ; and where in each 
case ftm the sum of a certain number p of the initial or final horizontal index numbers, v is 
the sum of an equal number p of the final or initial vertical index numbers, p is the 
sum of the remaining horizontal index numbers, and q is the sum of the remaining 
vertical index numbers. When X k a general hemipteric matrix, either p or g is 0. 

The pure hemipteric matrix X' will be called the effective pure part of X. The 
number p, which is the number of horizontal minors and also the number of the vertical 
minors of X', will be called the parametric rank of X. The number of final or initial 
zero horizontal minors in X the sum of whose horizoutal orders is p will be called the 



horizontal nvMity of X ; and thb number of initial or final zero vertical milibrs hi X the 
sum of whose vertical orders is q will be called the vertical of X. A fiemipteric 

matrix such as X* whose horizontal and vertical nullities are both equal * to 0 will be 
called*pctrame^ca% undegenerate. Every such hemipteric matrix is necessarily pore. 
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2. Uses of the terms ^ ante-heMipimc' * amrUfif-hejaipl^ 

" parametric ’ as applied to hemipteric m>atr{cos, 

A hemipteric matrix will be called when it lias one 

of the first two types {r, ?r| . fr', and rnujdrr-hmJpteHc when it lias 
one of the last two types 1 r', ttK { ;r, ?r'i. 

The parametric constitneMs of a general heniiphwic. matrix X are 
those constituentB whos(^ (‘lements arbitrary parametc^rB, i.e. tliose 
constituents which are not zero nuitrictcH, They arc*, identical witdi the 
parametric constituents of tln^ ^femwal pun* part of .Y as defined in 
Exs. ii and iii. 

Let X be a general luanipha’ie. matrix having thentandard skeleton 
appropriate to its typ^^ as d(‘Hcrih(Hl in Exs. i, ii and iii. so that the 
same notations are used for th<^ parame.tric eormtituiaitH of X. as 
for the parametric (constituents of th<c! fmne part of .Y, Hum the 
parametric constituent .Y,^ (in which j^i) will luc said to have 
difference-iveigfU j - i. The param<*tric couHtitueritH of difhcnuiKja- weight 
k form the (A+l)th parametric diagonal Ihuwif .V: in particuilar the 
parametric constituents A",, of diflerence weight 0 form tfu^ first para- 
metric diagonal line of X, which will also ha called tlie parametric 
diagonal of X. The parametric diagonal limH of X are diagonal lines 
or counter- diagonal lines according as X is antediemipterio or counter- 
hemipteric ; in particular the parametric diagonal of X in the diagonal 
or counter-diagonal of the general para part of A" iic<?ordirig as X is 
ante-hemipteric or oountar-hemipterkn The (jonstituents of differanoe- 
weight 0 forming the parametric dliagoasl of X are the parametric 
diagonal constitueMts ; these are coiintafl from X^^ m the first, 
Xu being the ith parametric diagonal constituent* A ^parametric 
diagonal super-minor of X is a Buper-minor formed by the intersifctionH 
of the horizontal and vertical rows of a number of parametric diagonal 
constituents, and it is unbroken whan it is corranged and those con- 
stituents are consecutive. The horizontal and vertical rows of X pass- 
ing through the ith parametric diagonal constituent form rmpac- 
tively the i th parametric horizontal minor and the t tli pmrameiric 
vertical minor of X. 

It will be observed that the qualifloatiori * parametrio ^ sarves 
the three purposes of indicating th© presence of arbitrary oonsfcitia- 
ents, rendering terms applicable to pur© hemipteric matrices of the 
first type also applicable to all hemipterio matrioas^ atid iBdicatin^ 
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definite order of counting depending on the type of the hemipteric 
matrix. 

If the general hemipteric matrix X belongs to a class (A) in 
which 5 >r, it contains s-r zero vertical minors which precede the 
parametric vertical minors, and these are called the pre-parametric 
vertical minors ; if X belongs to a class (A) in which r > it contains 
T - s zero horizontal minors which follow the parametric horizontal 
minors, and these are called the post-parametric horizontal minors. 
The pre-parametric and parametric vertical minors taken together 
and counted in the same order of succession as the parametric vertical 
minors will be called the major-parametric vertical minors; and the 
parametric and post-parametric horizontal minors taken together and 
counted in the same order of succession as the parametric horizontal 
minors will be called the major-parametric horizontal minors. In a 
hemipteric matrix of the first type the ith major-parametric horizontal 
or vertical minor is actually the ith horizontal or vertical minor. 

All the above terms will be applied to a particular hemipteric 
matrix X when we regard X as a general hemipteric matrix whose 
parametric constituents have been particularised. 

3, Apical and basical constituents and super-minors ; median lines ; 
quadrate and quasi-scalaric hemipteric matrices. 

We will define the apex of a hemipteric matrix X to be 

the right-hand top corner when the type is [tt , tt}, 

the left-hand bottom corner when the type is {tt', tt'}, 

the right-hand bottom corner when the type is {tt', tt}, 

the left-hand top corner when the type is [tt , tt'} ; 

and the hose to be the corner opposite to the vertex. The apical constitu- 
ent is the parametric constituent at the apex, and the basical constituent 
is the zero constituent at the base. An apical super-minor or a basical 
is an unbroken corranged super-minor which contains the 
apical or the basical constituent. The median line of X is that counter- 
diagonal (when X is ante-hemipteric) or that diagonal (when X is 
eounter-hemipteric) which contains the apical constituent. 

When one of the types (B) is ascribed to any compound matrix X 
of a specified class, the terms ^apical/ ‘basical/ ‘median’ as well as 
the term ‘parametric’^ will be used with reference to X in the same 
senses as if X were hemipteric^ 
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A quadrate hemifteric matrix will be dofined to be n pure liemiplerio 
matrix in which the constituents of the parametric diagonal are all 
square matrices. Such a matrix is necessarily scjuare; in fact the 
class- symbols of a quadrate anto-hemipteric matrix ami a <(uadrate 
eounter-hemipteric matrix have the respective forms 

y \ay3... aj / 

A quasi-scalar ic hemipteric matrix is a quadrat*' h<‘.mipt(*ric matrix 
in which all constituents except those forming the i>nrametrio diagonal 
are zero matrices. Each of the parametric diagonal eonstituonts may 
be either a non-zero matrix or a zero matrix. 


4. Correlated hemipteric matrices'!. 

The four matrices correlated by class-rcv<!rHantH which <!an be 
derived from any one given hemipteric matrix are wlum stdtahly 
arranged four hemipteric matric('8 X, X', Y , V' of the rtmpeetivt' typj'S 

f={v, JT), i'= (tt', rr'f, r/-}rr', vrj, //=!«•, ir'l (1) 

which are formed with the same comlHuenis, their sk«!letonH (for which 
the standard notations of Exh. i, ii and iii can be used) being oomslaUwl 
by simple reversants. The types of X, X', Y' are fixed by the 
definitions of the types of heraipterio matrices, but are in accordance 
with Ex. iii of Art. 2. 

In fact let Z = [a:]“ be a hemipteric matrix of tlu! type (*f, v) and 
of a class (A) in which 


a, aj -f- . . . . + a, =s TO, fi, +'(i^ + . . . + fi, *a ft ; 

and let J„, JJ, ' be the class-reversants of the olasses 


M 


/ar, ... oj, oA ^ /“I. oj, • • • "rX 

\ai, oj, ... a,/’ \ar, - . . a*, oi/ \A, 



A, « * 
ft 


• ft» ft 

, • . . A 


,)■ <=> 


Then if X', Y, Y' are the three other matrices which can be dcriveil 
from X by class-reversants, these being suitably arranged, we have 


X'^JmXJ^, 

Y =./«X , 

Y'^XAn, 

X 

Y'=J^'X', 

Y 

Y'^JJYJn. 

X =J„'Y , 

x'» rj„ 

Y =Jn, Y’JY, 

JC' 

X « Y'J» ; 


and X, X', Y, Y' are four hemipteric matrices of the respective 
types (1) and of the respective classes 


M ^ 

\ai, a^, 



M (®** • • * ^'V M ft- ' ■ • jy 
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which have the properties just described. So far as types are con- 
cerned, we can regard X, X', Y, 7' as replaceable by the symbolic 
commutants I', v, the class-reversants JJ, Jn being 
simultaneously replaceable by the symbolic commutant j, and the 
relations (3) being replaceable by the relations (B.^) of Art. 2. 

The four matrices correlated by simple reversants which can be 
derived from any one given hemipteric matrix are also four hemipteric 
matrices of the same four types and the same four classes as above, 
but their constituents are not the same, corresponding constituents 
being correlated by simple reversants. 

5. Gommufantal products of Tiemipteric matrices. 

A product of any number of hemipteric matrices of given classes 
is a commutantal product (in the symbolic sense) when : 

(1) in every pair of consecutive factors the successive vertical 

index numbers of the factor on the left are the same as the 
successive horizontal index numbers of the factor on the 
right ; 

(2) the product of the symbolic commutants representing the 

types of the successive factor matrices is commutantal. 

The definition is the same as that of a commutantal product of 
compound matrices except that now the types of the factor matrices 
are fixed. 

It is easily seen by evaluating a commutantal product of two 
general hemipteric matrices of the first type that : 

In every commutantal product of hemipteric matrices of the first type 
the product matrix is another hemipteric matrix of the first type belong^ 
ing to the class defined by the successive horizontal index numbers of the 
first factor matrix and the successive vertical index numbers of the last 
factor matrix. 

Let ABG .,.KL=.X (4) 

and a f3y . p , K. \ i (5) 

be respectively any commutantal product whatever of hemipteric 
matrices, and the product of the symbolic commutants representing 
the types of the factor matrices A^B, . ^ ; and let 

, ■ . _ ■ (4'). 

and e' ‘ (5') 
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be respectively any correlated commutantal product of hemipteric 
matrices derived from (4) by applying the appropriate class-re versants 
to some of the factor matrices A, B, ... L, and the product of the 
symbolic commutants representing the types of the new factor matrices 
A\ B' , K\ L\ We know that if the type is ascribed to X\ 

then X is the matrix of type ^ correlated with X by class-re versants. 
Now we can choose A \ B\ ,,, L' to be al? of the first type ; then we 
have ^' = f7r, tt}. from (4') it follows that X' has the type i' , and we 
conclude that X has the type 

Thus in every commutantal product of hemipteric matrices the pro- 
duct matrix is another hemipteric matrix of the type determined by the 
product of the symbolic commutants representing the types of the successive 
factor matrices, and of the class defined by the successive horizontal index 
numbers of the first factor matrix and the successive vertical index numbers 
of the last factor matrix. 

Further in any number of correlated commutantal products of 
hemipteric matrices such as (4) and (4') the product matrices are 
correlated hemipteric matrices, and they are all known by their types 
only when any one of them is given. In fact the expressions for the 
parametric constituents and elements of the product matrix in terms 
of the parametric constituents and elements of the factor matrices are 
the same for every one of the products. 

6. The conjugate of any hemipteric matrix ; the inverse and con- 
jugate reciprocal of a quadrate hemipteric matrix. 

If X is a hemipteric matrix of the class M ^ having 

any one of the four types 

{tt, tt}, [t\ tt'}, tt}, (tt, tt'}, (C5) 

its conjugate (or skew-conjugate) is a hemipteric matrix of the conju- 
gate class having the correspondingly situated type 

in the series 

[tt', tt'}, {tt, tt}, (tt', tt), (tt, tt'}. (7) 

A quadrate hemipteric matrix is undegenerate when and only 
when all its parametric diagonal constituents are undegenerate. The 
inverse of an undegenerate quadrate hemipteric matrix X having one 
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of the four types (6) is an undegenerate quadrate hemipteric matrix 
X'^ having the correspondingly situated type in the series 

(it, tt], {it', tt'}, [t, it'], t', t), (8) 

the classes of X and X'* being representable by 

M • • • “A /a,, oj, . . . a, \ ^ jg ante-hemipteric, 

\aj5 a2, . . . / \®l5 / 

M “25 • • * \ jyr /“i-j • • • “ 2 » “i \ X is counter-liemipteric. 

\ar s - • • 0 . 2 } “k V “l5 ag, . . . tty / 

It is sufficient to consider the case in which X has the type tt], 
the other three cases being deducible by the properties of active and 
passive minors. 

The conjugate reciprocal of any quadrate hemipteric matrix X is 
a quadrate hemipteric matrix having the same class and type as those 
just described for in the special case when X is undegenerate. 

Corresponding situated types in the series (6) and (7) will be 
called mutually conjugate types ; and correspondingly situated types 
in the series (6) and (8) will be called mutually inverse types. Two 
mutually conjugate or two mutually inverse types are always either 
both ante-types or both counter-types. An ante-type is inverse to 
itself but not conjugate to itself ; a counter-type is conjugate to itself 
but not inverse to itself. 


Ex. V. Quadrate hemipteric matrices to which more than one type can he aacrihed. 

Let X be a quadrate hemipteric matrix of type | belonging to a given class in which 
there are no zero index numbers. Then if X is undegenerate, it is possible to ascribe 
a second type to it when and only when it is quasi-scalaric, the second type being then 
either the conjugate or the inverse' of If any other type can be ascribed to X, i.e. if X 
can be regarded as having both an ante-type and a counter*type, it must b© degenerate ; 
for either the first or the last parametric diagonal constituent must be a zero matrix. 

Let X' be the conjugate of X having the type conjugate to |. Then if X and X' 
are undegenerate, it is possible to ascribe a second type to X' when and only when 
X and X' ^e quasi-scalaric, the second type being then the inverse of If any dther 
tyi^ can be ascribed to X', then X and X' must bo degenerate. ‘ 

LetX be undegenerate, and let X-l be the inverse of X having the type inverse 
to 1. Then it is possible to ascribe a second type to X when and only when X and X' 
are quasi-scalaric, the second type being then the conjugate of 

Let X' be the conjugate reciprocal of X having the type inverse to Then if X 
and X' are undegenerate, it is possible to ascribe a second type to X' when and only 
when X and X' are quasi-soalaric, the second type being then the conjugate of If any 
other type can be ascribed to then X and X must be degenerate^ 
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7- Symmetric and shew^symmetric hemipteric matrices. 

By a symmetric class of a compoEiid matrix will bo meant a class 
whose successive borizoutal index numbers and successive vertical 
index numbers form the same sequence in which any two elements 
equidistant from the first and last are equal. Thus the general 
symbol for a symmetric class is 

Aij ^^2) • • - \ v^^here ^r+i -/. = «/; (9) 

Vaj, ag, . . . ay / 

and such a class is the same as the conjugate class. 

Trom the fact that a symmetric or skew-symmetric matrix must 
be a square matrix in which the zero elements are symmetric with 
respect to the leading diagonal it follows that : 

A counter-Tiemipteric matrioc of either possible type which is symmetric 
or shew’-symmetric must be expressible as a (quadrate) hemipteric matrix 
of the same type of some symmetric class token its successive index numbers 
are made as small as possible. 

An ante-hemipteric matrix of either possible type which is symmetric 
or skew-symmetric must be expressible as a (quadrate) quasi-scalaric 
hemipteric matrix of the same type when its successive index numbers are 
made as small as possible. 

Confining our attention now to quadrate hemipteric matrices, and 
expressing the conditions that a matrix X whose conjugate is X' shall 
be symmetric or skew-symmetric in the form 

Z=eX', 

where €= 4 1 or £ = — 1 according as X is to he symmetric or skew-sym- 
metric, we obtain the following two results. 

A quadrate hemipteric matrix X of any given symmetric class having 
one of the counter types {tt', tt}, (tt, tt'} is symmetric (or shew- symmetric) 
if and only if it is symmetric (or skew-symmetric) with respect to the 
median line , the constituents of the median line itself being all symmetric 
{or all skew- symmetric). 

If in this first case we use for X, whose class is symmetric, one of 
the standard skeletons ^ 


- 0 

0 .. 

. Xfr"” 


^ ( 

! 

^12 

Xr 

0 

0 


.. Xr 

9 


_Z,1 

X]2 . 



■>- Xrf . • . 

6 " 

'6 ^ 
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and if X,/, X,/ are the conjugates of the constituents X,;;, 
necessary and sufficient conditions that X shall be symmetric or skew- 
symmetric are 

Xij = eXiv/ whene\^er = + ; = 

where 6 = 4-1 or €= — 1 according as X is to be symmetric or skew- 
symmetric. In particular for the constituents of the median line we 
must have 

Xy = eX// whenever 

A quadrate hemi'pterio matrix X of any given class having one of the 
ante-ty'pes {tt, tt}, {tt', t] cannot he symmetric or shew-symmetric unless if 
is quasi-scalaric ; and when this condition is satisfied , it is symmetric 
{or slceW‘Symmetric) if and only if its diagonal constituents are all sym- 
metric {or all sJcew-symmetric) . 

If in this second case we use for X, whose class is quadrate, the 
standard skeleton appropriate to its type, the necessary and sufficient 
conditions that X shall be symmetric or skew-symmetric are 

X;; = 0 when j:^i^ Xii-€Xii\ 

which, because X,^ = 0 when j<i, are equivalent to X,-; =€X^/. 


8. Hemipteric class symbols. 

When a hemipteric matrix X of the first type {tt, tt] and of the 


class 


f^qy ^\y^%y • • • \ 

V y ^l5 • * * ^P/ 


has p final horizontal and q initial vertical zero minors and differs only 
by them from a pure hemipteric matrix T of the same type, we may 
represent X and Y by the hemipteric dass-symbols 

f r\ n r» V 

( 10 ) 


f > Pif ft* • • - \ 

II 

Pr\ 

\ ttj, ag, . .. Or, Aj, Ag, .. . Xpf 

V • * 

Or) 


fclie equations (10) standing for equations of the schematic forms 


ttj 

^ 

'“'0 ... 0 X X . . . X ■“ 


01 /% /3f 

ttg 

0 ... 00 X ... X 

«1 

~ X K ... X ” 



H 

0 X ... X 

X= 04- 

0...000 ...X 

, 7= 

^ . 


0 ...000 ...0 

Cl}. 

_0 0 ... x... 


.'.’JL...'... , 




L0...0Q0 ti. 

^ ■ i ' 



( 10 ') 


where 7 is the effective pure part of X. In these symbols of the 
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i*. 

{tt, tt] the initial vertical index numbers under which no horizontal 
numbers occur represent corresponding initial vertical zero 
and the final horizontal index numbers above which no vertical 
numbers occur represent corresponding final horizontal zero 
^*iii3tors. Thus in the symbol for X the vertical index number fx- 
I ♦ - J>i:‘esents the zero vertical minor of vertical order hj , and the horizontal 
^ number represents the zero horizontal minor of horizontal 

The practical use of these symbols rests on the following properties 
aujny pure hemipteric matrix of the type {tt, tt], 

(1) If we strike out q initial horizontal minors, we obtain a 

hemipteric matrix of the same type which contains q 
initial vertical zero minors, 

(2) If we strike out p final vertical minors, we obtain a hemipteric 

matrix of the same type which contains p final horizontal 
zero minors. 

Thus if and Y^^^ are the matrices formed respectively by striking 
-fche first horizontal and the last vertical minors of F, then F, and 
oontain respectively one initial vertical and one final horizontal 
nmT‘€> minor ; and this is shown by their hemipteric class-symbols 

y 1 \ 

^ V a2» • • * ^ V Clj, . . . ttr / ’ 

wimicli are formed respectively from the class-symbol for F by striking 
ftuit# -tihe first horizontal index number and the last vertical index 
iifjirj 0 .l>er. In the same way we could regard X as the super- minor of 
li iiizx'e hemipteric matrix of the class 

/^ 2 j • • • ^'2 j ^ I > fir ) <^29 • ’ ' 

\ Pi 9 PZ) * Pq 9 ^l9 ^2? • • ' 

If#ir 300 .od by striking out the first q horizontal minors (or horizontal 
numbers) and the last p vertical minors (or vertical index 

ftljiwx‘t>ers). 

In using the hemipteric class-symbol for X, the constituents of X 

Ilf ^xrdexB (f!)* * diagonal constituents 

cif ^9 called the effective diagonal constituents of X, If we were 

fill vacant spaces in the sjntnbol for X with 0’^, we should 
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convert it into an ordinary class-symbol in wbich the effective diagonal 
constituents have become actual diagonal constituents. 

The hemipteric class-symbol for the hemipteric matrices X' and 7' 
of type (tt', tt'} correlated with X and T are 

. ^2> 1^13 y-' ~ ‘ ^25 AA 

y Xjp, . . . X 2 J X|, j ... otj / y tty j . . . a^, 

Hemipteric class-symbols of the types (tt', tt}, {tt, tt'} are less simple 
to use, and are not needed. 

£}x. vi. Evaluation of any commutantal 'product of two hemipteric matrices of the 
first type. 

Let the parametric rank and the horizontal and vertical nullities of a hemipteric 
matrix be defined as in Ex. iv. of Art. 4 ; let 

AB=zX 

be a commutantal product of two hemipteric matrices A and B of the first type whose 
parametric ranks are a and |3, whose horizontal nullities are | and 77 , whose vertical 
nullities are A and /i, and whose effective parts are A' and B ' ; and let 

m=a-4-|, psa-i- A=j 6 -f 

so that m is the total number of horizontal index numbers in A, p is the total number 
of vertical index numbers in A and also the total number of horizontal index numbers 
in R, n is the total number of vertical index numbers in B. Further let 

p=a*f /3— p=m— ^J=^^—A— ju. 

First suppose that p > 0. Then when hemipteric matrices of the first type are 
represented by their hemipteric class-symbols, we can write 


X=AR 


\ r^)\ 


UiU^ . . . vyv^ WiW.1 . . . 

aia.i . . . 61 6 .^ . . . 




... V1V2 . 


JUiU^...Up,ViV2...V^WiWfi...Wp 


b\ha , 


1&2 • • . &p / 


...J- 


In passing from ( 11 ) to (12) we have cancelled the first A zero vertical minors of A 
with the first A horizontal minors of B by striking out the index numbers ai, a^, ... a^t a^nd 
we have cancelled the last zero horizontal minors of B with the last * r) vertical 
minors of A by striking out the index numbers Oi, c^, . . . We pass from (12) to (13) 
by observing that X must contain final zero horizontal minors and A-hju initial zero 
yeytibal nunorSy and must be a hemipteric matrix of' tho first type whose eff|ctive part is 
the pure hemipteric matrix X' of the first type given by 

\pm---ppf Pa ' 
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where A' and B' are unbroken, parametric diagonal super-minors of A and B, which must 
be hemipteric matrices of the first type. 

Erom (13) we see that when p > 0: 

(1) The horizontal nullity of X. is in general equal to and can never be less than ^+77, 

the sum of the horizontal nullities of A and B. 

(2) The vertical nullity of X is in general equal to and can never be less than 

the sum of the vertical nullities of A and B. 

(3) The parametric rank of X is in general equal to and can never be greater than p ; 

consequently it can never be greater than the parametric rank a of A , and it 
can never be greater than the parametric rank j8 of B. 

Next suppose that 0, and let 

tr= — p=:p — o — — m=\-bju — 0. 

Then when hemipteric matrices of the first type are represented by their hemipteric 
class-symbols, we can write 






■ • 
PlP2- 


Pa m% • 


% 




\ 

)\ a^a^.. 

. a^ . . 



=0; 


for we can cancel the non-zero horizontal minors of B, which are represented by 
ai, a. 2 f ... ap, with the first IB zero vertical minors of A, or we can cancel the non-zero 
vertical minors of A, which are represented by c^, C2 , . . . with the last a zero 
horizontal minors of B. Thus when 0, X is a zero matrix. 


JBx. vii. Properties of any commutantal product of hemipteric matrices. 

The product matrix X'in any commutantal product. 

ABG . . . KL-X 

of hemipteric matrices has the following properties : 

(1) If X is not a zero matrix, its horizontal nullity is in general equal to and can never 

he less than the sum of the horizontal nulUties of the factor matrices A, B . , . L, 

(2) If X is not a zero matrix, its vertical nullity is in general equal to and can never he 

less than the sum of the vertical nullities of the factor matrices A, B, . , . L. 

(3) The parametric rank of X cannot he greater than the parametric rank of any one of 

the factor matrices A, B, — L. 

It follows by induction from Ex. vi that these results are true for all commutantal 
products of hemipteric matrices of the first type ; and because they must be true for 
all correlated commutantal products of hemipteric matrices, they must be true generally. 

5. Commutantal transformations of a compound ma- 
trix by pure hemipteric matrices. 

In the following theorem X and Y are compound matrices which 
both have m horizontal and n vertical index numbers, is a pure 
hemipteric matrix having m horizontal and m vertical index numbers, 
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and Z is a pure hemipteric matrix having n horizontal and n vertical 
index numbers. The theorem relates to two different commutantal 
equations, the first of which is a commutantal transformation. In eacii 
equation the types- ascribed to X and Y are uniquely determined by 
the given types of H and K, and therefore the apexes and bases of A' 
and Y are known. Corresponding basical super-minors of A and ) 
(which by definition are corranged and unbroken) are formed by 
striking out equal numbers of initial horizontal parametric minors and 
equal numbers of final vertical parametric minors. 

Theorem. Let I1XK-=Y or HX-=YK 
be a commutantal equation in which H and K are. pure hemipteric 
matrices , and X and, Y are compound matrices-, and let X' and Y' he 
corresponding basical super-minors of X and Y determined by their 
last M horizontal parametric minors and their first >’ vertical parametric 
minors^ Then by equating the basical super-minors of both sides which 
correspond to X' and Y'‘ we can, deduce from the given equation a com- 
mutantal equation 

H'X’K'^Y' or 1TX'=Y'K' 

of the same character and type in which H' is the parametric diagonal 
super-minor of H determined by its last i‘- parametric diagonal constituents, 
and K' is the parametric diagonal super-minor of K determined by its 
first V parametric diagonal constituents. 

Each of the proposed equations can be derived by class-roversals 
from a correlated equation of the same character of any one of the 
16 possible types. Consequently the theorem will be true generally 
if it is true generally for an equation of any selected type, and in 
proving the theorem we may and will suppose that all the matrices are 
of the first type [u, ir}. We can then abbreviate the proof by repre- 
senting each matrix by its class-symbol, the class-symbols of H and 
K being hemipteric, and utilising the special properties of hemipteric 
class-symbols of the first type; further the qualifying term ‘para- 
metric,’ which indicates the order of counting, can be omitted in speak- 
ing of the horizontal and vertical minors. 
pBoor roB THE Eottatioh S[XK=sT 

When the type of (A) is {ir, ir} = {ir, »}, 

and each matrix is re^daced by its olass-sytnbol, let the eqimMon become 

. . . ?«,* \Mi% .. . . . . vj VpiPa - . - Pml ' 


tA) 

(i) 
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and let , 

\p\V% • • • Vm'\ = [PYPl •• • Vr F1P2 • • • Pjj] , QxQ^ • * • ? 

\UiU^ . . . Uml = [^1% . • . Wr ViV^ . . • 1^^] , [^’1^2 • - • = [^^IV2 . . . FiFg . . . . 

where r-fiu.=m, ^/ + 5=w, 

so that, as far as their class-symbols are concerned, we have 


Then from the equation HXK=Y (A) 

or 


iUi 


/Vi . 

. . 

F,... F,\ 

/<?! • 

“Qu 

Q] • • 

■ Q.\ 

II 

. . Q,» 

\pl 

...prP, ... Pj 

Wi - 

. . Ur 

a,... uj 

\V] . 

.. 

F,.. 

. vj 

\ p] . . . prP\ 


we 

deduce the equation 



Y' 





or 

/Ui ... Ur U\ . . . 

V Pi... 

■ PJ 

/?;i . 

\wi . 

.. ... 

. .-Ur Ui ... 


' Vwj . 

. .Vu 

F, .. 

II 

(lu \ 

p ) 

^ fx' 


by striking out the index numbers pi^ p-i^ . • . pr and Q\f .■> Qh in (a) to represent the 
striking out of the first r horizontal (active) minors and the last s vortical (active) minors 
on both sides of (A) ; and from the equation (Aj) wo deduce the equation 

H'X'K'^Y' (AO 


or 


(UiU^.. 


( Cl 

V.Z.. 


VPiPe.. 

. pJ 

w, 

V^.. 

. Ufj^ f ) \ 


9l • 9x/ \ 


(a') 


by cancelling the index numbers ^ 1 ,^ 2 , . . . Ur in (a^) to represent cancellations of the r 
initial vertical (passive) zero minors of Hi with the first r horizontal minors of X in (A])» 
and also cancelling the index numbers Fj, F^, ... F* in {ai) to represent cancellations of 
the 8 final horizontal (passive) zero minors of Ky with the last a vertical minors of X. 

The equations (A), (Aj), (A') are all commutantal of the type (1); the matrices 
H, Hi, H\ K, Xi, K' and their class-symbols are hemipteric ; the matrices X, X', F, Y' 
and their class-symbols are ordinary compound matrices and ordinary class-symbols. 
In obtaining the equation (A') we have proved the theorem for commutantal equa- 
tions (A) of the type (1) ; and it follows by the use of correlations that the theorem is 
true for commutantal equations (A) of all types. We can adapt the above proof to 
commutantal equations (A) of types other than (1) by speaking of * parametric minors ’ 
instead of ‘minors’ to indicate the order of counting, the representations of (A), (A|), (A^ 
by (a), (ai), (a') being omitted or modified to suit the type. 

Hx.i, If we replace the equation (A) of type (1) by a correlated equation of any 
other type formed by applying class-re versants to H, K, X, F, then (A') must be replaced 
by the correlated equation of the same type formed by applying the corresponding 
class-reversants to H', K', X\ Y' . Thus when (A) has the type 


{/, '7r'}{7r', 7r}{7r, F}=2{7r', F}, 

we replace (a)i {qd) respectively by 



.Viilr... MA 

( ••• 

VyVi-.. Fa 

1 Q> •• 


• ?1\ 

Qyqy 

•?i\ 

\P^: 

• PlPr - • • Pi/ 


Ui Ur 

. . . Uil 

W- 

. . Plpf-. 

• Pi/ 

\P^...PyPr.. 

•Pi' 




fViV^ . 

.. v^\ 

(qy . 

■ - mi\ _ 

/ 

-•• (?2?l\ 



\P^.. 



U^Uil 




...PaPi/' 
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Peoof I’Ob the Equation HX=YK 

When the type of (B) is {tt, ir)={‘Jr, 7r}{Tr, tt} 

and each matrix is replaced by its class-symbol, let the equation became 

. Viix 


/UIU2 . 

. Um\ 

/ ^ 1^2 - 


.qn\ 


\PIP2 . . 

. Pm/ 

\U1U2 - 

. . UmJ ^PlP2 • 

. . pm' 

\mz 


and again let 

[PiPa •••?>»]= [P 1 P 2 ■■■Pr -Pi-Pa • • • . [MS! • 

[ Ulltj . . . ttjji] = • • • UrVyO^... , [®l ®2 . 


■•M = ( 


Then from the equation 


BX=YK 


/Ui UrUi, C7^\/ vi,..VyVi ... F«\ _ /( 
Vpi - .. Pr Pl - •. P„/\Ml -..UrVi ... U^l V 


iqi ...q,Ql---Q> 

Pl---PrPy ■■■ Pf 


)(: 




we deduce the equation 
or 

Pi 


HiXi=YiK, 


(B) 

(2) 


qyQiQi-- 

VyViV.2,. 


Q.\, 

■ »'•]- 


V{ 

Q, 


(B) 

:) “> 


(Bi) 


V Pi...pJ\ui...'Ur Ui...U^/ \ Pi-.P^ J\qi..-S„<3l---Q>/ 


by striking out the index numbers pi, p^, ... pr and Fj, Fj, . . . F» in (&) to represent the 
striking out of the first r horizontal (active) minors and the last a vertical (active) 
minors on both sides of (B) ; and from (Bj^) we deduce the equation 

H'X' = Y'K' (B'l 


or 


17 a / Vi Vy\_/ qiq^ - • 


m 


by cancelling the index numbers uiyU^, . Ur in {b[) to represent cancellations of the r 
initial vertical (passive) minors of with the first r horizontal minors of X| in (Bj), and 
also cancelling the index numbers Qi, • Q» in ( 61 ) to represent cancellations of 
the 8 final horizontal (passive) minors of with the last 8 vertical minors of in (Bj). 

In obtaining the equation (B') we have proved the theorem for commutsntal ©qua» 
tions (B) of the typo (2) ; and it follows by the use of correlations that the theorem i» 
true for commutantal equations (B) of all types. 


Ex. ii. If we replace the equation (B) of type (2) by a correlated equation of any 
other type formed by applying class-reversants to H, JBT, X, F, then (B') must l>« 
replaced by the correlated equation of the same type formed by applying the coiTespond- 
ing class-reversants to H\ K\ X\ Y'. Thus when (B) has the type 

{tt, 7r'}{w', ir'} = {tt, 7r}{ir, tt'} 

we replace ( 6 ) and ( 6 ') respectively by 

UlU,... «jlWF, ... Fi®^ ... ®A _ / 2 l... jyQi ... Fi®^...®i\ 

\pi... prPi...Pf,l\Vfi^... UiUr.^. ui) \pi. ..p,Pi , .. P^A 81 ... 2, Ql...Q$l’ 
D, Vi\/ »i\ _ / 2 i3z— Fy Y/®v-«'20i\ 

\PlPi...Pj\V^...VsPil VPiP,,..pyVsi<Ss-..2^/‘ 

^OTVi.^Special ease in which H (tnd K are undegerbeirc^ quadrate 
hemiftericmoibrices. 


HKMI!>TKIU<: MATHfCKH, 


When // ami K are qtmdrafe, \ve mnat rniike *h<- iiilutifufmn 

[ «, u . . . I [ // j, . . . /e.j, !/•,;■ ... /■„ j j 

fVV' ... r.,j |/v> ... /'..I jf 1 , C, I fr.m,/ 

in the proofs of the theorem; and //'ami A" urr al ,o tpiudrat.- if 
in addition // ami K are umle^rem-raf e, II ami A" .o- al io iimle|;. iier 
ate. Hence we iiave the following importunt primdjil.- 

Let H and A in tlui (htarent hr tmth >ii nrmt< i/mnlnttr hfim iitrnr 
matnces; and let A" and Y hr rnrirtpinidiindif f.irmnl hamml finp,-, 
minors of the compound nmtrirrs X and Y. Thm X and K har, ,,p„I 
ranks; in parlir.idar if A'' Is a ~rra malrix, thru Y" i.< nlnt a ,‘rr» matftr, 
and if Y' is a zero matrir. th>n X is at-w a .'. 7 *# mntrir 


6. Commutantal tranHibrui-itious of .a pun* 
matrix by pure homiptoric inatricoH. 

In the foIlowinK theormn If, K. X. Y ..r- all pure hn.o.pfer.e 
inatrice.H. eacli havin-.' m horizontal and ,« v.-rl.e,! ,n,i„^ n.unl.era 
'I’he theorem relate, to two dilfereni eo-nmut.ontai ..p.af.on., ii,e rirat 

of which is a eommiitantai traii4.,rma»o.n t ■orre , ponding wd.roke,, 
parametric difiKonai Hiiper-mim.rH of X Y. If, K (uimdi hy lUniatifm 
aro cormn^od), are formed l,v Htrikiiiir mb ih.< hori/ .ntid i,nd veri,tml 
rows of equal numherH of iriithil paritm. frie ,|,»Kon..,l eon,i,t„e„f , 
equal numbers of flm»| parametrin diaaonal e»n«t,iiient«. 

Theorem, let I/XK u Y „r I/X » YK 

he, a commutanlal equation m which X and Y an writ m If and K mr 
pure hemtptenc matrices ; ami let X' and V hr mrrrsismdim, mdmdrn 
^^rametnc diagonal swpnr^minors of X ami Y farmed Iq ^UiLq LiZ 

ZZorTTt' ,t Z " Wramrirm diaqmat Iprr 

M ..Hia „ A- r „„ 

the given equation a commutantal equation 

irrK'^Y' or IVX'mY K’ 

of the. same charmter and type tohkh If t$ml K are the unhr 

0 / // x Z 

fcbi^remwiutetZ^glriatyHriri^ wa nm ihmt tkm 

eciuatione . gwtomlly if ,t ,« tr«» gewirtaiy when eiwj, «f ih« 

equate™ k„ any ^ 
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theorem we may and wiH suppose that all the matrices are of the typ(‘ 
{tt, tt] ; and we will represent each matrix by its hemipteric class-symbol. 
We can then utilise the special properties of hemipteric class- symbols of 
the first type ; also we can omit the qualifying term ' parametric ’ in 
speaking of the horizontal and vertical minors. 

Pbooit roR THE Equation EXK^Y (A) 

When the type of (A) is (t, 7r}{'7r, 'rr]{iT, 7r}=:{7r, tt}, (1 1 

and each matrix is replaced by its hemipteric class-symbol, lot the equation become 


/WlWg.. 

- Uf} 2 \ 

/ viVq . . 

^Vm\ 

/mz • • 

■ • _ 

1 mz • • 


\piPo . . 

. . Pml 

\W1W2 . > 

■ . U,J 

• - 

. Vn) 

V1P2 . . 

. . Pm) 


and let 

{PxPl • • • Vrii\==^{V\V% • . • PrPiPz--- Pft,V\P% • • • K] , f • • - ^rQ\Q^ • . , Qn q\ ' (g . 

\UiU% . . . • . . UrUxXJ^ . . . . . . u/'jy [^1^2 * • • = ■ ' * ^rViV2 • • • Vm • 

where r + ff+8=sm, 

so that, aa far as their class-symbols are concerned, we have 




X'==( 

F 1 F 2 . . 


■yf / ^1^ 2 • ‘ • 

<3A 






\ 


.vj> 

\P\ 

F,... 

Pj' 





Then from 

the equation 


EXK 

=y 





(A) 

or 1 

'ui, UtUi 

... C7^ui'... 

u/\ / »1 


. . Vi' 

. . . 

\/ffi 

...qrQi,. 

■ Qiiii ■■ 


• • • P^r^l 


p.'Aui 

. . . UfUi . 

Vi' 

. . . u«' 

7wi 

. .. Vr Fj .. 

. Vi'-- 

>v/) 




=pl-- 

-grCi... 

Qh3\ ■ • 

■ • 








'Pi- 

. prPi . . . 


. . p/ * 




we deduce the equation 


isriZJB:i= 

■■rv 





(Ai) 

or (“1- 

. , llrUi . . . 

^ ft . 11 . 


. VrVi ... 

< ■ 

•• v/ \ 

(3\- 

. Cl . . . 


\ 


Pi... 

i’/uPi' ... p.' 

/Ui 

UtTJx 

V^u,' . 

. . un 

\»i . . 

..VrVi,.. 


. v/f 





qrQi.-.Qu, 

\. 








\ 

Pi ...P^pi' .. 

. p/f ’ 





from (Aj[) 

we deduce the equation 

a,x 

11 





(A*) 


or I 

...v^ 


■ yfi\(Sl---3rQi 

• • • Qfi\ 


. . . qrQi . - . 0^. 




• " • Pi • 


• V^f\ 

y\ 

... V 



Pi.-P„ 

Pl' . . . p/ 

)’ 


and finally from (A^) we deduce the equivalent commutantal equation 

H'X'K'=Y' 


or 


/UiUq , . . U\/ViVs. • • • V / Wst • • • 

VPxi’* ... pJWir* ... ■ ■ . V “ W. ... V- 


(A') 

(“') 


AU the matrioes and their class-aymboU are hemipteric ; aU the equations are oom- 
mutaat^ of the type (i); and (Ai). (A^), (A') axe equivalent equations. We pass from 
(A); to (Ai) by striking out the first r horizontal (active) and last a vertical (active) 
mmors on both sides of (A). To pass from (A) to (Ai) we cancdl iu sacoosBon the r 
nfaal vertical (passive) zero minors of Hi with the first r horizontal TT.ino«. of Z by 
triking out «i, t^. ... wr, and the r initial ver^ioal zero mmors thus introduced into X 




(«l) 


(<%) 
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with the first r horizontal minors of by striking out Vi, v.i, . . . Vr] and also cancelling 
in succession the 8 final horizontal (passive) zero minors of with the last s vertical 
minors of X by striking out v{ , ^?2^ ... v/ , and the s final horizontal zero minors thus 
introduced into X with the last a vertical minors of II\ by striking out tej', u.{ , . . , u/. 
Finally to pass from (A.2) to (A') we cancel the a final horizontal (active) zero minors of 
H.2 and Y] by striking out . p» ; and also cancel the r initial vertical (active) 

zero minors of and Yj by striking out S'**- 

In obtaining the equation (A') we have proved the theorem for coinmutantal ecjua- 
tions (A) of the type ( 1 ); and by the use of correlations it follows that the tlieonua is 
true for commutantal equations (A) of all typos. 

Proof for the Equation HX ^^ TK . (B) 

When the type of (B) is {tt, 7r}{7r, 7 r} = {7r, wX-rr, tt), (2) 

and each matrix is replaced by its hemipteric class symbol, let the equation become 





\ / ■ • 


- - qM \ 


• , 






\P1P2 . . . Pm 

' WjWj , . 

. Um) \P\P^ ‘ 

. . pnJ 


- ?»</ 




and again let 










[PlP-Z 

. . . p,»]= 

-\PiP-2---PrP\Pi- - 


• • * * • 


= [?l?2 • • 

■ qrQiQ. 2 . ■ . 


qi'q./ ... 

. v»'], 

[“1«2 

- • • Wnij^ 

=[«1“2 CiC/i .. . 

V^u{u,{ 

...Un'l [tnV2.. 

. 'V»»| = 


.VfVtV^... 


V/V2' . . . 

• ’'''J . 


Then from the equation 


HX=YK 





(B) 



• 

or 1 

. . tlrVi . • ■ . . . 

W\/v\ . 

..VrVi,.. V^b 

t 

1 •• • ' 

»/ \ 






\pi. 

.. p,Pi ... ... 

V»} . 

. . ihUi ... 

u,') 








. . . qrQi 

... Q^qi' ... 3 «' 

\p. 

. . VrVf . 


■ V,' 

1 {h\ 




Vi 

. . . prFi 

- • • PfxPl ■■■p» 

/Wl • 

. . qrQ] . 

..Q/j^qi'... 

2/ 

1 y") 



we deduce the equation 


^lX^ = YlK^ 





(B,) 



or (“1 

. . Itrl 7 i . . . V^Ui . . . 

u/\/Vi . 

. . VrVi . . F„ 


\ 






Py...P^Py' ... 

Psl\ui . 

. , tlrUi ... UfjUi . .. U» / 







= (" 

. . . qrQi . 
Pi- 

■ ■ Q^LU' \ 

. . Pfj>i . . . p,'} 

/®i . . . 

Wi • • . 

VrVi . . 

qrQi .. 

■y. \ 

■ Q^qy ■ • • f 

; (6i) 



from (Bx) we deduce the equation 

Ha-^2=: laSTj 





(Bal 


or 

\PI.. 

.v^ 

.p^Pi' ...ps'}\ 

.VrVi... 

cr,... 

F„\ /Cl... 

. V~\Pi... 


... p.')' 

/®l VrVi 

\ Qi 

::: 

V 

(62) 


and finally from (Bg) we deduce the equivalent commutantal equation 








H'X'^Y'K' 





(B') 



or 

lViU^...U^K 

\p^p^...pJ 

/ ^1^2 • 
\UiV, . . 

11 

•••Om 

...P^ 

WF1F2 

AC1C2 

...V^s 

...qJ 


(V) 



All the matrices and their class-symbols are hemipteric ; all the equations are eommii* 
tantal of the type (2) ; and (Bx), (B^), (B') are equivalent equations. We pass from (B) to 
(Bi) by striking out the first r horizontal (active) and the last a vertical (active) minors on 
both sides of (B). To pass from (Bx) to (B^) we cancel the r initial vertical (passive) 
zero minors of JEfx with the first r horizontal minors of Xi by striking out ui, , ur, 
and the a final horizbntal (passive) zero minors of with the last a vertical minora of Mi 
by striking out u\ ^ , ... 14/ ; and also cancel the r initial vertical (passive) zero 
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minors of Fj with the first r horizontal minors of by strikinr; out qi,q.^ qr, luul iho 

,9 final horizontal (passive) zero minors of Ki with the last s vertical minors of ^ i b> 
striking out gi', QTa' . . . Finally to pass from (Bg) to (B') wo cancel the « final 
horizontal (active) zero minors of and P/* • * * ^ 

cancel the r initial vertical (active) zero minors of X' aud K' by striking out t»j, . tJr. 

In obtaining the equation (B') we have proved the theorem for (jonirnutarital oqua* 
tions (B) of the type (2) ; and by the use of correlations it follows that tlio thciororn is 
true for commutantal equations (B) of all types. 

Note 1 . — Spscial case in which H clykI K cltc und&Qcn&Tatc quddTUi^' 
hemipteric matrices. 

When H and K are quadrate, we must make the BubstitutioaH 

... [29,302 . • - • • • Ufx]=[p^p 2 . . . /y » * ' • p* I * 

... ®™] = [Q’ig'a . .. 9 m], [F|7sj . V^]=[QiQi ... 6 m ], [vi'v:/ ... ?),'] = [ 17/9, ' • • ■ '//] 

in the proofs of the theorem, and. H' and K' are also quadrate, ff in 
addition H and K arc nndegenerate, H' and E' are also nndegtmerate ; 
and from the latter fact we obtain the following important result : - 

If H and K in the theorem are undegenerate quadrate hemifteric, 
matrices, then every two corresponding unbroken parametric diagonal 
super-minors X' and T' of the pure hemipteric matrices X and F must 
have equal ranks. 

Note 2 . — General method of solving the equations (A) and (B). 

Let an equation (A) or an equation (B) be given in which some of 
the constituents of H, K, X, Y are given, and the remaining constitu- 
ents have to be so determined that the equation is satisfied. 

We will suppose that each matrix is represented by the standard 
skeleton appropriate to its type. When, either side of the equation is a 
product, we will regard the product as replaced by its product matrix 
represented by the standard skeleton appropriate to its type ; but we 
will regard the constituents of the product matrix as expressed in terms 
of the constituents of H, K, X, T. 

By eqnating the corresponding unbroken parametric diagonal con- 
stituents of the skeletons of orders' 1 , 2, . . . <f + 1 . . . m on both sides 
of the given equation we obtain m-1 sets of equations 

(Co),(C,), ...(C«), ... (Cm-;), (0) 

the last set (c«.j) consisting solely of the given equation; and these 
equations are of course together equivalent to the given equation. 
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igain by equating the apical constituents on both sides in the 
ions (Cq), (c,), . . . (c«.), . . . we obtain m- I sets of equations 

quations {o^') being the same as the equations (c^^). Since the 
ions (c/) are those obtained by equating the corresponding 
letric constituents of difference-weight k on both sides of the 
equation, the equations {c^')^ (c/), . . . (c«') are together equivalent 
3 equations (c«); in particular the equations (Cf/), (c/), .. . 
gether equivalent to the given equation, i.e. the equation 
'!he equations (c«) contain the constituents of H, K, X, T of 
mce-weights 0, 1, 2, only; the same is true of the equa- 

[Ck) ; and when the unknown constituents of difference- weights 
AC - 1 have been so determined that the equations 
Oi), . . . {Ck^i') are all satisfied, i.e. so that the equations are 

■jisfied, the equations (c,c) are equivalent to and can be replaced 
5 equations fc/). 

he usual method of solving the given equation is to determine in 
si on the unknown constituents of difference- weight 0 so that the 
ons (Cq) are all satisfied, the unknown constituents of difference- 
s 1 so that the equations (c/) are all satisfied, . . . the unknown 
juents of difference- weight k so that the equations (Ck) are all 
id, ... the unknown constituent of difference- weight m - 1 so 
he equation {c,n^i) is satisfied. At the (Ac4-l)th stage, when 
lining the unknown constituents of difference-weight k from the 
Dns (fi/) we consider that all the constituents of difference- 
sO, 1, 2, ...Ac-l are known, those which were unknown having 
ues determined in the preceding stages. It is exactly the same 
if we determine the unknown constituents of difference- 
3 0, 1, ... AC, ... m - 1 in succession so as to satisfy the 
(Co), (cj, ... (c«), ... {c„,.i). 

henever these processes can be carried out, the general solution 
given equation can be found, 

using these methods an equation (A) of the type (1) is repre- 
by the skeleton equation 
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and the equations (c*) (Ck') are then 


Hu. 


~Xii . . 

.Xir 


Xu . 

. Xtj - j 


0 .. 

• 

! 0 . .. 

'Xji... 

I 

0 ... 

Kii 



[li 

n-\ 

1 Xu 


■ Xij 1 j 

-Rif 



XI ... XJ 7^ J 

0 ... Xjj i 1 

-Kjy- 



Yu . . . Yij 
0 'ijj 


(j=i + K] i = 1, 2, . . . m — K ; k = (), 1, 2, . . . wi. — 1). 

Again an equation (B) of the type (2) is represented i)y the skeleton- 
equation 


BnEn ■■■Urn 


""XllXl^ . - -X|;» 


YuYn--- ! 

" XiiK 12 - • • 

0 


0 X 22 . . . x^m 

= 

0 y»... Y^„ ! 


0 0 . . ' 


0 0 . . . Xfnm 


0 0 . . . Y,„ 

i 0 0 ... 


and the equations (Ck), {c«') are then 


-Hu . . . Hi- 


pXif . . . Xif 

= i 

-Yu ... Fv- 

■ 1 

1 

0 

1 


1 

0 

i 


„o ,.. yji_: 


ICii ... Aij“" 




-Xir\ 


=[Ju ... y,;] 


rKi^ 
.knJ 


^j=i + K; i=l, 2 , . . . m — x; x = 0 , 1 , 2 , . . . m— 1 ). 

7. Reduction of an undegenerate quadrate hemipteric 
matrix by equigradent commutantal transformations. 

1. Reduction of any undegenerate quadrate hemipUric matrix 

Theorem I. If A— [c^]^ am? B — [6]^ are any two given nndegemr- 
ate gpm&rate hemipteric matrices of the same class and the same type, it 
is always possible to determine an e^uigradent commutanted transfornM* 
lion. 

(A) 

converting A into B, Either of the matrices H and K can he chosen mint’- 
rarity, provided that it is cm undegenerate quadrate hemipteric matrix of 
the prop&r class and type, and the other matrix is then uniqudy determir 
note. . 

When K is given, we obtain if by post&Eiog in succession on both 
siii^ of (A) the inverses of '£ and 4 > when E is given, we obtain K by 
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prefixing m succession on Tboth sides of (A) the inverses of H and A, 
There are 4 possible types of (A), and the proof is independent of the 
type. 

JEx. 1. If A is a given, undegenerate quadrate ante-hemipteric matrix, we can choose 
B in Theorem I to be the unit matrix [)]^. 

•m 

If A is a given undegenerate quadrate counter-hemipberic matrix, we can choose B to 
be the simple reversant [/]’”. 

m 

Ex. ii. By applications of class-re versants we can deduce from (A) an equigradent 
commutantal transformation converting A into an undegenerate quadrate hernipteric 
matrix B' of any assigned type which is correlated with B. 

2. Reduction oj an undegenerate symmetric or skew-symmetric ante- 
hernipteric matrix A = [a]^ by a symmetric equigradent commutantal 
transformation. 

By Art. 4.7 we can always regard as a quadrate hernipteric 
matrix^ and it is then necessarily qaasi-scalaric. Consequently the 
following theorem is always applicable. 

Theorem II. IfA^la]^ and B = are any two given sym- 
metric or any two given skew-symmetric quadrate ante-hemipteric matrices 
of the same class and the same type which are both undegenerate^ it is always 
possible to determine a symmetric equigradent commutantal transformation 

m 

T r«r[Ar = [6r or H'AH = B (B) 

I , *- ■‘m *- m 

m 

converting A into B, the transformation [B) being necessarily quasi- 
scalar ic. 

The only two possible types of (B) are 

[ it , Tt} {tT, TtJ {tT, TTjrnfTT. Tt} , {tT^Tt') {tt'jTt'} {tt', Tt'} = {tt' , Tt'} *. (1) 

and from Ex. v of Art. 4 we see that A, B and H must all be 
quasi-scalaric. Since a transformation of either of these types can be 
reduced to an equivalent correlated symmetric equigradent commu- 
tantal transformation of the obher type by symmetric applications of 
class-reversants, we may and will suppose (B) to be of the first of the 
types (1) ; and we will further suppose that the equations obtained by 
replacing A, B and H by their hernipteric class-symbols and their skele- 
tons are respectively 

(V\P% --Vr \( Ihn --Pr \(P)Pz -•Pr\^{PlP2--Pr\ /g X 

\PlP%--PrJ\Plp2--Pr/\PlPz--^Prr \PlPZ • - Pr 
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.. 0 1 

1 d|| 

0 

.. 0 

//„ 

0 

... i) 


liu 

<1 . , 

. . 

0 II,,'. 

. . 0 1 

! 0 

Ac^iO . , 

. . 0 


0 

II,. 

... 0 


u 

■ 

. , (t 

0 0 .. 

'/irr' 

(V 

0 .. 

'a„ 


0 

0 .. 

^ llrr 


0 

0 , . 



where Hu' is the conjugate of the constituent //*,— of //. Tli*' 

equation which representH (B) is ecjuivalent the r «»qnfiiiorii' 


The proofs of Theorem II in the two different eiiHes are m fot 
lows : — 


Cask I. When A and B are sijmrmtric. 

In this case An and Bu ar<^ given undegiuierate syiiiinetrie iinfilrk!«*ii ; 
Pu P‘V •• • Pt be any r non-xero positive int4*gers ; and eiicii cd tile 
equations (6f,) has the form 


:r laflxf^lbf. 

I — i p p p 




where and [6]^ are given undegenorate »ymn»f»tric matrieeB. Tin* 
equation (6„') can be solved for [*]^, (see Theorem IV of § 147 in MeUrietJt 
and Determinoida, Vol. II), and every solution is necessarily an unde- 
generate square matrix. Thus we can determine the diagonal (sonstitu- 
ents Hu of E (all of them being necessarily undegenerate) so that ail 
the equations (&„) are satisfied ; and then ( B) is a transformation of the 
required character. 


Cash II. When A and B are skevo-aymmelric. 

In this case Au and Bn are given undegenerate skew-symraetri*; 
matrices ; p„ ... p^ must be e»e» positive integera ; and each of the 
equations (&<,) has the form (6/), where p is an even positive integer, 
and [a^ and [6^ are given und^enerate skew-symmetrie matrices. 
The equation (&„') can be solved for [a?'^, (see Theorem IV off liiO in 

Modancea and Detmninoids, Vol, II), and every solution is neoessarily 
an undegenerate square matrix. Thus we can determine the d}l^golml 
constituents Ha of H (all of them being neoewatiiy undegenerate) an 
that all the equations (6^) are satisfied ; and then (B) is a tmnsfortQa> 
tion of tide required character. 
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and Aij = [Aij\‘', , Hi/ssn,; (1) 

Pi Pi ' Pi 1 „ , j 

V, 

Wo will defines intcgtira u and v by the oquut ionH 

i + u~j + v=r+l, (i= 1, 2 , . .. r ; 7 m 1, 2, . . . r) ; (5) 

and we will regard (C) as reprcHontod by the Hkeleton-eqiiat ion (C,). We 
can replace (C) or (Cg) by the r setH of equations (c«). {<;,), .. (e,), 
which are obtained by equating corresponding unbroken 
parametric diagonal super-minors on both sides, and which an* given 
by 
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the last equation (c,,.,) being (<7j). We can also replatjc the (vjuations 
(<5o)» («i). <Cr-i) by the r sets of equations «), (c/), ... (c,., ) 
derived from them by equating the apical constituents on both sidw, 
the ^uatioiw (V) being the same ss (c„), and the cejuationK (c«'J Wng 
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Tlio equation Ei, (i— 1, i\ . , . f), ri*|UTHriifi*d fiy rmi tm* 

solved for //n' and //«« ; all Bolutimw are fitveHMarily ; 

either of the two niatriceg //„ and Hnu <‘an he r\umi*n arhifnirilyy 
provided that it is undegeneratcr, and tlie f it her m tlieii iiiiifjindy liefer ^ 
minate, Tlie equationB . , Ef are all i^atiHlied wiieii iiiiii niily 

when the lirst t and last t diagonal eonstituentH i4 // nre iletf'*rrfiiii«! 
in this way. Whcsn r in odd, tlie remiiiniiig ecjuntifUi niit lie 

solved for the remaining middle diagonal iifiif » i,? * i , 

Bvery solution is necesnarily undegeneralc*. Thii^ irt* nm iilieiiyn 
determine tin* r eongtituents of // of dilfiTenef*- weight 0 m$ I lint' the r 
equatioriH (c,j) are all satiBfied; all tliOBe eoiiatiliientg lire l!ir‘ii mmm* 
sarily imdogenerate square matriees; the middle one fmdieii r m ftflfJ) 
must be so chosen as to satisfy the equiitioii |AVi'r* of llieiii 

which lie on one side of the median line of II can be rlinseii iirliitnirilv* 
provided that tlu‘y are undpgencrate ; and thfwe «»f tht*m whirh lie «m 
the other side of the median line are then uniquely ilelerminati*. 

We can now complete the prt»of of the tlicorem by induetitni, Buje- 
posing X to have any one of the values 1 , 2, . . . r I , we will make the 
hypothesis that the parametric constituents of // of difference-wihglits 
0, 1 , . . . K- 1 have been so deh^rminctd that the equations (e,), |e,), . , . 
(Cit-i) or the equivalent equations (c,,'), (c/), . . . (c« urn all satisfiucl ; 
and we will show that the parametric constituents of f{ of ditlfrencr- 
weight * can then be so determined that the c<j nations (r, ) «r the 
equivalent equations (c*') are all satisfied, even when those of thtim 
which lie on one side of the median line of H are chosen arbitrarily. 
This will establish the theorem. 

Let the r - « successive equations (c« ) be calletl . and 

the r--' successive equations (c/) be called e^. ..e,.*, the equa- 

tion Ci being equivident to the equation Ei in consequence tif the hyp<e 
thesis; and let 

f-Ks2rorr-s=2T+l according m t-k m even or odd. 

Then the last t of the equations (c«) or (c*') can be oinittcnl im lanng 
redundant; for if i y t , the equations and Br.^.x ,, ant mutually con- 
jugate and therefore mutually equivalent, and the seemnd of them Is 
superfluous. Accordingly whm r-« is &vm, the r-* equations {<?,) or 
<o«') are equivalent to the r equations e,, c,, . . . the equation e, being 

Evu • Ajj Bjj Muu' Aau • j 

(i«l, 2, ...t; 00m0n% 
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and having the form 


[6];;+ a" 

' p ' 'p 




where [af^= A^i,uMu,n and \bf^^ AjjHjj are given nndegenerate square 
matrices, and where is a given matrix because it only involves 

constituents of H having difference-weight less than k ; and when 
r — K is odd, the r-K equations (c«) or (c/) are equivalent to the 
same r equations e,, ... er together with the one additional middle 

equation 6r+i which is derived from (Ci) by putting 

^=:^?=T + l, = T 4- 1 -1“ K = r— T, 

and is the equation 


77 T + i, r~T . j4r-T, r-T-f7r_T, r-r 4* H'r—T, r-T A r-r, r-r . Mr 4- 1, r-r — + i[, r-r 

(fir + 1 ) 

having the form 

[ail +7" [x]l=[c]l, (eV,,) 

' 'P ^P 

where [a]^ == Ar.T,r^r r-r is a given undegenerate square matrix, 

and [c/=^r+i,r.T is a given symmetric matrix. 

The equation c/, (7=1, 2, . . . t), represented by (e/) can be solved 
for Hij and Hnh which are two constituents of the (k 4- 1) th para- 
metric diagonal line of H equidistant from the first and last constitu- 
ents of that line, and either one of those two constituents can be 
chosen arbitrarily, the other one being then uniquely determinate. 
The equations c.^, . . . Cr are all satisfied when and only when the first 
T and last r constituents of the («4-l)th parametric diagonal line of 
H are determined in this way. When r — k is odd, the remaining equa- 
tion er+i or er+i' can be solved for the remaining middle constituent 
^T+i, r -T of the [k 4- 1) th parametric diagonal line of H by putting 


K = K 


p p 

{cf= d 4- [<if, a 

u-_J ^ P\^ 

P P 

Thus (on the hypothesis which has been made) wo can determine 
the r — K parametric constituents of H of difference- weight « so that 
the r—K equations (c«') or {ck) are satisfied; and those of the constitu- 
ents which lie on one side of the median line can be chosen arbitra- 
rily. 

It follows by induction that Theorem III is ttue in Case I. 
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Case II. When A and B are both shew-symmetric. 

In this case each of the matrices A and B is skew-symmetric with 
respect to its median line, the constituents of the median line itself 
being skew -Symmetric, i.e. the constituents of A and B are such that 

Aij= — Avu\ Bij= — Bvu\ 

Aij and Bij are skew-sj^mmetric when ^ = r + 1. 

When r is even, the positive integers ...pr can have any 

values consistent with (3); but when r=2i^4-l is odd, the middle 
integer Pf+i must be even, as otherwise A and B could not be unde- 
generate. 

First let the r successive equations (c^) be called ... and 

let 

r = 2^orr = according as r is even or odd. 

Then the last t of the equations (Cq) can be omitted as being redun- 
dant ; for a i ^ t, the two equations Ei and Er+i.i are mutually skew- 
conjugate and therefore mutually equivalent, and the second of them 
is superfluous. Accordingly when r is even the r equations (c^) are 
eqiiivalent to the t equations E^, E^, • • . Et, the equation Ei being 

Huu An Bii, 1, 2, . . . ^ > ^), (^i) 

and having the same form 

p 

and the same character as in Case I ; and when r is odd, the r equations 
(Cq) are equivalent to the same equations E^, E^ ... Et, together with 
the one additional middle equation 

{Et^i) 

havii^ the same form 

r p p 

as in Case I, but where now p is an even int^er, and \af and [6]^ are 
given undegenerate skew-symnaetric matrices. 

The equations E^^, E^, ... Et can be solved for the first t and last t 
diagonal constituents of H exactly as in Case I, all solutions being 
necessarily unxlegeaeiate. Whm r is odd, the remaining equation 
can be solved for the remaining middle diagonal constituent of H, and 
every solution is necessarily undegenerate. Thus we can always deter- 
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mine the r constituents of H of difference-weight 0, so that the r 
equations (c^) are all satisfied ; all those constituents are then neces- 
sarily undegenerate ; the middle one (when r is odd) must satisfy the 
equation \ those of them which lie on one side of the median 

line of H can be chosen arbitrarily, provided that they are undegener- 
ate ; and those of them which lie on the other side of the median line 
are then uniquely determinate. 

We now make the same hypothesis as in Case I, and consider the 
equivalent equations (c« ) and (c«'), denoting them as in Case I by 
. . . jE^r-/c and and putting 

r — /< = 2 t or r — /c=2t + 1 according as r — k is even or odd. 

The last r of the equations (c^) or {Ck) can be omitted as being 
redundant ; for if i > r, the equations Ei and Er.K+i^i arc mutually skew- 
conjugate and therefore mutually equivalent, and the second of them 
is superfluous. Accordingly when r — « is even, the r — K equations (c«) 
or (c/) are equivalent to the t equations ... Cr, the equation 

ei being 

Hvu • Ajj Hjj — Huvf Auu ‘ Hij = Pij, (6i ) 

(^=1, 2, ... r ; = V>% U>j, -I3vn)y 

and having the form 

(e/) 

« — r « t — \ P 

P P 


where [a]^ arid [6]^ are given undegenerate square matrices, and [c]^ 
is a given matrix; and when r — « is odd, the r — n equations (c^) or 

(Ck) are equivalent to the same r equations e.^, , , . Cr together with 
the one additional middle equation er.^i or 

+ r-T . Ar-r, r-r JHr~.rj r - t“~‘ H'r - t, r-'r A V - r, r t . Ht + i, r t -r 

(er + i) 

having the form 

(er.V) 

pp 

where is a given undegenerate square matrix, and [c]J is a given 
skew-symmetric matrix. 

We can always dMtermine the first r and last t of the r — « constitu- 
mts of the (K + l)th paorametric diagonal line of J? so that the equations 
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. . . 6r are all satisfied exactly as in Case I; and when r — « is 
odd, the remaining equation Ct+i or er^./ can be solved for the remain- 
ing middle constituent of that line by putting 

Thus (on the hypothesis which has been made) we can always deter- 
mine the r-K parametric constituents of H of difference- weight so 
that the y — equations (c/) or (c«) are all satisfied; and those of the 
constituents which lie on one side of the median line can be chosen 
arbitrarily. 

It follows by induction that Theorem III is true in Case II. 

Ex. V. If A is a given undegenerafce symmetric counter-hemipteric matrix, we can 
choose B in Theorem III to be the simple reversant [?]”*. 

m 

If A is a given undegenerate skew-symmetrfe counter-hemipteric matrix, and if 
m=2/A, we can choose B to be the matrix 


ro,/ 


in which [ j ]“ is the simple reversant of order tx. 


Ex. vi. By symmetric applications of class-reversants to the two sides of (C) we can 
obtain a symmetric equigradenb commutautal transformation converting the undegenerate 
symmetric (or skew-symmetric) counter-hemipteric matrix A into any undegenerate 
symmetric (or skew-symmetric) counter-hemipteric matrix B' of the same symmetric 
class as A and of the type inverse to that of A. 


nEPHALKlJROS VIRBISOEN'S, KlINZE, AN AL(JA 
I’ARASlTIr: ON THE MANOO THEE AND OTfJEl 
ERl'lT TREES OE BEN(JAE. 

(W'tli thm* I'lntcH.) 

8. N. Hai., M Sc. (.Mich., U.H.A.), 

A$Hifi(ant PwfpHHor of fintit/iif , Cali'tittn t’ mifi'rsitij •, 


tl. P. ( 'iKtfitHi'itv, M.Sc. ((!«!.), 

/i'-Htarr/i Schnlur in lintuntj, < 'nlrtiitn 1 ’tnvrrMtti). 

Eutojihytic; f»r piiniHitic* well known, arc of t’litninira 

tiv«!y rare tK!tn«rr«nt'o. Tho alf^a /;>/»«/< itrof utri/ii'rnfi , Kisn/.r, 
the attontion of the tea planter-^ ui AaHam an far foick aa Ihho. At 
that time it wa« commonly tcrnmil “ White Hlight," injcatiao the 
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tochrom ausgezeichnete algen, welche aus zcllfiulcn od.T 
bestehen und in einzelnen von den vegetativen melir odor mintier al>- 
weichenden^ zellen eine grosse zahl, mit steta 2 cilion vorsciinor, 
schvarmer entwickeln.” 

He then divides this family into 4 genera -(1) Tri'ntr jxMia, Mart, , 
(2) Ohroolepus, non Agardh ; (3) Phycopeltis, Millard«d ; (4) ( > phn,- 

Uuroa, Kunze. 

As we are only concerned here with tins genus (Uphnliurtta, 
Kunze, we may as well quote Karsten’s description ot tlio hhuh*, whioli 
is still accepted as authoritative. Karsten says of th<‘ gontis (!< phn- 
leuros : 

“ Die hauptunterschiede dieser Cephaleuros-gruppo gi'gon die 
friiher behandelten formen sind : 

Mehrsohiohtigkeit des thallus, bedingt durch unrcgelmiiHsigo aud- 
saokungen, die mit Ward als “rhizoiden ” bezeichnet sein intigon, nohiiiii*- 
gen sich auf das engste ans substrat an und heften den thaliuH darauif 
fest. 

Die beharung (“ barren hairs ” Ward) bildot eine weiten* 
und die grossen hakensporangien, deren baealzelle, wie boi TrmtfipMm 
hiaporangicUa, eine grosse zahl von halszellen mit J© einem Hporangiuni- 
kopfehen tragt (“fertile hairs,” Ward) sind das zunSehst in di® aiigen 
fallende uuterschiedungsmerkmal der gattung Phycopeltis gogeniiber.** 

Oephaleuras virescena, Kunze, as a tea-blight was first investigated 
by Dr. (now Sir George) Watt in 1898 and later by Watt and Mann to 
1 903 and still later by Mann and Hutchinson in 1 904, In 1 907 Mann and 
Hutchinson published a very interesting account of the algal paraaile, 
as attacking the tea plants, in the “Memoirs of the Department of 
Agriculture in India” (Bot. Ser., April 1907). These authors state: 
“ Some oonfu^n has arisen as to the proper botanical name to us# for 
this alga. CejphaUwroa vireacena waa used by Kunze in 1820 ff>r an 
alga he described from Guinea, but his description is hardly suffici- 
ently detoiled to be quite omtain that we axe deriing with the same alga, 
and his type-specimens have disappear^. On this aocounf Karsten 
in 1891 gave it the new name Oephalmroe myctMm and published an 
exact description. We cannot think that th® tmmm pven by Kaiubwi 
are safficisat to justify the abandonment of the older name, and aooord- 
dtoglf retain it here. In doing so we have th© support of fndimot 
Delacroix of Paris.” 
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We also, in the present article, retain the old name Cephaleuros 
virescens, Kunze. In this connection we acknowledge our thanks to 
Dr. E. J. Butler of Pusa, who kindly allowed his assistant Babu Rohini 
Ranjan Sen to confirm the specific determination of the alga, specimens 
of which were sent to him. 

Hitherto the alga has been studied by the more recent investigators, 
as attacking the tea plants ; though it was also noticed on the leaves of 
mango trees, the only other economic plant which is a prey to the infec- 
tion of this parasite. Dr. Butler says that the number of host plants of 
this parasite probably exceeds 100; and he mentions in the ‘"Proceed- 
ings of the Board of Agriculture for India ” (1906, p. 124), the appear- 
ance of this alga on mango twigs as causing serious damage to the mango 
crops in the Malda District, Bengal. 

The alga, having been found to attack the tea plants and mango 
trees, led us to search for other fruit trees that might be attacked by 
the same parasite, and it was found by us to attack the following fruit 
trees besides the mango tree : — 

(1) Artocarpus integrifolia, Linn. 

(2) Eugenia malaccensis, Linn. 

(3) Dillenia indica, Linn. 

We also found the parasite on several other plants numbering 
about thirty including some garden plants such as Mangolia grandi- 
fjora. It is the attack of the alga on Mangifera indica, Linn., that 
attracted our chief attention, and the following description is chiefly 
confined to the forms found on that tree. It should be noted here that 
the alga exists in two forms, ( 1) as a leaf blight, (2) as a stem blight ; and 
it is only when it occurs as a stem blight that it causes any serious 
damage to its host. 

Cephaleuros, as is characteristic of the family of Ohroolepideae, is 
generally epiphytic on leaves and twigs, but not infrequently it is found 
to be entophytic. In the mango trees, the leaves were found completely 
pierced by the algal cells, and fertile fructifications appear on both the 
upper and lower surfaces of the leaves. 

The alga, as occurring on mango leaves, was first observed by us 
in the middle of March 1919. Prom that time onwards, the leaves of 
several other plants were also found to be attacked. Later, during the 
rainy season, the alga was found attacking the twigs of the mango trees, 
though these attacks were few in number as compared to those on the 
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leaves. The patches on the leaves f)f tiii‘ nmii^'o trees were feuntl to 
bo of lichenoid growth and from one fjf tlu'se liolieiilikc patches thus 
found a few sterile and fertile hairs of tlie alga were found growing out 
into the air. It suggested itself at once tluil it tiiighf be the hrlultr alga 
which grow out in suitable conditions and tliat view Iius lieeii «’ontiriiie(l 
by an examination of infestfidhaives of dilTerenf host plants. On i*xaininH- 
tion of a good number of mango leaf sections wher * the lichen was not 
HO old, it was found that a fungus carries the algal cells wiiich possess 
the haomatochrom. Tlu‘ fungus was fructifying and it produced spores 
inside the pyenidia. But as the lichen grew ohl ntxl rains set iji, the 
alga grow out into tlio air and roproducod. Hero the condition w»« jiot 
Aefo<fc, but rather the opposite --tho alga predominating, piercing th« 
leaf and producing sporangia on both surfaces of tlw leaf. 'I'his jdteine 
monon was also obsorvod on the infested leaves of (WaUmnniX 
which plants are among its hosts. From the above tthservaf ions, if is 
concluded that tho alga has assumed the lichen-forming Itahii. ajtti it not 
only grows independently on leaves and twigs, hut alstt fitr s»iine por- 
tion of its life it servos the fungus as a host, forming a liehen. 

Tho alga occurs as orangtt-yellow to almost red circular |>ttti^hes, 
generally on tho upper surface of the leaves. In Dillmia. they wtfT® 
purely yellow in colour, whilst in Podomrpm they were yeHowish-red, 
The size of the patches varies greatly. In Dillmia, ihe spots in some 
cases were more than a centimetre in diameter anti on mang«> leaves they 
were considerably smaller. These patches, when exarniiu'd, are found 
to contain masses of delicate erect hyphae, some af whieh are sterile, 
while others are fertile, each bearing a sporangium. The thaihis is seen 
to be composed of more than one row of cells, but its thickness is not ' 
uniform, being generally greatMt at the centra. The algal tbaltus is ! 

gmieraily superficial, but it is found to penetrate the tissue of the luwt j 

leal immecUately in touch with the alga, the titwue lt«*df bmjoming dis- 
oolonred and when dead tumii^ brown. The pallisade cells of t he leaf- 
tissue are found to be divided by transverse septa, and formation of 
corky tissues takes place. 

Certain algal patches on mango leaves were kept under constant 
observation, and not a single case of penetration could bo found ; but 
with the advent of the rains the alga grew luxuriantly, and the affected 
1«»V€« were mostly found to be penetrated by it, tti® fruotifioalions 
b^ng produced on the lower surface of the leaves. Sometimes whiti h 
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patchcH firf *ilw»jrva!4«‘, wliitilj iir« in fiM‘t hI«h 1 jHU«'h«>*4 timnnj .4 ali 
coUmriiiK tnatt.«*r nmi up with air. 'Hm- nnui}(«* <4 tin. al-*.. 

is invnriHhiy dm? to thi- pr«'Hi-nw of thi* piKiiirnt liu<'tnat (u lu om. 

Ah ha» idroufly horn mnntiorn'd, during ths’ rainy «< a.«m ttidy t h< 
twigH of tiu* inailgct trees won' found to he attaeked i<y llie alna, In 
fact, t lie twigs of other fruit Inu's nientioned hm* heett eiirde tl oi 
vain for any traces of inf«*<?tion. It was also nolieed that tio algal pat ' l< 
w'as hnind on the green portion of the twig* hearittg the mango leaves, 
and in thest? cases they were found only «m that jioi Imn of the ai. ni 
wliich lay just holow tlie gri*en portion hearing the leaves. In a»ieh 
oascsH the leaves ot» these infesled twigs heeoint’ yellow, and «it»ni*i or 
later the twigs themselves die, vvhihil those tieighhoining twigs «lu' h vri 
not infeHted hy the alga hear quite liealfhy leavesand are f heiinn-ive.) ii» a 
healthy state. It is. therefore, evident fh.nt it is the item aftaeh whi' h 
eauHcs HcrioUH damage to t he jilani s. "I'he leaf atlie k its* It i<i hiiiintol 
for the very Himjde re isott that the nde> tion of the Hierii, in all |»»o 
habiiity, is due to t he leaf alga. 

l(i pridlirtian : The eontenl.s o| the eelfa of the Mpomitgiuin .»te 
minute eolonred granuleH, the I’ohmr of tie' granulej* varying lr«*nt 
brown tf» red. On mattiring thi' granules aggregate togetlo'f forming *i 
spherioal mass. Now, in pres«m?e of moiftlure, the aporangitim hurai® 
liberating the aotwitores. Th*? j6»Mi»|w»re)» are preaetit in nwiiilw»n« in lire 
sporangia, and it ha* beon ob»i*rvwi that they ar«* 4i«icliiirge«l hy th*-***' 
sporangial heads in cion«<M|Ucnce of witnpio pressure im the eovt'r g|»»«o« 
These ztmspfmjs are hiciliatiMl ; they are apfiwical awl mcasufe 7 W s 4 
and are most onnveniently alainetl with Itomanowsky'a stain, I lie 
cilia becoming blue anti tlti? hialy of the apow* r«l. 

The propagation of the alga takes place by meana of theiie *oo«p»»r»?s 
being carried hy raiti and air. and under suitable eirmmistaneea eas^fi 
of thcHc zoospores can give rise to an algal growth, Mann arni Hutchin 
son carried out some very interesting experiment^ with the view *»f 
ascertaining whether the leaf form alga could give ri*s* to the sti'tiifortti 
and they Hiteecedcil in inoculating taa*»tcm« by keeping them in «onfa*-| 
with infi'stod b'a leave* and artificially supplying them with moisture 
Further ex^ieriments should bo t?arrii}d out in this diirnttlon. 

Check on the sprewi of tbs diseaso . - * 

Mann and Hutchinson, studying this quiwtion in oonneetfoo wit h 
tea plants, say that the cause exists in preventing excoaslve reprotlnis . 
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tion. 

The time, during which 

ill*' H|4^ir AlHfl*! 

. if* 




reproducing zoofiporfis, iH very liiitiP'«i, i »nl< - • ^ » 

few days. After thw they heeome (lrtrk-«’)d«»iir*d \ l oj. < !t.. ’ > ,««i 

eye and then cease to respond Pi the iiddilmn >>i f H« i. - 4*. . 
obvious that unless rain, dew nr ttatennyof atuue s n'.’ 

the short period when the s|«>r/iiigia are rf*j«i}4e «d pnehe iH,* j' <-1- i< 

their capacity for disseminating the disea.Hr 1% ti- j «' <, 4 -4 Ur 

disease is also clucked by the diflietiHy •»< seUmg ?1.<- 
wetted and so not allowing the emergeia e «d forJUMifn .iiifioy Ur- 
time when those are in a snitaWe condition Again w ostofi^ 

leads to the production of a very few re|»ro4«>>tu*r <«rg.4tf»» and a-.osr 
times of none, and thus limits the spreail of thn 4 i*< aw •humg »l»« 
height of the rainy season. 

Remedial mensunst for the di«i*iise have not t*pe« Imt n »# 
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alg« through tho thn .h«4c.i 

brownish colour, x 42«, 
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h^, X 440. 
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FORMATION OF WHITE GARNET-ROCK AS THE 
END-PRODUCT OF THE SERIES OF CHANGES 
INITIATED BY SAUSSURITISATION. 


Proi’. D. N. Wadia, M.A., B.Sc., Prince of Wales College, Jammu, 

Kashmir. 

Introduction. 

The material of this paper is furnished by the study of a series of 
mineralogical changes observed in a remarkable assemblage of snow- 
white boulders of saussurite with associated scapolite and pure white 
garnet (grossularite) masses, all met with in a stream-bed in the Kokar-nag 
nullah, Islamabad District of Kashmir. These boulders are all closely 
inter-related and are presumably derived from the same source, though 
they have not been traced to their parent rock in situ. The changes 
observed in them belong to the class of mineral transformation com- 
monly designated sassuritisation, but there are observable in the present 
case, phases of alteration both preceding sassuritisation as well as sub- 
sequent thereto. 

The above-mentioned assemblage of boulders is composed of three 
distinct units :---(l) Saussurite, in snow-white rounded masses of the size 
of cocoanuts, containing small patches of serpentinised diallage ; (2) Scapo- 
lite, in small well-rounded masses with large phenoorysts of uralite; 
and (3) Grrossularite, in transluscent milk-white sub-angular pieces. 

These boulders were picked up by a student mistaking them for 
white jade. 

Section I< 

In its physical characters, the most typical of the saussurite 
masses is composed of a pure white opaque and 

nnViia TV/Tdcciaci *** a * a * 

dense minutely granular aggregate. Its specific 
gravity is 2-96 ; hardness between 6 and 7 ; it is very tough ajid com- 
pact, with a splintery feaoture like jade. It has a dull subdued lustre 
on some parts which passes into chalky appearance at other places. It 
is capable of taking a good polfeh. Though opaque for the most part, 
it is transluscent in some edges. The substance is easily fusible to a 


66 


FOIlMATinS OF WmtK »!*« »» 
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into the other. In nil of tlir 
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I But the fm>ii iniereslifig anil notew-oflliy iti i|ii» 
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epidote are seen in about equal proportions in a state of intimate 
granulitic intergrowth. 

Section II. 

Micro-sections : 

Sections of all the three kinds of boulders were prepared, both of 
the typical-looking substance as well as of the 

Saussurite. 

transitional parts, with a view to observe the 
passage of one mineral into the other. To take the typical unaltered 
saussurite first : it is a colourless extremely fine-grained^ almost 
homogeneous zoisite aggregate composed of fibres and granules. It is 
opaque except in the thinnest sections. The granulitic surface appears 
rugged due to the high relief. It is cut up by cracks and veins, the 
;atter being filled with fibres of zoisite. There also appear some 
irregular indistinct bundles of fibres and rods of zoisite. No albite 
crystals or glassy grains of any other felspars can be distinguished, 
nor any vestige of the original lime-felspear. There is, however, a 
large amount of finely divided meionite as well as fairly coarse grains, 
wisps and plates of the same mineral present, which can be readily 
picked up by means of their low relief and smooth appearance. The 
interference colours of the main portion of the field are very low, 
blue-greys of the first order, the admixed scapolite showing straw- 
yellow. No distinct crystal outlines can be distinguished though there 
are many coarse grains and fibrous patches which extinguish parallel 
to their length. 

A section of the scapolite mass, even of the freshest-looking part, 
shows the beginning of considerable alterations. 

Scapolite-zoisite. 

In the clear and colourless plates of meionite, 
water-clear, roughly circular granules, with dark borders, appear in 
great number along the cleavage lines. In the more altered part 
the granules become more numerous and larger, and together with 
parallel-disposed bundles of zoisite fibres wholly replace the scapolite. 
The crystalline structure of the latter is lost and a confused crypto- 
crystalline aggregate is substituted, resembling the one described above 
under saussurite. The change proceeds from the cleavage and other 
cracks inwards. Under crossed nicois patches of the unaltered meionite 
are seen polarising in pale yellow tints, enclosed in a framework of 
zoisite aggregate of blue-grey interference odours and with a surface 
of high relief. 



In itH niKHt typical part, tlic ^rro^Hularitc i-* u ti.l.iui’f 

anti transparent yrannlar inint ral Mpi’li im* t’ ’a 

OroMKiilarini. ... _ i . i. , 

inclnsittns nr any affi-s-mv pritilnit. in • ii.«i 
parts .shrctlH aiui islets nf a pcrfi'ctly flfiir an'! Iransparfiit juut* » 
with a filjrmiH Htriicturc anil hiuh rffrart'vc iniie.\ aitil ihtulilf ii"!j 

appear. The latter appear tn he a iinnferriferns epi.lxte i 

theHC become more nbumianf iUiti neeupy nntre titan ’ <4 ... 

in jagged irregnhirly imlliiieil yrannies ilisperHeii at rinalnnt ut a <1* at 
granular matri.v ttf the garnet. This gramtlitie slruetnre i^ iiimM ..at 
BpicunUH. The garnet is ahsnlutely isolntpie iin<ler emsMed m. i.i . all 
HeetiotiH giving in a .selenite fiehl a |»erfeet|y iieiitral tint. There is »e* 
sign of anomalous ilnuhle refleetion nr of any inierolitie inelnsiKiis. In 
the leas completely altered parts the garnet is *|Uit*. sitlnirdinale t«» 
zoiHito and epidute. This part of the mass is elearly an intertnetlmts* 
product between siiusMurite and garnet and ftirnishes the most important 
evidence lamring on tlm Hiibject of this pajwr. The relaiions of the tw?«» 
minerals to one another elearly suggest the eonversion of *oi*it*’ l«* 
garnet. 

The large plienoc-rysts of m*r{B.ntinised pyroicene wliieh are 
adhering to the garnet masses contain a f»*w small eneloauri** of th« 
original unaltered pyroxene, which reveal tlieir origin. 
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hydration of fi'** 8''''*’'*' 
rovcrsal of tioiiditionH, 
to the greater jire««Hi 
deeper zoneH of flu* «’rn*<S. it 
reversed and the /.oisile 
and more anhydrous gioHMilurit** iiioi 
under the iu‘w envirorum-ni 
subjected to further met)imori»hism r 
the prixhiction of a gainel»riM’k repre 
series <»f altenUiojix involved •» tin* i 
r(K5k-masw‘«. 

Thus we eaii inwe tlire** dislita t slrtge* of rtllrration froio 
thite to meionite, from meionite to mmU‘ and froiii roisile gr***** 
sulftrite. This tnuiiition from felspar t*» giiriiid Uirniiah the deive 
9 tag«i is one of pmgwssive inrreasi* of Ihe *«(wr»l}r gravitir** and *4 ihr 
relative cheniioal sfaliility of the eoiwpound* irividved, M«rnei Iw niu »l»e 
densMt and most reeistanf . This is in loidormily «ilh the %’i« w 


• »*8. (M. 9m. e* todk, m SCJUII, IWI, I. p. 4l 

f p. isf. 







m 


riir «*S|r|||ifrj<*l 4 ;t l|.;l V«' Jl i%rri%r4 4 I |#ll 1 , ' lirfiM .■% ■ 

.Ili 4 |lil« r'^ : 4 lr 4 i«.A< *»f T ^ ll ♦ it ut#- 

Hi^ilr Hij|t#'ri4i f<»f' I* hr- If: .t||*|«<'f . 

||I»I Iw-rfi |f.ip'€fi t||»'ir |» 4 rrrtt tri #lfl-# IIM1144 ♦fi.it ,i. - 

r<i»l|i||lr'^ii« ^1, 4 ll*i '4 ii**r* tl|*' firfi I r % I«i«' r«» r < ,'f rii;^ 1 Lr 

4 if|4|i*'*rt 4*.d 4li»f Hit <4 ** nii^* |^.,3risl sn i > >h :% ill 

lir- i||tltli|||.,slr*«i III tis«‘ ii^f' 41 * 1 'iif.r. -* « 4I« lil-'H* -.i.M «4lf'ir<f| f- ? .feL;." 

tjirv rtll«i l«‘r4ii>M4v f||«' ^rf ^ In 

ill ii.^ r^f,i||kl I .«'ts*'.«rh4?4..r' >4 il't .liiao-; ^ 

ti#i*^ nil iiil.rf'r#i »ii|^ i#» 1^4! * 

* f. «* l*|;« f • ■■•■ V ,-s.. V. f? i ; |;<ir... •! * ■ -ft! /5» :4 I - # -r . ! ? -■ •' i 

4*^ l«%%|l|^i li'*l ** S'' I I'- . 'i -<4 _ il'^. «( ®;3,.-N|if8f ‘1 ' fc ■ ’f 

llf««s ||j.*|i5f*i#^# ^ ll {i>! *. I t,«8 4*# 4.^: » ., * • 

r4 fr|«rr, | «»t >* ■ f-#* I ' - - , -• *»»a 4 «*'*'■.« 4- i 't *?.•’- 

»• 1 ^ -I •■ I ?>-..■ .S .%«.-■ si -.=54. . ..,^e I,., n. 4 #.!^- • ^ .' 4 

IfrttK #!.,«## iw«»» 





INTKft \» TNfV iM> THMH It 

IvA 

v\ 

f j II 


ANM Till ‘ Hl.nNA* K 

Tjr 


‘f?JN 

Wf 

1 

lfl.i »HA‘ I- 

:ti«“ 

{*: 




I'luriit* lt%v Kt. 

1* 1 1 

!■: , 

H Hi 

-=■ ill 


, Sir T*trnkmHih »»l 

( r‘| 


f 'ftl 

t !■ r f 

« #1 i **t |r ii#|f :i ? t n i 1 %t A 1 

!.u 

n 



ll Iirfft l»¥ Niii* t4 ’* 

' »}>»« 

m 

1 tsr rt'i 

hi 

willl |||ftf|t^"ll|rir#«*^tir III 


With 

tiiif f- 

fit *1 

tht hy«|mcltlarM<^ >4 |i»rm.»«ni»l»n« p»«* 


II < 

! It r ■ 


in 

<||r #1 

iflil 

citil#iin«i f ll- mm 

1*1 feliiili" 

tllff f r'i|«T| 1**1% 

.4 







04 iSTKit silt I 

chloruh-. Evid.'all.y. auriiig lli«’ !ir«< '"'‘H' ■*< ')*’ r. . ! ^ * - 

chlorac<!tit5 acid it* fornicfl wlncij int'Tif t- with lhi«nir* ii ^ 

compouiid in Uif ushhI way tliti'' 

Nil 

C^H Hi* ■<'’*» . rXXH » Hi ! . H 

' Nfla 

^N'H, XH tU, 

'Nil 'XH rti 

In aquijoun nolutinn Dixon obtaiiHul Hm* ^Am»’ * 

With triohloracptii' acid, h<nvi-vf*r, lliwwrra dw'* ii**« «i all »• «< * •* 
ordinary temjjfratnrt^ in woHuim i«i»lnjio« Th** *«•' •!»*'»» 



*r I nr %. 


I I I. II % s 1 ^ 


t.i .|1* HI 1%'^' |if ■‘- :»4 *ihrf ■ ,.§.■. wit-ti ^?iiv»-t 

if:, «!|r»fiifr I#i«*|f4f !%t|<iri IIh* Il|l%t»-lf«-' W tWJ }|^•^*t^'4 #»l» '4.4t4-t ii-,4Hi, 

v.|4| .« f^r li%*^litr I ^*i| %i. .r*^ 4t ''Hr- 



I 

1* »i|| 

rii«»lsli.|; filr 

■1 H-tirfiiif* 


•I 1, 

■t 4 

«.? wlisl-f- 

t:»h 


r r 


|t|r|*t 



w*-r 


4 il"' ' 

'!'}(•- i '*--M ■>» -»r 

■^|iirii4titr«ti-r*'’‘ 












Ml: 

i ^ 


n 1 



# 

» II 




1 

f 

# 




% 


, lfC"| * 

luill 



XH 


«*' 

II 1 

Ipt 

\ll 

Ii! 

1 


II 

1 1 "lil i 

litvm 

II 

1 p¥l 

I ^i.i. 

4||4 H 0,^1# 'I IP^I 1 

I . 

iiri4 * — 

.*1 «M H • H V 

<r 

illll- 

1 :i 


Hill 


1 . 


mi 




Ifir r; I., ‘.vi :r: 

3 Ttlitllirr# #fpi llirl||rif.rtr«*lir ..4 

j?|rf4i:|f|« .W||l|f «4 ■■■*• ■• ti|l |ri4 l ||ct If* 

liiw|f“riil4r |iiri|fiif l|Mii»# ili m rf,iiii*'*il l|£».'tli. .it l<'.H !»•* ilsrll Im 

^i*t’t*'rfil f|iif.il, witli iir.i!?% ifeliiff*'*'4 %iitli *1« 

*f|MW r-%*fi|i«»r«ti«ii. m h%g ri|.»i#l* |»iifif|t| m m tln^ 

fi^♦rl»lil*l| fiiMtlirf ltf|ii«*r. flf^fUir'il ^nni p ^ilsrfl 

#»ivtiitir i.'fiil Ifti4l ■i%illt iilwilifii w^$‘9- «|«#ii|iiti«.| #l|#|#0f| #11*1 Ii.«f| 

ii ftilit- fiiiik rrilmir,. m§fw mm*tMhy i«i «tt4 

tmt ti^ry #i'iliit#|« iff wall# Tlir •f#|iiift#i m «l 

^Itwr rliltiri«l** witli mihmt k*mm iiiinilipr 

wtifcfi frrititiiiti«l VMfmm nrrfifttlstt prrufiirl# #til|i|»iif lliif^ntr# 
iifitl khntiMmI Mmiphm wm l»f rtflilitiiifi t<| 

itr t# lli«? itirifliipr ||t|iiiif, |l llfl#f#ii aiitl 

Imml If mm nmimm 4kmlph$thn tmpmm liv 

i-r.iiiiiirrttirirt iif llir il«jtiit| Irft witj'^r ml #t|||itnir 

it i:i:i;^ «t i Ai#c4 mmi ii 

Ftitlliil pi, ^7 

Itir ^tlll^fltlri!’ # i-lll«hflltttlt|titi /It ilt^l 

♦litil il tfliil »ii«tiil4 yw%l rlil##ff|t|ii#*|it*l«ii ■ 

f^itfl Iff fill’* pllfisltlilg rf|%|«t|i:|t| 

CW .1 I HI1 

'km* IHRh; 




Nil, Hocr Xli til 

By Himpla it v**ry iUWwnU t>i i|,i 

two poBHiblo pmdiieiB, Biriar «Iifl*‘'r m%U- br 

But thci prenanaii of byf**{imrliiot*» in ilir rniriH^ii .%% i|..r 

presonce of ohloririt* iofiB in iho iiunniiH iitn rif tfi#^ 
thathaoryof formalkiii of i-’tliitihydiifitoifi Itytlfwddrooi'^' rlr^it, 

cml conduetififcy of tlii« aitti tlnit ht ili^- t* 

of moaoahlomoatia iioiii aiifl tliiiiiirra. at mm^ 

the game, niimolf, iiiicl *i$t| #t :*% ^ <4 |<tirr 

liydroehlorio aekl at the li»itifier#liir«^ m |t'i«» Hmw*y 

hydroohlorldo m a gait of thii mnm^mhtm elilcirnl*"- it|K^’„ ii* 
glioukl lie like lliiil of aiimtiiiiium rltlitfi4r fur ftir 

c^xperimental data {itiiiit*i in tiie ¥mm thal llr i«- iro^ir «.*i 

lasft eompletely hyiimlyaed into #'4hst:iliyi|afitiniiii «tiii 
4, Thiourea iittd Triehi^inieetir #|epi 

Equimoleeiilar proportions nl tktmtm einl m*i4 «'i*tr 

aeparakdy cllgiolfod. in aeekine anti III# im'i* 
and kept aiide for g|*wrml rtays a-l riwiiti'' t«^iti|^r«iiif^^ 
a maii of white oryalaN was ffitind In m lliiri Iii|€nrii 


It mellqd at nv\ Iht melilfif pnitil nf iltiotiftiii. 






ON THE OGOURRPIINCE OF PRANCOLTTE IN STONY 

METEORITES. 


Hemchandra Das-Gxjpta, M.A., F.G.S. 

Professor of Geology^ Presidency College, Calcutta. 

. In two of his recent communications Merrill described the existence 
of a minor constituent in many aerolites.* The substance was found 
to be a calcium-phosphate and was identified with francoliie because, 
when examined under the microscope, the constituent appeared to be 
biaxial. Merrill also enumerated the meteoric stones in which the con- 
stituent was found to occur. In the Geological department of the 
Presidency College, Calcutta, there is a collection of thin sections of 
meteorites suitable for microscopic study and it includes a few of the 
meteorites listed by Merrill and in most of them the mineral referred to 
by Merrill could be detected. In one of the slides of meteorites in the 
possession of the Geological Survey of India which I was permitted to 
examine I succeeded in detecting an apatitic constituent. From a 
study of these sections I have been led to form an opinion about the 
nature of this substance, which is somewhat different from that of 
Merrill and that for reasons given below. 

The lime-bearing nature of the substance has been determined by 
producing a crop of gypsum and a deposit produced by ammonium 
molybdate has been attributed to its phosphatic nature. These quali- 
tative determinations together with the quantitative analysis of the 
Alfianello and the Waconda stone indicate the qualitative chemical 
nature of the substance without any doubt. Farrington compiled a 
list of the published analyses of aerolites,! and a reference to this 
list shows that many of these analyses require revision as there are 
cases where the calcium-phosphate was detected microscopically, but 
the analysis did not show the presence of 

Francolite with which mineral the meteoritic phosphate was found 

* Proc, Nat. Acad. Soi., U.S.A., Vol. I (1915), pp. 302-30 7 ; Journ. 8ci. Vol. 

X.U1I (1917), pp. 322-4. 

t MM Mm. Nat. Hist., publ. 151, Gaol. Ser., Vol. Ill, No. 9 (1911), pp. 195-229. 
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of Dr. Whitefield are correct, the mineral cannot be identified with 
francolite or with any mineral of an apatitic type.* 

A careful consideration of the whole question has led me to think 
that no great reliance can be put on Dr. Whifcefield’s results for finding 
out the chemical composition of the phosphatic mineral. The Alfianelo 
stone was analysed by Foullon in 1883 and phosphoric acid was 
detected by him though not apatite. The analyst records t: — 

‘‘ Phosphorsaure wurde qualitative in so geringer Menge nachweisen , 
dass auf eine quantitative Ahscheidung verzichtet wurde. Sie stammt 
wohl von dem Phosphorgehalte sehr kleiner Quantitat von Schreibersit 
her, welche Annahme durch den Umstand wesentlich unterstutzt wird, 
dass auch in dem ausgezogenen Eisen Phosphorsaure nachweisbar ist.” 

Foullon’s description shows that the stone, consists of olivine^ 
bronzite and maskelynite all of which contain CaO. Of these olivine “ ist 
an seiner lichten Farbe, die ihn durchsetzenden Klufte und durch die 
Zerstezbarkeit durch Salzsaure kenntlioh J About mashelynite it has 
been observed that ‘‘ die chemische Zusammensetzung stimmt mit keinem 
bekannten tesseralen Mineral ; sie hat aber Ahnlichkeit mit der eines 
Labradorites von Labrador From these facts it appears to me more 
probable that the amount of CaO estimated by Whitfield was due not 
only to the calcium-phosphatic mineral of the stone, but also partially 
to olivine and maskelynite, and hence the ratio of CaO to P.iOf; is so 
great as 11 to 1. It may be mentioned further that Foullon’s analysis 
dloes not show the presence of CO.^ which is an essential constituent of 
francolite s,nA by which it can be distinguished from apatite. 

Apatite had long been recognised as a doubtful constituent of 
meteorites.il Berwerth described the presence of this mineral in the 
Kodaikanal meteorite.^ while Ludwig and Tschermak obtained it in 

* The possibility that the above statement might have been due to some typogra- 
phical mistake was not overlooked. The calculation can only be upheld if the p.c, 
stands for the ratio between the percentage and the molecular weight. But 0'344 and 
0*08 as such a ratio for CaO and B 2 O 5 respectively can be obtained from 19*26 p.c. 
(==0*344x56) of CaO and 11-36 p.c. ( =0*08 x 142) of P^Of,, These values are not pos- 
sible either on the assumption that the whole stone was analysed or that the phosphatic 
constituent was separated and analysed. The values would be too high for the former 
(the more probable) and too low for the latter assumption, 

t d, hem. Ahad. d. Wise. Wien., LXXXV'fll, pt. 1 (1884), p. 433. This stone 

was also analysed by F. Maisson who detected phosphorus in it (Farrigton, op. cit. , 
p. 227). 

t Log. cit., p. 436. § Sitzh. d, Kwa. Ahad. d. Wiaa. Wi^n., LXV (1872), p. 130. 

II Journ. Qeol.,lX. (1901), p. 630. f Mm. u. Mitth,, XXY (1906), p. 188. 
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In this article it is proposed to subject to critical 
results obtained with regards to the effect of tompcriitiin P *5 ^ 

cal processes. Before proceeding to the consideration of t r» < 

I shall briefly state the results obtained in the case of ptiroly 
reactions and then try to show how far these relatioHH *5 

physiological changes. 

In homogeneous medium the following genoral 
obtained : — 

(а) The higher the order of the reaction, the smaller in r fmllito.vip 

of temperature, in other words, unimolecular reaeticioti liiiili# t 

temperature coefficients than polymolecular reacfeion^^ iitmler 
conditions. 

(б) The greater the velocity of a reaction the Binalier in 
perature coefficient 

(c) The temperature coefficient of a positively catalysed 
smaller than that of the uncatalysed reaction and the gre«t«»r llir ei*ti 
oentration of the catalyst the greater is the fall In the I 
coefficient. 

In the case of negative catalysis, a reaction which is 
tirely), has a higher temperature coefficient than the fm 

action. In this case, the greater the concentration of th© llit» 

greater is the increase in the temperature coefficient. 

In the case of heterogeneous reactions, the following 
heen establiahed : — 

' ' (a) Diffusion is the guiding factor in the velocity of 
reactions. 

(6) With heterogeneous catalysts which canse reaction licfw#rri 
substance in question to take place -with practically Inflnltc 
the actual rate of reaction will determined solely with wlitcln llitf 
substance is diffused to the surface of the catalyst* 


* 


{c) If till* in ti*rn|JI*IU*'t» • V«’I«H’1* V 1» ih:** "f iff t| !!'»<! n« [If >. 

one will alwiiys g' f a )ini'ii<il'’f<iliir f..r lln* r* u fiMn w .jn*-*? * 

indepwidcnt »»f flii’ aHiia! nrd<*r <«f l!<«* r.t|»ni < tl r< i. •< 

which umunjmnh’K tlic difTuHioii {ir<«ri'«« it i. im.-I-v. t.t tt\ ;» ■! 

to determino the order of « h<-tiTa>>>'iiwni* r. u-loio Irom il, 
with which they procwl 

(d) The t.<stiifH*rnturo cooitirimitw <»f f ion>> iii* 

Hmnll {viz. ahoiit I il for n t'> rixot 

In thin conneotioij it in inti'fi*<»li»sj to ii«»!o ihot jihotm lnoni*'**! 
tioiw have Hinall tejnporiif »m* c<»«'f!irif*nt« (%’iz «h«oi» I I f«i ,» l«» ri*»< ) 

Mow I Hhnl! di«cti«t* tin* ohlainod m jdi voologirsil 

with regard to the infhienoM of irm|i«*ratiir*' on fhom 

The relation iMttttwii the tom|w'ratnr** mid thi* voUm sIv of m«|nr»« 
tion ha» beon studied during the l«»t f«*w ¥«’ir« b»»!h for {ilmir’* and 
animala. The principal ohjin;i of the*# in%^*'#tiK«fioni ha* Iwon *<» 
out whether rtwpiration can he Ro»n»id«*ri*d «* a ohomiertl priwe** 

From the re«earche* of (ianicfi,* lllarliinan t Kwtjper, ; 
bauerj Mi«« f^eitach.ii Mi*» Sanwlem tprivale (Mtmntitttieation) awl 
others we flnti that the tein|ier«tiire eia-fhideiil* of |il«tti 
generally He between 2 and 3 for a in’ rw of li^miieratofe. 

Brown and Worley •’ have shown that the lei«|w*rat»irrf eiw*B'n ie««t 
of the velocity of absorption of water by diflerent *e»aj* i* alwnil 2 fi-'f 
a 10® rise. If the values of the velmdty eoeflieient* are ealenlale«l 
from their results, we see that they Inllnw the tintmoleeular f«rin»l« 

The researches of Veley and Waller •• show that the Arflumiwa 
formula ttan fie applinl to the infiuenee of temperature on the ve|«ieitf 
of tho action of drugs on mtistdes. 

Vory largo nurafior of eiperinienls have been ntacie on the 
once of tempemitirie upon motaholiara both in tmhi'blootliid and in watni 
blooded animais. But coRtparativnly few of rtew bairn been mad» timler 
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• Itmtimki. JaMrhwk , SIX, IMO. t aswafci tf thmut, XIX, »» 

I Bat. Trm. Bat, t«IO, VII, IW, 

f PSlMlshyiesf j}wmieS«»,lf«.8,aiu[wiS^. leiit i Mmmd* »f Mamtf, Jmimtf 
1 . f^. SVv, Sm„ IM», m », m. •• Pw*. n»g, «•»*. . I«n, «# It, 
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temperature lipon cold-blooded and upon warm-blooded animals. In 
cold-blooded animals the respiratory exchange almost always rises with 
increasing temperature, but generally irregularly and to a very differ- 
ent degree in different animals. 

In the case of bees Marie Parhon * finds that the temperature in the 
cluster of bees inside the hives shows a very striking constancy through- 
out the year. 

In intact warm-blooded animals, a fall in the surrounding temper- 
ature regularly causes an increase in the respiratory exchange — thanks 
to the mechanism of ‘‘ chemical heat regulation.” 

In all the experiments so far mentioned both on cold-blooded and 
on warm blooded animals we have to do with two distinct effects of 
temperature, viz. one upon the central nervous system causing varia- 
tion in the innervation of different organs and especially of the 
muscles and one upon the tissues themselves influencing the reaction 
velocity of the metabolic processes. 

In the warm-blooded animals the action of low temperature on 
the skin produces reflexly innervation of the muscles resulting either 
in movements or in increase of tone. 

In the cold blooded animals the processes in the central nervous 
system itself are probably acted upon, and increased muscular activity 
is produced by increasing temperature except in the cluster of bees 
which in the aggregate reacts against the temperature somewhat after 
the fashion of a warm-blooded animal. 

When the influence of temperature on the metabolic process is to 
be studied the nervous influence must be excluded and the experiments 
must be made under standard conditions. 

It has been found repeatedly both on man and on animals that 
even a slight increase in body temperature oyer the normal produces an 
increase in the standard metabolism. 

It follows from the experiments of Kroghf and others that the 
velocity of catabolic reactions increases in aU animals with rising 
temperature up to a maximum at and above which temperatiire has 
deleterious effect upon the organism. The maximum temperature 
probably differs considerably for different animals, but very few deter- 
i^iinations have been made so far. 

* Ann, ded MaS, Zoo, 9, 9, 1-^8. 
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the action of hot water upon some agglutinins to be similarly influenced 
by temperature. 

This marked influence of tempercxture is extremely useful for men 
and animals. When a toxin enters the system, the temperature of tln^ 
body rises by two or three degrees and we get the plienomenon of fever 
and the poison is destroyed about 10 or 20 times more quickly at this 
fever temperature. 

Hartridge * finds the temperature coefficient for heat coagulation 
to be as great as 726 for a 10^ rise for some protein matter. In this 
connection it is interesting to note that the decomposition of Bulphiir 
trioxide by heat has 419 for its temperature coefficient for a ris(^ at 
about 30"^. 

Watson t applying Ostwald’s isolation method to Miss Chick’s 
results finds that in the disinfection of certain bacteria witli phenol, 
the molecules (N) of phenol reacting with those of the bacterial consti- 
tuent are in the proportion of 5*5 to 1. As regards the metallic salts 
the same law holds good for disinfection by silver nitrate and the mole- 
cules (N) of silver nitrate reacting with those of bacterial constituetits 
are in the proportion of I : 1. In the case of mercuric chloride, how- 
ever, the above relation between the concentration of disinfectant and 
the average velocity of disinfection is maintained only if the foritmr is 
expressed in terms of the corresponding concentration of mercuric ions* 
Under these circumstances, ^N) has the value 4*9 for anthrax spores and 
3*8 for J? paratyphosus. But the temperature coefficient of the disinfec- 
tion by phenol is very high though the reaction is approximately 
heptamolecular. On the other hand, in the case of silver nitrate tlie 
reaction is approximately bimolecular and the temperature coefficient 
is small, viz. 2 for a 10^ rise. These results are contrary to our 
experience in ordinary chemical reactions where the greater the order of 
a reaction the smaller is the coefficient of temperature. 

Kanitz, J Synder J Cohen Stuart,|i P fitter,^ and others have tried to 
represent the influence of temperature on physiological processes by the 
rule of Van 'tHoff, but it is not very important whether the tempera- 

* Jour, of Fhyaiol., 1912, Vol. XLIV, U. 

t Jour. Hygiene^ 1908, 8, 536. t Tem^eratur und Leb^nmorgange^ 1915. 

§ Amer. Jour, of Physiol., XXII, 1908, 309. 

II Proc, k. Aktvi. Watsah, Amsterdam, 1912, XX, 1270. 

^ Zeit. Attg. Physiol., mi, XVX, 617. 
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EXPLANATION OF PLATE 


Mycelial growth of Panceolus cyaimsoms, B. and Br. Growtii on the 
10th day from inoculation, — reduced to |rd of the original, 
a. Feltj mycelium. 
h. Dung medium. 

Pco)hmolm cyanascem, B. and Br. Growth on the I4th day from inocu- 
lation, (stem — reduced to | of the original. 
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ON INDIAN KOSHiL PLANTS AND THE (K)NDWANA 

CONTINENT.* 


(}. 1)E F. COTTKIt, B.A., F.ii.a., 

Professor of Geology, Presidency ('Ollege, (Jalcutta, 

S})ecimens of fossil plants from India were described as (^arly as 
1822, but little work was done upon the Indian [)lant bearing r*ocks 
until 1856, when Dr. Thomas Oldham published the first chissificatioa 
of the planfc-bearing beds. The work of examination was vigorouslv’’ 
carried on by W. T. Blanford, T. W. Hughes, W. King, O. Feistrnantel 
and others; this work extended over a period from 1859 to about 188(»^ 
after which date, our knowledge of the |)lant-bedB of India has been 
advanced mainly by work in the extra-peninsular |)artK such ns the 
Himalaya. The great bulk of the collection of fossil plants in the cuis- 
tody of the Geological Survey of India dates from about 1860 to 1885 
and is thus over 80 years old. 

The oldest era into whidh the geological time is divided is called 
Agnotozoic because there are no fossils in the rocks of this oldest 
division, and consequently we know nothing of the life of those times, 
(uyi unknown and life.) 

In. the Cambrian period, the earliest known recognisable foBsils 
occur, and they all belong to marine forms of life. There are no plant 
remains, with the exception of some very doubtful sem-weeds. in the 
next succeeding period, we find fossils of calcareous sea-weeds, but the 
remains of land plants are poorly preserved, and of doubtful relation- 
ships, One of these doubtful plants has been found at the bast^ of thc^ 
Silurian in Spiti. 

It is the earliest known Indian plant and is believed l>y some to 
have been a sea-weed, by others to be a land plant. It is not possible 
to estimate the age of the Silurian rocks in terms of years, l)ut recent 
work on the radioactive minerals found in these rooks enables us to guess 
at the age roughly , and it is now believed that the Silurian period was 
in existence something like 450 million years ago. 

*** Published by kind permigsiou of the Director, Geological Stirvey of India. 
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A series of experiments made on rocks of upper Cfarboniferous ajre 
seem to show that* the close of the CarlioniferouH took plaee alMuit 350 
million yeara ago. It is therefore practically iinpoHsible for the hunrnn 
mind to realise the enormous antiquity of the f*.j.ssil plnrsts whicli I hops 
to deal with in this paper. 

The oldest known land plants of India were baind by i)r. Hnydni 
in fjpiti about 15 years ago. They arc of l.,o\vcr Carboniferoun ag«‘, and 
are interesting because they belong to gciit:ra wbi«di w(‘r(* tsismopolitan 
and which are found widely scattered from Muro|H> f '> .Niistralia, the 
Spiti plants are very fragmentary fossils, luit one of the best siiccduiens 
is that of a fern named Rhaeopteris. 

It is a remarkable fact that in Lower Carbonifenius times we find 
that the flora was a comparatively uniform oni* all ovor t lie whole world. 
Collections have been made from Greenland. Ireland, Boulh Africa, 
South America and many other widely s©|)arated localitios In all these 
areas we meet with the same genera, and it has been thought that stiefi 
uniformity of flora implies a fairly uniform idimate all over the world 
at that epoch, a climate mild and moist, permitting the abundant 
growth of vegetation, I^et us try to imagini' the natun^ of the vegetation 
of those remote times. 

The Lower Carboniferous trees belonged mainly to two elapses of 
vascular cryptogams, the Equis^les and the elasses 

which are now repr^ented by small plants, and which imeufty quite a 
humble position in the botanical world. 

The first class Equisetnled is represented in the present day by tlie 
single genus EquisUum or the Horsetail. These plants are found in 
moist or boggy places. 

In this plant the leav^ are very nidimentary and the braiicbcs 
oceut in whorls separated by rather long internodes. 'Ihe fossil Kqiilse- 
tales of Lower Carboniferous timm are for the most part fairly large 
trees, which owing to thmr reed-like appearance have been given the 
generic name of Cfdamites (from I.«atin calamm, a reed). 

The second class, that of the LywpodiaUs or Club-Mo-sses, is also 
hr small and unimportant group in the present day. They are plants 
oover^ with a velvet of small srale-like leaves, which are borne on 
long branching stems, except in tiie case of the aquatic genus or 
the <|ullI-wort, which has a stunted stem and long leaves. 

None of the present day Lyeopods are trees, but the largest 
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is a species of Selaginella which is found in Borneo, growing to two or 
three feet in height. It is surprising therefore to find that in 
Carboniferous times this class was represented all over the world by 
numerous species including mam/ large trees. 

The most well-known genus is called Lepidodendron. The Lepi- 
dodendrons were of gigantic size. A few years ago a fossil tree-trunk 
was found near Bolton in Lancashire. This measured 114 ft. in 
length up to the point where it commenced to branch. Prof Seward 
remarks that ‘ ^ A fully grown Lepidodendron must have been an impres- 
sive tree, probably of sombre colour, relieved by an encircling felt of 
green needles on the young pendulous twigs. ’’ The leaf -bases are ar- 
ranged upon the stem of Lepidodendron in rows, giving a very charac- 
teristic pattern to the surface of the stem. 

Until recent years it was believed that the great majority of the 
smaller CarbNDniferous plants were ferns, Laterly, however, it has 
been recognised that very many of these fern like plants were not really 
ferns at all but bore seeds, and thus resembled in some ways the still 
living group of Cycads. In fact they were a much more advanced and 
more highly developed class than we originally thought. They are 
now known as Pteridospermm or Seed-ferns. 

The above is only an outline sketch of the vegetation of Lower 
Carboniferous times, but it is as well to remember that as far as we 
know the vegetation was very uniform all over the world from 
Australia to Greenland. 

In Upper Carboniferous times, a very extraordinary event occurred, 
whi(5h profoundly affected the distribution of vegetation all over the 
earth, and separated the flora of the world into two-well marked bota- 
nical provinces, one in the northern hemisphere, exclusive of India, 
and the second in the southern' hemisphere and India. A sudden 
change of climate took place, which seems to have caused intense cold 
in the southern hemisphere and India, while the northern hemisphere 
appears not to have been affected in any marked degree. A glacial 
boulder clay of Upper Carboniferous ,age has been found in various 
parts of India, the Godaveri Valley, South Rewah, Bengal, Western 
Rajputana, the Salt Range, but it does not appear to have been formed 
in Kashmir or Spiti.^ Ice-scratched boulders are quite common, 
and the boulder clay has in one instance been observed to rest upon an 
old rock surface, which is polished, scratched and grooved by the ac- 
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tion of the ice. Tliis is in the Penganga River, R. W. of (JhaiHl.i in 
the Central Provinces. The remarkable discovery of a glacial pci iucl in 
Upper Carboniferous times, as evidenced by ice-scratchcd bmildcis and 
boulder olay was first made by Messrs. Blanforcl and Tluvihald in thi- 
Talohir Coal-field near Cuttack, and was publi.slied in is")*;. The pni- 
gress of the Geological Survey revealed the fact that all the great coal- 
fields of Bengal and Peninsular India, show this glacial bouhler Ited 
present at the base of the coal-bearing series of rocks. 'I’he glacial 
boulder bed rests upon pre-Cambrian or Archean rocks, and it is itself 
the basal bed of a series of sandstones and clays which up|)car to have 
been deposited by rivers, and which contain abundant fossil plants and 
bones of animals which lived in rivers of marshes. There arc no 
marine fossils in these beds, e.Kcept in deposits which aro .situated near 
the present coast line, in which a certain intermixture of the land mul 
mnrine fossils has taken place. 

This series of plant bearing sandstones and clays covers n p<‘riod of 
geological time extending from the upper Carboniferous to the lower 
Cretaceous. It was called the Oondwana sy.stem by l)r. Feist mantel. 
It has been separated into two divisions, an upper and a lower, and 
these in turn into groups, each group being divided into smaller divisions 
called stages. We possess many specimens of plants from each of these 
stages with the exception of the Maleri stage. 

It has been already mentioned that there is evidence that iee 
covered many parts of the Indian peninsula and that it extended as 
far north as the Salt Range, but that it probably did not reach Spiti 
or Kashmir. Messrs. R. D. Oldham, La Touche and Middlerniss, basing 
their opinions on a study of the kinds of rock of which the boulders of the 
glacial boulder bed in the §alt Rang© were composed, concluded tliat these 
boulders must have been transported as glacial moraine from the Aravali 
Hills in Rajputana. Dr. Fermor came to a somewhat similar conclu- 
sion as to the origin of the boulders of the boulder-bed in South Rewah, 
He believed that the boulders had been carried from the N.W. If 
reliance is to be placed upon these theories we must believe that the 
Aravali Mountains were a centre of dispersion. 

South of Chanda, ua the Penganga valley, the grooves and scratch- 
es upon the rook surface underlying the bgulder-bed show that 
the ioe travelled froai S.W, or S.S.W., that is from the direction 
of the Nilgiri Hills, which may have been another centre of dispersion. 
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But India is by no means the only country wliioh aft'ords cvideiico 
of u|)f»r (Carboniferous glaciation. Boulder beds of glacial origin have 
been found in deposits of this age in Australia and Tasmania, in Boutli 
.\frica, and quite recently have been discovered in the Kalkbnid Islands, 
and in Brazil, fn Australia the evidenoe of glaciation is found wide- 
ly spread, in Queensland, H. Australia, New South Wall's" W. Aiistridia 
and Tasmania. The centre of dispersion is lu'lieved to have been a point 
to the south of Adelaidi' in a region now occupied by tlu* open sea. 

In South Africa a glacial boulder bed known as the 1 )vvvka ( ^onuloin- 
erate has been found over a great extent of country throughout ( ^-iiie 
Colony, Natal, the Transvaal and the Oiangc River Colony. Here ft,iXfiin 
vve have numerous ice-.scratelied boulders and gr')<(ve<l and strinleil rock 
surfaces are found on the rocks upon which tlii' c.oiiglomeraf c rests. 
The centre of dispersion of the South African ice was situated to the 
North of the Transvaal, and there appears to have been one huge ici' 
sheet, since the grooves are always directed from North to South, 
The Dwyka Conglomerate itself resembles the well-known boulder clay 
of England, which laet is of course very much more recent in origin. 

Just as in India the Talehir Boulder Bed is the base <if tli<* (loml- 
wana System, so also in South Africa the Dwyka Boulder hod is the 
base of a series of plant bearing beds, the exact counter part, of tin* 
Gondwanas, and known as the Karoo System. Tho Karoo System is 
famous on account of its well preserved fossils of land animals, mo,Ht.(y 
reptiles and amphibians, and with them some mammal like animals, 
whioli are of peculiar interest. 

Thus in all the continents south of the equator (excepting tlK* un- 
explored Antarctica) we have evidence of glacial conditions at the oloao 
of the Carboniferous. This glaciation extended in tho northern horni 
sphere to Malaya and India. There is however no sign of it in Europe or 
in North America or Asia On the contrary many geologists are of 
opinion that a warm tropical climate prevailed in the northern hemisphere 
at that epoch. This opinion is based on an examination of the structure 
of the arborescent LycopoAs or LepvMemlrotiB already mentioned. 

These huge trees were very abundant in Europe and other parts of 
the northern hemisphere in the Upper Carboniferous. They show in tlteir 
structure special adaptation of the woody fibres to assist a rapid ascent 
of sap, and they are protected against a rapid evaporation by a thick 
corky bark clothing the stem. We find the same features in the (inla- 
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mites. Moreover tl\e leaf-scars on the trunks are separated by very 
irregular intervals ; this is believed to indicate a rapid increase of growth. 
Lastly there is a complete absence in the stems of the tree Lycopods of 
well-defined rings of growth, such as are to be found in trees growing 
in a climate subject to seasonal variation of winter and summer. Such 
rings of growth are however found in wood of Lower Gondwana age from 
India, the Cape, and Australia. 

The problem of this upper Carboniferous glaciation becomes more 
perplexing, the further we investigate it. No satisfactory explanation 
has yet been given of the cause of the ice-age. Prof. Koken of Tiibingen 
in 1907 produced a wonderful map of the world as it was in this epoch , 
showing a distribution of land and sea quite different from that of th© 
present day. 

He supposes that India, Africa and South America were united 
together to form one great continent; this opinion is not original but 
is adopted from Dr. W. T. Blanford, and is based upon vary strong 
reasons, which I will afterwards mention. Most geologists believe that 
Australia was also attached by an isthmus of land perhaps by way of 
New Guinea and vSumatra to India in those times, but Prof. Kokan 
ha/S not taken this view, and in this he seems to be wrong. Anyhow 
this great southern continent was named Gondwanaland by E. Bmm, 
and all over it we find glacial boulder beds at the base and above them 
strata containing a very remarkable flora the plants of which were 
quite different from those of the northern continents. 

But the main new idea which Prof. Koken introduced in this 
extraordinary map of his was that the south pole was then in a diflerenl 
position from that which it occupies now. From the astronomical point 
of view there seem to be formidable objections to such a theory, but 
still it might have been 'accepted as a possible theory, if it had explained 
the facts that it was intended to explain. By putting the south pole 
iu the middle of the Indian Ocean, Prof. Koken thought he could 
explain to us how South Africa, India and Australia were than covered 
with ice Unfortunately the very next year after the publication of 
Koken’s paper Dr. I. Q. White of the Brazilian Coal Commission proved 
the existence of glacial boulder clay of Upper Carboniferous age* in 
Brazil — a locality very close to Koken’s equator. Moreover an examina- 
tion of the direction of the glacial striae and grooves has shown that 
th# ice did not radiate out from any point in the Indian ocean ai 
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Kokttn Huppo?«(>d. Kokon's explanation is diflfioult. to accept at the 
present day. ( )thorH have .Hupponed that the earth ' h orbit waa then veiy 
much more eccentric than now, and that the Houthorn winter took place 
when the earth wan in a{)heIion. This would rewult in a continual 
cooling of the .southern hemisphere and a corresponding wartning up of 
the northern. But on this theory we cannot comprehend how glaciation 
could aff<‘ct northern countries like I ndia, unless indeed the climate of 
India was affected l)y eold currents coming from the south, just as 
Labrador is cooled by an Arctic current in th<‘ prt'serit day. Finally 
Prof. Svante Arrhenius has sugg(^sted that a diminution of the amount 
of carbonic acid gas present in the air wmdd cause a eonsidc'rably 
greater lo.ss of radiant heat a loss wiiicli would increases rapidly 
with the increase of altitude. On tins theory a small elevoition of 
the land above sea levcd would suffice to explain tin; glaciation of 
C-Jondwanaland. But here again tlu^ «>xplanation is not satisfactory, 
because in the Salt Range, glaciated boulders are found mixed up with 
marine deposits and marine fossils, and wo am almost forced to con- 
clude that here at least the ice must have been in existence at H(‘a 
level. 

In short the upper Carboniferous ice-age is an unsolved prolilem 
which bids fair to puzzle scientists for many years to come. 

In all countries which have been affected by tins glaciation, the 
beds above the boulder clay contain coal-seams and fossil plants. The 
first coal seam is usually in close proximity bo the glacial bouldcu' bed. 
At Verceniging for instance, south of Johannesburg, the first stuim is 
only iibout s yards above th(* Dwyka Conglomernte. Almost imme- 
diately after the final retreat of the South African glacier, conditions 
favourable to vegetation re-established themselves. The plants found 
immediately above the glacial bed arc; very different from those of the 
same age in the northern hemisphere. Owing to the abnmlanecf of 
two plants known as Glossopterifi an<l Onngamopterifi , this flora has 
received the name of this Glossopleris-floTa. 

These two genera Oloasopteris and Gantjamoplerm are vesry clo.'wJy 
allied, the distinction between the two being that there is a midrib, in 
Ghasopteria which is absent in GangarnypAeris. Wo dr» not know 
whether these plants belong to the class of Perns or wliether they are 
members of the PterUospermae or Seed-Perns which f mentioned in 
the teginning of my paper. We often find setsds in tin* same tieposits 
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as these plants but we do not know to what plant th(\y belonged. 
Until 1897 we did not know what sort of stem or rhizome the aiossapteris 
leaf grew upon. Fossil stems had been known under the name of Fcrie 
braria from the Gondwana rocks, but they had been referred to the 
class of Equisetales. In 1897 Mr. R. 1). Oldham found some (UosBOf^&fu 
leaves attached to a Veriehraria skun, and thus diBclos€*d the fac^t that 
the fossils we had been calling Glossopte.ris and V ertebraria wert^ part 
of the same plant. 

Now both Glossopteris and Oangcmiopteris art^ abundantly found 
all over Gondwanaland. More remarkable still, the species of tliese 
plants are the same throughout widely separated areas. Thus (Momop- 
teris browniana occurs in Brazil, South Africa. Madagascar, India, and 
Australia, while Oangamopteria oyclopteroides is found in South Ainefiefti 
South Africa and India. 

There are a number of other genera and species which are found in 
this Oloasopteris-Aora,. I should mention however that a second and 
not less important characteristic of the Olossopteris-Aota of the (lond- 
wanaland continents is the absence of those huge Ly copods, the 
Lepidodmdrmu and their allies, which are so abundant in and so eharac* 
teristio of the flora of the northern continents. Not a singb Lycopod 
is known from the Gondwana System of India nor from Australia, 
although in this latter country they grew in the period preceding the 
upper Carboniferous glaciation. Only in two places is an intermixtur# 
known of the northern Lycopod-flora with the southern 
flora. One of these is in South America at San J uan in the Argentiii# 
and elsew'*here, and the second is in the Transvaal where near Verc^^enig- 
ing Lepidodendron has been found with Ohmopteria, It appears prob- 
able that the giant Lyoopod, being tropical trees were practically exter- 
minated in the southern hemisphere by the XJpj^r Carboniferous glacia*^ 
tion. It is therefore easy to understend their absence. But we do not 
yet know from what Bomoe the Oloaaoj^eria^&om cam© and what oaiiMd 
it to spread suddenly over Gondwanaland, immediately after the let* 
age. Dr. W. T. Bbnford many years ago express^ ■ the view that the 
Antarctic Continent was the original area of development of many of 
these plants, and Prof, Seward of Camtridge more' recently wrote:" 
there is not wanting evidence. in. favour of the l^lofao^em-flom hat-^ 

Iteoeatly, howeveir, Messrs Serviurd bM Sainai hav© dbseribed a dcwbMul 

of Bothrodendron from th© OMdih 
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ing been first differentiated in an Antarctic continent towards the close 
of fche Carboniferous epoch.” 

Since the present Antarctic continent is completely barren, except 
for a little moss and lichen, it was necessary to find some evidence of a 
milder climate in former ages, before Blanford’s theory could be accept- 
ed. 

On Feb. 2nd, 1912, specimens of Glossopteris were found by Dr. 
Wilson who accompanied Capt. Scott on his last expedition to the South 
Pole. The specimens were found on Buckley Island which rises from 
the great Beardmore G-lacier in Latitude 85°, to a height of 8,000 ft. 

The words of Capt. Scott’s diary read as follows: — 

'‘We lunched at 2^ well down towards Mt. Buckley, the wind half 
a gale and everybody very cold and cheerless. However better things 
were to follow, the moraine was obviously so interesting that when we 
had advanced some miles and got out of the wind, I decided to camp 
and spend the rest of the day geologising. 

We found ourselves under perpendicular walls of Beacon Sand- 
stone, weathering rapidly and carrying veritable coal-seams. From 
the last, Wilson with his sharp eyes, has picked several pieces of coal 
with beautifully traced leaves in layers.” 

These leaves turned out to be Glossopteris indica ; a plant which is 
also known to occur in the Gondwana beds of India. 

In the oldest group of the Gondwanas, the Talchir Group, the 
flora is a remarkably scanty one, and is in its purest state. Later on 
a certain amount of intermixture and reciprocal migration took place 
between the northern and southern botanical province. But the 
Talchir Group is distinguished by the absence of many species which 
are abundant in the succeeding group of Damudas. One of the Talchir 
species is .Neuropteridium validum. . It is believed to have been 
a seed-fern, and is common in Brazil, Argentine, the Transvaal, and 
India. 

Another Talchir species, Cordaites hislopi, belonged to a family 
known as the Oordaiteae^ which became extinct at the close of the 
Rhaetic stage of the Triassic Period, that is the Parsera stage of 
the Gondwana system. They were large trees attaining 100 ft, in height, 
and in appearance .somewhat like the Conifers, especially the Kauri 
pine of New Zealand. Their nearest hving representative is the 
Maiden-Hair tree of Japan or the Qmhgo, 
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In the next group, the Damudas wc find abundant plant fossil?, 
amongst which Glossopteris and (lanjciniopteris pn^domiiiatc. A very 
characteristic genus of the Damudas is Hfhe.nophyUu)n . 

The Sphenophylls are placed by palaeobotanisls in a separate class^ 
but they have some characteristics in common witli the KqtuHtlah'M or 
Horsetails. They became extinct at the close of the IVrminn and are 
not found in rocks of later age than the Damudas. Tiiey were slender 
graceful plants: their stems were less than half an inch in diameter. 
The stems are jointed and ribbed and bore whorls of leaves usually 
six in number. 

Another common plant of the Damudas, which is also found in 
the Panchet (Jrouf) above is Schizomura. Thi.s is one of the EqwM- 
tales or Horsetail class. The long straiglit parallel nervation of the 
leaves and the ribbed jointed stem is very characteristic. 

Several frond-gemera of northern affinities appear in the Ifamudas 
and probably indicate a migration into Gondwanaland from the north. 

In the lower Permian epoch this reciprocal migration of g<“nctrH is 
undoubted. Glossopteris spread into Eastern Europe into the northern 
botanical province, and is found together with northern species on 
the Dvina River in Western Russia. 

After the close of the Damuda epoch and the beginning of the 
Panchet epoch, the distinction between the two botanical provinces 
is much less marked. We find in the Panchet group several animals 
which are common to India and Europe. Some of the plants also arc 
common to Europe and India. The Panchet group is recognised by the 
absence of Gangamopteris and Sphenophyllurn which had died out at the 
close of the Damuda epoch. Glossopteris^ Cordaites, and Schizomura 
are still abundant in the Panchet group, but they die out at the close 
of this epoch and are not found in the next group. Perhaps the most 
beautiful species of the Panchet group is a fern named Dawteopsis 
hughesi. This species has been found in South Africa, China, Tonkin, 
and India, and appears to characterise the Rhaetic or Parscra 
stage. 

Anotl^ plant, probably a seed fern Thinnfddia odottioperoideM 
is found in the Rhaetio or Parsera stage in Australia, South Africa, 
India, South America, said in various European localities. 

The Taiohir, Damuda, and Panchet flora consisted mainly of ferns, 
seed-ferns, giant horsetails or EgmsOedes, and the OordaitcUes, which wem 
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allied to the Conifers, Tbore wihm * fow Cycadopkj/iM, aiici of ocmrHc*. no 
flowering plants or trees, i.e Anghspetom, In the next sncsc^ocsling 
groups, wp find a nnnaikabli^ advaiKre in the flora. FeniH and, seod^farriH 
are still fairly pomrnon, l>ut the most abundant of all an* the Cgcad- 
ophytes. The Conifers an* Ipegitming to bi*(snne <tonuuon in tlie 
Mahadeva gr^mp, and are abundanl in the* dabalpurd Jinia group. 

The lJ|>per (Jondwana ve‘getation thun difTered wididy from that of 
the flower fJondwanas. At the c*ommenc<*mpnt of tlie perioil true* fernn 
and seed-ferns were abundant, (kmifers often fdosely resemble recent 
types, and the family now represented by the Cingko Maiden -Hair trisc 
of Japan was of considerable impcn’tan<*e. Tho Cijradophiftm wi^re 
however as oharaettn’istie of the Upper flondwana flora m the flowering 
plants are of that of to-day. 

The Cf/cads of to-day ar($ a small family ‘ *a mere rmiinnnt ol what 
was. once a great botanical group: They now include tmly nine genera, 
of which the type genus (Jyens in found in India and Anstnilia, two are 
found only in Australia, two in South Africa and four in Ameriesa. 
They bear cones but their loaves resemble those of ferns,, l'1ie sexes 
■are always upon different plants, both the male and female plant biair 
cones. These are often ol a beautiful appearance : in one South Afrlean 
genus, the scales of the cone are orange coloured and tfu* seeds wtiioti 
show between are a bright scarlat. 

The vast majority of mcHoxoie Oyeadophyim wt*ro viu*y much more 
highly organised than those of to-day. One <)f the most iritiirfisfcing 
familioB of mesozic cyoadophytes has been riamml the BmmrMiiem, In 
these plants the fructifications were* borne laterally ufiott the slitii and 
did not grow from tho top of the stem as they dn in the prasent day 
family. Anotlier point of difference is that in the sarni,'^ fruettfleation 
are found stamens bearing the pollen and in tlndr midst the fiirnali^ 
apparatus. In fact we find an a.miiigement whicli can only bci pnriilleh 
%d by our present-day flowering plants, in which a ring t>f stamens 
surround the pistil. In the centre m an ovulifermiN emit*. Burroiiiifb 
ing this is a whorl of stamens, which do not in tho limst resniriitile the 
simple stamens of a modern flower, on the eotifemry they arc very 
complex organs and closely recall the fertile frondi of a form Itoiiml 
t,he stamens there are several whorls of bracte which c*crrc»poftil to the 
sepals and petals of the modorii flower, and which itiigfii lie r*ii!lofl ii 
perianth. 
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Of course such delicate structures as iiifiorescenees and friiefcift- 
cations are very seldom preserv'ed in the fossil state, Ahii rule wa hme- 
nothing except leaves and stems to go upon, and therefora it is 
impossible to say what leaves from India belong to the 
and what to some less advanced family pf Gt/cadophyks. Ihit there ii 
reason to suppose that the BenneUiieae were very abundant in India in 
meaozoic times. One genus W illianisonia is abundant in India, ^^vertl 
species being the same as ones found in Yorkshire. 

Williamsonia gigaa^m restored by Dr. Scott, shows the rliomboiilil 
leaf scars, the eyoadean leaves and the fructifications wliic;h are ratliifr 
like an artichoke in shape. In a Hpecimen of Willimnmmm from 
Mexico, the stamens were preserved in the fossil state, and were fouiicl 
to be simple and not pinnate fern-like fronds such as these of the intirt 
typical Bennettiteae, This occurrence of simple stamens is very tritere«i* 
ing, because it seems to show a close connection between some of 
advanced types of cycadophytes and our modern flowering plants. In 
fact the well-known palaeobotanist Saporta grouped tliesn types of 
plants into a special class which ha called pf€-Angi(mp^.nm, regtreiinf 
them as ancestral types to the Angiosperms or Flowering plants. 

It is remarkable that not a single specimen of the group of 
Angioapenm or flowering plants has been found in the Upi’ier Clond* 
wanas. The last stage of the Gondwana System, the Umla stage, i« of 
Lower Cretaceous age. In the Upper Oretaceous, Angimpmm mm 
abundant in various parts of the world, and leaves of Birch, Bowli, 
Oak, Walnut, Plane, Maple, Holly, and Ivy have been dciicribed frii« 
rocks of that age. 

It is remarkable then that although these flowering jiknts are in 
abundant and well differentiated into iamilies in the tJppor (Jfelaeeoiii, 
there are hardly any fossils of this group from the Lower GmUmmm§ 
and none in the Jurassic. 

It is hard to explain this sudden appearance of the floweritif 
plants upon the earth. The old school of geologiste foiiiyi a refuge 
from such difficulties in a pious belief in the doctrines of divine creatiii©* 
and the great naturalist Cuvier attributed such sudden ehangos to iotn# 
^eat catastrophe which destroyed the former forms of life iind enabW 
the Divine Creator of the world to re-peoiAe it with new and high^ 
typw of plants and animals. But in this modem and secptioal agt , 
we are not satisfied with these simple beliefs, and scientists have iimghl 
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t(» account for tlio a|»jM-}iriit»fr of tin* flowonuK plontf* aH do* t < 

the dovi‘lopm«nt of iiMH’t lifo nitii ilw* «ujHTw>.^>«ioii >4 w»n4 foriihHatioo 
bv iiwi't fort ill Aftt ion. Tin- Howit wh« inoilvi-rf for ff»<* {MUj«<*u' ot 
Hfct Dieting thi- inHool 

In the (!arl»onif«Tou» pi'riod w lo'H tin* oIiIi mI t ionrlwaioi liepoutH 
wore laid down, tin* innwt lib* of the world tmi'^oitcd ut oidy >4 r«i. U 
rojH-hen and dragon fin*** Tln**ii* Iuhi wero i-xtriM.idm ody li«rg.*. ..n.* 
spocicH having a boily H iindio** long witli a !4(iri'nd of win:'* >4 about 
two foot. In tin* l’p|M*r .Inra-oh p»'rn«l Hm l>iM*a, wa«(»i. loitforfln** 
and raotlw liogin to ajipi’ur. I'alaodto! ani»l>* of to day boliovi* 
that it WfiM from aoiin* group of ffn* many Inghly wlvarni'd ty}n 4 of 
Cycadophiftex, hucIi .i*« tluH famdy of lU'unrttttm* , Ht<- f 
were evolved. Thia wa« dm* to tin* f o’f that a n»*w iin*tli.ai of f.Tlilr* « 
tion had biscomo poHaible. that i** fertilisation ftv m>- m* *4 m a iOs who b 
carry the pollen from (lower to IIow«t, a«> >ijipoi«'d t** fin* <4f! no tUod >11 
fertilisation by wind blown pollnu 

As regards the diatrihution of spe< i>*s of {dnifsin ojde’f t*oiidw aiia 
times, it eannot be said that tin* Ijnrii may he 'lienhsl mt<* two prov 
inces m was the ea«e in Lower (iiindwana times i tn the l oiiirary the 







A REVISION OF THE FAMILY OPHRYOSCOLE- 
CIDAE, CLAUS. 


Dk. Ekeistdranath Ghosh, M.Sc. , M.D. 

Professor of Zoology, Medical College^ Calcutta. 

Introduction. 

The family Ophryoscolecidae was first established by Stein (21) in 
^867 under the name of Ophryoscolecina for the reception of two genera 
Infusoria, Entodinium and Ophryoscolex ^ both described by him in 
^ previous paper (20). Kent (14) followed his classification in his 
Manual of Infusoria. 

In 1888 Schuburg (17) split up the genus Entodinium^ Stein, and es- 
tablished a third genus, Diplodinium, for what he considered to be two 
species of Entodinium of Stein ; but the species of Schuberg were alto- 
gether new to science and were distinct from those of Stein, as shown 
by the later observers. 

Biitschi (3) recognised these three genera as constituting the 
present family. 

In 1889 and 1890 Fiorentini (10, 11) described a large number of 
new species of Entodinium, Stein, and Diplodinium, Schuberg, and 
established a fourth genus, Didesmis, for a number of new forms. 

In 1892 Schuberg (IS) criticised the paper of Fiorentini, and 
showed that Fiorentini had described two already known species of 
Ophryoscolex, Stein, as new species of Diplodinium, Schuberg. 

In 1895 Railliet (15) suggested some alterations in the nornencla- 
tuto of two species of Diplodinium, Schuberg, described by Fiorentini. 
jje considered that Diplodinium denticulatum^ Fiorentini, was identical 
^jth the form described by Stein and named it D. dentatum, Stein, 
be designated D. dentatum^ Fiorentini, as D. mammosum. 

The same year Bundle (4) established a new g^mxByOycloposthium^ 
fo^ ^ species of Entodinium^ Stein, described by Fiorentini, thus raising 
number of genera to five. 

The same year^ Eberlein (9) reviewed most of the species already 


loo A RKVISION OF THR FAMILY Ol'IItiyOSCOLFCIDAE, 

described by Stein, Sotiuberg and Fiorentini, and deKcriI>ed tine new 
species of Ophryoscolex, Stein, and one of Piflodinium , Schuberg. 

The next year, Dclage and Heronard (7) gave aR(^urat<‘ and conesHt* 
diagnoses of the three genera, OphnjOHColex , Stein (p. 467}. Kntmlmium, 
Stein (p. 46 h) and Diplixlimum, Scimberg (p. 46H), wiueh may well 
form a trustworthy basis for their identification. 

In 1903 Hickson {13} suggested*tho removal of the g(*nera (hjclo- 
ponthium, Bundle, and Didenmis, Fiorentini, from the pre.s(*nt family to 
a new on<i of their own. He; gave brief diagnosi's of the three genera left 
in the present family. 

In 1912 Brumpt and Joyeaiix (2) fontKled a new genus, Tmgh- 
dytdla, thus raising the number again to four. 

In 1914 Da Cunha{5) studied these parasitic infusoria in Brazil and 
made a brief, but careful siirvey of the coniplete literaturts on the sul>- 
ject, which has served to remove a good deal of confusion regarding the 
norncmclaturo and identification of sevisral species of Ophryomfkx, Hfctdn, 
and Diplndinium, Schuberg. Thus he removed several specie® of Dip- 
lodinium, Schuberg, described by Fiorentini to the genus, Ophrymcnl^x , 
Stein. 

The same year Poche ’* established a new family Oydoptmthfidai 
for the reception of two genera, Oyelopo«lhmm, Bundle, and THtlenmis, 
Fiorentini, formerly placed in the present family. 

Tlie next year Da Cunha and Travassos { 6) desorib^l several new 
species of Entodinimn, Stein. 

The same year Awerenzfew and Mutafowa (1) described a new genus, 
MUadinium^ and a new species of Diplodinium Schuberg, and several 
of Ophryoscolex, Stein. They criticized the view of Eberlein that IHpln- 
dinium dmtatum and I). deniwulat%m of Fiorentini were identical, and 
considered I>. dmtatim of Eberlein (with 5 to 6 spines) to be synony- 
mous with D. denticulatum, ‘Biorontmi. They established a new specie, 
D. fioreniini (with 3 spines) which they doubtfully considered t» be 
Wmitioal with D. dentaium, Fiorentini. 

The same year, Sharp ( 19) as a preliminary to his histological study 
of what he considered to be Diplodinium mudedum, Fior., disctisswi the 
validity In the portion of some of the specie of Diplodinium, Schuberg, 
«» mteh. B(e funfeer described a number of new varieties of Di^adi- 


Areh. 3K) (Iflli}, p. », 


4 TliK rxMn.r it* im. i t,;ii "i, 

riiiiw firmmiiiiiini , Fiur, nil wliirli lifHv<*wr iiii’fiitisi iif tlp^ 

gpiitw Ophr't^imeidt*j\ Htmii. f|p fiirthur iijipi«ti«li^*i a iiilil*" li.itiiiH tlif 
fliffrri*iiPi*« in tin* rliiiriirtpr uf %hi* ilnrmil iiitniitiriiiipll«’H /.fiip* ** iiiwl in 
tilt* iiitiri bar «if tin*'* m fPphfu**M^^4*‘j\ Sinin tin* * 

iiiriiiliriiiirilrH wiiii* ^ iiri iiiromfilntn .H|nriil rtiriri’liiiM , ' «»f tip-' rn-itsi*' 
IicmIv, unci till* ¥iiiniij|<*H ft-fi in !tiiiiil»i*r. In Ih phttluttum , Sflniinf^ , 

tlw* “ lifiratl Knna'* ilinn 

I cif tlippiitirn biidy, and tlin vficninlt^-** - t-** -I in I pin! if in 

Htnin lliii rtMimliriin**ll«*^ /,fiii«*» ** nhmmt mid lln^ 

** fiimifiln’' ii 4 niiigki, Ttiiic clifft*rriitnfitic»ii bptiv«nni f^pkrfpiiimirj\ Mtinii 
iificl Hcliiil'iiirg rarinot tin iirn-jilnii in td tlin 

ciiiignonik; nliariirlrm nf thi* gnnnrn itlfi^iidy r •■4- uhl t^krd liv 
wnrknric. 

Ill IIII7 li«»ifiii*linw |i#| rifwribf*<l ii linw iki 

^firilkn and it m*w^ «f T , |lrniii|it iiini dfimini 

in lil8 H&aiielriiiinii r«labli«li«*d a ti»ni fln-^ 

riisftiber of gi*nam in TIip jiiifirr pc ridrcTPil by t-imfia f;i,%| , 
blit original rnfm^riri* in not afaitabln, 

Tho preioni aima «i amifigliig tli** gion'n^'n mifl nf itip 

Ophrymaoleoidm© aoifordiiig In itit» rp^rntrln*# wtitl tif^tfirfiliiiig it 

ini!»bo.r of mw forini from tlio rnniwi iil lln.* m$m iiipI gnat, 

The material tia» l^on mmiw$^ fnoni tlie uliiiiitilpr hmm^ iii Tniiirn 
through the kinflntin of the Health Offioor, C!iir|inralloii of 

The mathcKi of cMilletiiiori well ienorllieil liy flfiiirp I. Ii| k$m 
(‘loHoIy followed, mid tiaa prowil amfoowfiib Tim aitiinalriilw 
oxarninod fresli mid after fiicatjon with tint »%nliolb ^ilnliiifi 

in the fin id cnlleeied, wdihoiii atiiinitig nr ^taiiiitig willi tairaa rariiiitm 
and i>aIafial<rH liiiamiiiincyliri. An ideet-rif* table liifiip of ion randl^ 
power lias been tweci for illiimifiatioii, ordiiiiin*, tliiyliflil fudfiM 
iri«iiffic»ierit for the purpose. 

Fitrn. ■O|iltryfweoireitla«y C]liiii*i 

mii, OfiiiryiJir«|i*«‘ii», Htififi. FMtmh* i, #1411# «r*## ^ ef«g , i‘#fi 

1874. (Iptiryowitlnrirlni*, OmndtHSU 4*r , 8 4*rtl . I |* n*« 

l8Wt, Dph^rm’ulitemm. lM«g» ui«l Tmttf «#• %»mtl *1 I , 

I# l«. 

IPMI* Uphrytsmuimmm.Mirkmm,** Mtimrnm** im 

Ih #M. 

1. Hiilifaiir Optiryoneoioeifina, aiiWatii, iinv, 

A well-developed perwtnnie with a apiral erf fii**fiibrrtiirl|pf» ^ milk mr 


# 


102 A EB\LHION OF THE FAMtlA" OFIUl YHSi ’OLEH P.IK, rl. It"’--. 

withcHifc a Henr^ndary npiral of imnTihranolli*^ in tin" aiilnri^ir ••mi nf tiif 
body. 


iUm. I. HNToi)iNi!'^i. Stidm 

IHiiH. Hfci*ui» Ahh(m*ii, d^r. A’f//. 4 Ifi#* » I'ssli,;*'* W Ihl 

pp. Bit UK 

IliitHflili. ** Fnitu/.iwi '* in Urmitt ^ *!Afimrirh ^ l», lirtn 

IHBK. K^nt, Afanu^ii nf t nfunuriu, p. ilM* 

mpil. Di’lfigi? iiriii Hnfotmnl» Trnitf dt Zntd, f if , |, p 

H ji'liMan. ’* in Trmfinr p. II**. 

1. K, aruHA, 

IMh. Hf4«rt* Piupm. 

Zmimthr. umn. Kmd., lid. h%K |*|'^ SrimO *ri,* I'lTi 

thi»« njH.j«*wi4 to iMi ifiinitiriil will* iHphtiiinmm 
hy himHf»lf. it w oit<lotjhl4nlly « aifkroot I'iml *4 

2 . E. MlNIMfM, SnlmlnTg. 

laHH. Hohitlmri; Ztmf, JuitHi, AKf, B4< ill,|i, III, 

IWI5. KN’^rloin, winn, Z*tfd , llil. Iill, p, 271. 

Htfl, ('imlm, M#»w. ImtiL (himtdi* Crm, T, a, p mi, 

3. B, Nt^OFM, np. IK (Fig, ll| 

Body groally iilmigittad and taporing al bolli Aritnritir 

narrow? truncato aiid wholly ocoupiad by the? wliirli 

li wide fisstira on ona nidi?. Prmterior and tiipariiig l« ii bliiiit r*itsiitiail 


Foiinci in the rumen of the gemt. 

The prtfgent speeien cliffeim mainly from K. fciimi, Hleiii. m 
fthape of the licKly, in the ahm?nee of a ponterior fif*|tri*««if>ii itnri in tJie 
shapti of the maeronnelaiti. It difers frofii mhfimmn. Sc*ltiihi»rg, m 
geneml iltapt^ In the iinmber of eoniraeiite Ymeiiole*^ and in tlie ntwiniee 
of a posterior anal slit. 

4. K. M.AMMII.4T0M, Da Cttoha and Tratasios 
till, lim Ottiilm, nwi Tmva^os* M^m, Imiit 1*. ti. §♦* Iml, 

S. 1 . OVATOM, up. D, (Fig. 3 ). 

Body ®l<MJg%ted, tapering at both ends. Anterior nntl narrow and 
truncate, with a deep fissure on one side and entirdy oowupW by the 



I »*i' TiiK f of.mii i f ti 



Fii4r-iu»r f to %%iOi .m* «»l4]*|y^' 

rillial «i|iriiilii' *.*11 ^^tp' \s^r% thi*’k «ntii«*f »-ii4 tir- 

l.flilv .%|>rrriitiiii li’ir-* hm^? lllp- \ inir f- til 

^4 <ir|irrMHiifi|i pi! til#’ l||:irro||ip-!«’U'^ Tiim * m|sI rH< t i|.’ v:a> J.t 

Ifila^ ililil. i Hh:| imii 

Foiiii*! ill t!ir **i t|j#-. 

I* E. ii« I -I ri-%f ^ n|t n. i I 

IImiIv r’|*iii|,| 4 tip|. liifpriiilv, riiil liijiid" ■ 

SUM Iiiirri'itt' ^iii*J triirP4i!i\, %%' tp»ily «....« hy th*^ 

nui inlli ii r#»!ifi«l*’'*l iii'***"*'*^^ »«iir nirlt'* iisitl ft riji %"r*| 

liilinl Mil tl'p^ ollirr .Iflir rRimi*' Ir-tlH IliiriMW, ■ 

%i'lifil lfi'lisis»l tlip iiiifl«llp iiii4 liPiit \|i*-r*if|ii 

rlini« iit fl|p ^pit* tif tlp^ }i«»rti#*ii. ’fivi* rmutrjpd, 

rill tliP «|jfi*iM-ttp t« ttifti *4 flip iiifti’r*»Si*i»4.rir:n f,„t rriiri:* tniu 

tliftiiipirr itiiii. 

Fi'iiifi«.| III ilir mumt t}i«^ g*mt 

TIm? prt’i^riit «illlfd« ft'iiltf i* llii f'liiiliii itful 

ill Mi-iiPiml »ti ih**- rif ih*'^ jPM*«lrri#ir njitj 

tiiin5rfiiiiirl**ii>^ uml iti mmmhm- *4 lti«" 

T. K fFin.. ^|. 

B«tly m$$'nrmlm* lliillriitfti liilpriilly iiiifl litfipriiiif #1 l»fl|.i 

i.*ricE, Ant*m*»t mmi tmfmm, |.riifi«*iilp wipilly *'p ini|iip*l liy ilir 
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H. K. Ki,i,n>soii>Ki M, sp.n (Fit.' *-), 

Body <‘llipnoid, slit'll tly Hatti'nod from sidu to sidr Aiilori'ir 
narrow end truiifate and entirely occupied V>y the peristotiif 1‘iisterior 
end forminB a larije rounded process with n tinKer-like priM i*s« at the 
side and projeetiuK beyond if . Maeronuchois Hhnrl, stout and Imndlike 
A Hinglc micToniicleuH. Two small eontrncf ile vaeiioles in the postiwirir 
half of the hmly, at tin* side opposite to that of the macrooMcli ns l,f 
0-038 mm. (Ireatest diamct4T, 0-02r> nun. 

Foiiiul in the rumen of the goal. 

This ajMBcies somewhat resemhles K. mummiHatum, I)ii Ctinha, h»il 
diff«*rs from it in general shape, in the shape id the posti-rior pmot^sse*, 
and in the number ami position of the eontne-tih* vacuoles. It al«o 
resembles K, fihng(Unm and K. /mhmaimmihtum in some respects, hut 
differs in many details, which, not being bridged over by intemusijate 
forms are suffieient for the **reotion of this new spwdes, 


0. K. Hi’iNosuM. sp.n, iKig. 4). 





A |||%|H|U'% lif 1111: II, Ulf* 

If. E, ’*.i#i-:\T4Tr%i, 

iHf/i i ^ . VmI t», |I :»7 

|%fiiiS «; I tiHl 

, |4»|, li!», |i. i*flfi 

|I7| rt"||iirt'i«^i! llir fi» him* I>f t Hjdmimium ; Init lii*« 

¥ii*%t riiiiiicif lii^ iifH'i^l'itrfl in iirrtirifniiiM^ with El*rr!«^iir^^« 

I :i Iv Einrniltllll 

Fn:^f»f|l|||| , ||>.»ll ^ V'4 \M, |» 

tr*#* , lift S^fl, |« 

II. K. Hiinil. 

., |i|i %% .W. 

|l|ilt .f4lt»||| I, .V'»t I W*" «•**■»» , iV.4;i| , V»«l. ’I , |* A? 

l‘tl.|#fiirt|*|, ^^rf«|ir-||r. *,*’#♦#, , lliii fM, 1* 

Iflll Ilfil1«ifi* I* 

Hill. Il4 M*wt- i***w ii#«» »5|.I4«« T. |f *U»., 

lf>. K HIII««l'M,%KKiri'-M, •p.H iFilC l»»). 

Body irrogidiirly «o«l bmnilly iov«l, MtrotiKly mmv»x doriwlly, nioro 
«r fe*ii fitraight on lh« *»Jli«*r wido, Antwriorond narrow and mlrndy 
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18. E. CARTNO-spmosuM, sp.n. (Fig. 5). 

Body somewhat barrel-shaped. Anterior end truncate and en- 
tirely occupied by the peristome. Posterior end with a keel on one side 
and with a spine on the other. Macronucleus short and bandlike. A 
single micromicleus, A single contractile vacuole in the middle near 
the macronucleus. Lt. 0*035 mm. Greatest diameter 0*025. mm. 

Found in the rumen of the goat. 

Gen. 2. Diplodinium, Schuberg. 

1859. Eniodinium, Stein, vide supra (pp. ??). 

1888. Schuberg, Zool. Jah7‘h. Syst. Aht.^ Bd. Ill, p. 404. 

1889. Biitschli, “ Protozoa ” in Bronn’s Thierreich, p. 1738. 

1896. Delage and H^rouard. Traill deZool., concrete^ T. 1, p. 468. 

1903. Hickson, Infusoria ” in Lankester’s Treatise on Zoology (Part J, second 
fascicle) , p. 410. 

1. D. MINIMUM, Da Cunha. 

1895. jD. ecaudatum^ Eberlein, Zeitschr. wiss. Zool., Bd. 59, p. 263. 

1914. Da Cunha, Mem. Inst. Oswaldo Cruz, T. 6, p. 01. 

2. D. CONIOUM, Sp.n. (Fig. 12). 

Body irregularly conical, widest anteriorly and somewhat flattened 
laterally. Anterior end with a large peristome and a small conical 
depression for the secondary spiral of membranelleSj a large raised lobe 
separating the two. A second conical process on the longer side of the 
body displacing the peristome on one side. Posterior end curved and 
tapering, with a depression in 'the centre for the anal canal. Ectosarc 
greatly thickened anteriorly and less so posteriorly round tie anal 
canal. Macronucleus stout, short and baiidlike, somewhat tapering 
below. A single micronucleus at the side of the middle of the macro- 
nucleus. Two contractile vacuoles near the macronucleus. Lt 0*11 
mm. Greatest diameter 0 075 mm. 

Found in the rumen of the goat. 

This species comes nearest to E. minimum^ Da Cunha but differs 
from it mainly in the presence of an anterior lobe displacing the perios- 
tome on one side below the level of the anterior end, in the number of 
the contractile vacuoles and in the shape of the posterior end 

3. D. BURSA, Fiorentini. 

1889, Fiorentini, Boll. Sd., Vol. XI, p. 11. 

1895. Bberlein, ZmUch^. wisa. Zook, Bd. 59, pp. 256-60. 

1914. Mem. InaUt. Oswaldo Oruz, 11. 
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4. T). MAaGtl, Fiorentini. 

1889. Fiorentiai, Boll. Sci., XI, pp, 11-12. 

1895. Eberlein, Zeitachr. wiss.Zool.t Bd. 59, p. 252. 

1914. Da Canha, Mem. Inatit. Oawaldo Cruz, T. 6, p. 63. 

1914. Sharp, BerTcley Univ. Calif. Publica. ZooL, Vol. 13, p. 60. 

5. D. TUBERCULATUM, Sp.Il (Fig. 11). 

Body elongately oyrI, wide in the middle tapering anteriorly and 
rounded posteriorly . Large peristome separated from the conical area 
of secondary membranelles by a raised lobe. Posterior end with three 
small unequal' lohes^ with a slit between them and placed somewhat 
laterally. Macronucleus elongated, stout and bandlike. Micronncleus 
near the posterior end of the macronucleus. Two large contractile 
vacuoles near the macronucleiis. Lt. OT mm. G-reatest diameter 
0 066 mm. 

Found in the rumen of the goat. 

This species differs mainly from D, maggil, Pior., in the presence of 
two contractile vacuoles, from Z). bursa, Pier, in the presence of a single 
micronncleus and from the both in the shape of the maeronucleus and 
in the presence of three posterior lobes, 

6. D. OYLUSTDRIOUM, sp.n. (Fig. 13). 

Body cylindrical, subtruncate at both ends. Anterior end with 
three irregular lobes'!' Closely placed small peristome, and the conical 
area of secondary membranelles displaced beneath the extreme anterior 
end. Posterior end with a central rounded process surrounded by six 
short spines directed towards the centre. Macronucleus elongated 
somewhat dilated anteriorly. A single micronucleus. Two contractile 
vacuoles on the side opposite to that of the maeronucleus. Lt, 0*1 
mm. Greatest diameter 0 06 mm. 

Pound in the honey comb ” of the goat. A single specimen was 
observed and this was probably in the process of transverse fission. 

7. D. RrOSTEATUK, FiorentM. 

1389. EioreiitinijiBa/?. XI, pp. 11-12. 

1895. Kbetlem, ^eitachr. wias, Zo(>h,lBd‘, 2^2, 

1914. Da> Ouriha,, Mem. h%9iU0swalda,0rmfT!. ^,-p. 64. 

8. D. ■BjBEEiBnsri, .Da Caalia. 

1896. D. ecuidalum, ^beileia.,^eitaehr.t^t.Zoot., Bd. 69, pp. 260-1. 

1914. Da Cufflha, ilfetw. Jn#i. OiitKiZiio OriK. T. 6, p. 62. 

08 , . 
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9. D. BBNTATUM, Piorentini. 

1889. Fiorentini, Boiled., XT, pp. 11-12. 

1896. D. mammoaum Raillet, TraiU de Zool. mMcale et agricole. 

1895. B. denticulatum (young form), Eberlein, Zeitschr. wisa. ZooU, Bd. 59, 

pp. 201-262. 

1914. Da Cunha, Mem. Irtatil. Oaivaldo Cruz, T. (i, p. 64. 

9 a. D. DENTATTJM VAR. Fio RENTING, Awerinzew and Mutafowa. 

D. fiorentinU t Awerinzew and Mutafowa, Arch Proiiatenky Bd. S3, pp. 110-111. 

10. D. QXJADRIDENTATITM, Sp.n (Fig. 14). 

Body band-shaped and tapering at both ends. Small peristome 
on one side of the anterior end. Secondary spiral of membranelles 
placed at the other end of the anterior end and separated from the 
peristome by a rounded lobe. Four curved spines at the posterior end 
and placed at equal distances from one another. Macronucleus elongat- 
ed bandlike. Micronucleus obscured by numerous oval refractive 
bodies in the endoplasm. Five (?) scattered contractile vacuoles. Lt. 
0*075 mm. Greatest diameter 0*04. 

Found in the rumen of the cow. 

11. D. DENTiouiiATUM, Fiorentini. 

1889. Fiorentini, Boll. 8ci.,Xl, pp. 11-12. 

1896. D. dentatum, Eberlein, Zeitachr. wiaa. Zool., Bd. 59, pp. 261-2. 

1895. D. dentattmv, Stein, Railliet, TraiU de Zool, midicale et agricole. 

12. D. ANiSAOANTHUM, Da Cunha. 

1914. Da Cunha, Mem. Inatit. Oawaldo Oruz, T. 6, p. 64. 

Gen. 3. Mbtadinium, Awerinzew and Mutafowa. 

1914. Awerinzew and Mutafowa, Arch. Protiatenh, Bd. 23, p. 115. 

1. M. MEDIUM, Awerinzew and Mutafowa. 

1914- Awerinzew and Mutafowa, vide supra. 

2. M. OABINATUM, sp. n. (fig. 15). 

Body broadly oval and slightly flattened. Posterior end rounded 
with a keel on one side. Peristome small and on the side of the anterior 
end opposite to that of the keel. Secondary spiral of membranelles 
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occupying a small conical area and separated from the peristome by a 
round lobe and not connected with the latter by a row of mem- 
branelles (the main generic character). Macronucleus stout with a di- 
lated end and placed more or less transversely. Endoplasm with nu- 
merous oval refractive bodies A single large contractile vacuole in the 
middle. Lt. 0*15 mm. Greatest diam, 0*092 mm. 

Found in the rumen of the cow. 

3. M. QUADRATXJM, Sp. H. (fig. 16), 

Body irregularly quadrilateral, somewhat flattened with the ven- 
tral side concave and dorsal side convex. Peristome small placed on 
one side of the anterior end. Secondary spiral of membranelles occu- 
pying a very small conical area on the dorsal side of the anterior end 
and separated from the peristome by a large raised flattened lobe. 
Pefsterior end with six recurved spines somewhat arranged in pairs. 
Ventral pair of spines longer and the dorsal pair shorter than the 
middle. Macronucleus elongated, stout and rodlike. A single contrac- 
tile vacuole in the postero- ventral region. Lt. O'll mm. Greatest 
diam. 0*066 mm. 

Found in the rumen of the cow. 

Gen. 4. Ophiyoscolex, Stein. 

1859. Stein, Lotos, Zeitschr f. Naticrwiaa, Prag., Vol. 9, p. 67. 

1867. Stein, Organiamua d, Infuaionathiere Bd.Jfl, p. 164. 

1888. Kent, Manual of Infi^aoria, p. 663. 

1881-9. Biitschli, “ Protozoa’’ in Bronn’s Thicrreich, p. 1738. 

1896. Delage and H4rouard. Trditi de Zool. concrete, T. 1, p. 468. 

1903. Hickson, “Infusoria” in Lankesters Treatise on Zool. (Pwt I, second 
fascicle), p. 409. ^ 

1. 0. iNERMis, Stein. 

1869. Stein vide, supra. * 

1895. Eberlein, Zeitschr. wiaa. Zool., Bd. 69, p. 240. 

1914. Da Cunha, Mem. Instit. Oawaldo Gruz, T. 6, p. Gl. 

Found in the rumen of the goat in Calcutta. 

2. 0. BOAUDATUM, Fiorentiui^ sp. 

1889. Diplodinium ecaudatum, Fiorentmi, Boll. ScL, XI, p. 12. 

1914 D. ecaudaPum forma ecaudalumf Sliftrpr Urdv. Calif . Puhlioa. Zool., 
Vol. 13, p. 62. 

1914. 0. labimtus, Awerinzew and MutafowA, Arch. Frotiatenk, Bd, 33, p. 114, 


no A » AMII.V 


« li * *1 M ih i r 


^ I .% I 


2a. O. ECAifPAti^^s ^’wr * N«"^r«mt3iii »|* 

HH4. I> ma^deifum loritm r*in4*ifum. Hl«it|’-. ^ ^ I I ,«i 

KR|i. m 

1914. fl. inifrmiMufu^. A^t^rntmm .%l*ii«S'- » «, i ^.-riwia-w; . I*i| ij 

p. iri. 

Fouiici in th<* rnmcni *4 ilir r«»w in i'nh ni^^ 

*J(i {m}. O. Et'AriuTt'H, %'iir r^t’ii^Tf'^.. *^iiIiAji.i, 

iii«iii n<iv I 

I!li 4 . r^. ?f,rrf#if* %'Sir. r«li«|*lf«*- i -m%hn. t 1 

p, nl. fin- 1 f|»l 7| 

25. CK MeAVUAtr-*^, mr, 'Mmtp 

III 1 1, JMptfiAinmm I'## ‘*’''".!>liif, 

V«l 1 . 1 . p. 95 

2/' O, |{0H5I*ATI}h, viir, rKI» *i iMH 'f, >lii<irj» 

1914. fHpltd^nmm. fmn4mimm hitmrn i |'‘«i»l‘W'4, 

Z*ml.,X*4 II. |i tft 

Found in thi* riimi'n of tin? Roiil in f*#l«oiHii (U}j j7| 

2d. (). «C*A!’l»ATI»H %’lir yl’*t»«tl‘Al.*l».%t1?'*„ -*<l»«r|l 

;fw , v,4 

Found in tho rumon of !h» g«»»t »n t’'»|rinia (!»|| |i*) Hut ilit» 
present species differ mainly from the i.vp*’ In ilte lenjieih «iit| arruni?*'' 
ment of the spine* and in the extent »i{ il«e lfa«»eer*e jiir»ll» of the 
membranellea. 

2e. O. iCAi?iiATHi v«.f. eaitTxrxrnxt'iix 

1914. Khai^. Unit Cafif, VtMim, pmf . V>4 •». e «U 
■ t9l4. 0. luatU-^mm, mA XI.iiniIuh*, A».* #V»i»**.**, ir.| . II. 

p. its 

2«(a). O. KCAi}|»ATOi irar. >»»TAC*i;t»ATl?», *iihe#r. rxitvn'Ari**, 

A»erin*ew nnd 14tit«fow« 

1914. 0, ear. ptae wfiawnla , A*(«ie«i» Met Miatirfttw*, 4t<^ #%«**■ 

ttmk. M, U, fk HI. 

found in Calcutta in tlie rumen of the (««• lU aiid m} H 
diffmm from the typiMl variety (with S eaudal mefnly tn 
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tj,|^ l.*4|;j S** ffM'- r-%|€^|ll *4 tfir 'i:*-r‘»i||«|itl \ 


i i* r %*4 41 >: % '»p Si '.'1:, 

Ii4-|4%' r l .%f l«*l|i rip j- rnr^t^sfur. t«;-r'i| jiVifli,* ^4 

l»irt ■*'»ti **l ,ir#i'^' *'2i4 4i*l?ir %• ^*ir41*'' #4 iii*'iiil4riiiirjir;<i f** 

lir r||4 .' % h^li ill^" ^■il'r'iHIlf til t|i*? \iii4v 

i**r t^ri4 «ill'i .*** 1 ^'^ |ii'«*|p«.4iii|| tli*'* *4li*'*r 

If r^'iHiisiriy p%r4^-^fm, iIp" «»l tlip 

l««iv I itiii|,»l«' ^ |■^^lln|*#ir■:%,^ rillft liriir ill*"' 

giisli*’ otli**>f fir#i' tl'M' it»||«-^ t^l film l|r«^iii«^'^l 

llliiifl, « llJli mill 

F<iilli's| III til*' fitiii*’'r% ^.4 til**- r*m- 

I ti 4t|i II, ili|f ■*%!. 

lifN-lj,? r |i#tl||;ill«*-«|. ||iiffr|#iilH-il4r'w| .,%lilt^ri«ir Pl'|i| %Sr|||-:4i|!' iw-'ril jl|«*«l Iff 
Itir liil’iir' |»t*ii'»t«*ri|rf I^W**||i|.#t y .||i|»il«‘- «.4 iii'0#t|l«rillir^ll»^-^ i.,i|*#«'.' |«i t||t« 

iiril#ri«i" .#w4 »^'%if**-ti4«ii^ ii-i^'^fly l** hmll liir *-itrmnipf9ntr*^ <it rlit** 

tiwiy rfifi «il|i # |#^ri|i|i«snil tmw *4 win i|fiffi|ii«| 

^lllfsr# ,||||«^f«»f|i|r|r-tl« rlmif illr#f, li#|tiHikp ’rii?*- 

,ct|f||i*'#* iifi l||i'« H'lrlr I*js ll'tnl i4 III** |||^f?f|.»l|l|tt|t*l|#, l.#l. It lllitl. 

flinisi II fl i ^ tiiin 

|**li|||#i ill iiir fiiiiiipm l»| ftp* «*»»' 


imM -‘f'. ll',^ |» #1-. 

i. <1, Wli#rl#iii. 

F*‘»tit|f| ill f ■*|ciitl« III lltP fitwi^n f»f ili«» iifinl 

t, ii„ hm$n 

mrnm. . I*# ##,^4 v«| |i- Af 

|i, ils^l 

|i, II 

i, II, «»i«iii,ittii!i, in». n. (%. t9). 

Hotly «|t»n|ptt«»| ttiili m Di^ht ttwskllkti mm*trmii$m mttlmrmriy ■ 
Ant»'rto» rjiil !«|wi>rii)g untl tiwiirty tvhttlijt nefttjiiBtl l»y Ihw ji«ctiiii»ifi**f 


1!2 A HEVIsrciN 0|- 1HK « %%tu \ i tf|l ft Vm’-m «if ij i 1 1 | i ^ 

Seconclitry girdle* of t}i*’ i-^‘< 

and V in «*^l«*nt. Pn.^trriMr »‘nd 

with a gr(‘atly onrvi'd intiHit Hjiinp ?»nrnanid*^«l hy 4 tim *1 liiiid 
Mac*roru3e!oiH a ntoiif iuiid. C^intrnrtijr vm^uih I m iniii-dn'r 14 
Lt. O’llirinui'i. ilrvniv^t diain rrn7 iiiiu. 

Thin «|H*cdnH dilfiT^ niaifily froiu Khr^h-m n, *1.1*- 

single row tif bifid fri'tli and in tla’ ^mdh 

Ch*n, a. Tiiiia**iM\n n. 21 

PeriHieniN* «ai on<* Tau ^fiirah inriiiliriiiirilr'^^. 

on tJn* otlior side* fdiiond in mmll rorm'iil find r«:^ijmtrfr«i 

with each other by 11 row of 11 11*111 hr nnfdh*^* 

Found in the runirn of da- eow. A utiwiri^ti 

and is namcal 1 \ (mvi^, sji. n., \Uiirh ini»y la*’ t.lr»tri 1111-11 

BodyMdoiigiitril^ slightly III jiering atileriorfy, iiiorr „ 

and Homawliat fhittaried hileriilly I^^orisiofur «iiii.ji!l fiii«| |i|flirr<i un 
side of the. trunciite iiriteTif>r eriil. Fosirtior «oi*i wiHi Miifiin%1*iil 
flattened imtH|Uii.I opines. .Maeroniirlrtis eliiiigfilrti^ t^oiip^rlini fii^ifiif tn 
and plaoi*d heneatJi the eeloaiire in tlie anterior limlytiiill.. 4 *ifi||ie 
mierormcIauB, Two i*ontmf*tilf* vitetiole# on tlia ojijp^itr to ilrit *4 
the macirotiucdeiw, Lt, rtim> t#re«li’‘st. n ri:i nini 

1 , 1 . Kti.iirAM. Tfl*lcllan»YTr 444 .%^AK, mMmm iint 
N'O fuiiotiorial iierinlorne. Ikaiy walli fniir i,iir-«if.ii|i|el.r gnttilmm of 
mernbranalleii. No eoiilrtelllt vaowote* 

(ietn TftociLfniYi*,Rrj,4, llrwtfi|il atitl 

till iirymia ami .liiymii, iMlMm, |%|A , i'.a fg. m$ 

L T. AmAnmwvt, ini,ni|ii aiifl Jtifmoi. 

lilt Ilriinninl «irl Jaymiii, ¥«l# mifvii, 

la. T. AiiaAi?i4irfi^ iiifiipi?€dai^ Itti* ntY«iw. 

lit?. B 0 il Bm, g 9 pm. .jffar. Mmf.. |f# , 11 ? 1 

1 T. CJ0WIJ.41, 

1 il 7 . ief i©ia©w * V iiit mptm, 

Bi»Li 0 ti»Aeiir* 

l. wil Mutafiiira* drrh. fUf 1 .<1 

-i. BmU. Mm. Pmkwi, 1 |l#i|i, |*|. *,^11 


,/ 
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s. ■ ^ I .f.' '-' ■■■■ «%:■■ -" j?i« , % ■'■ I |^l» iii 

I •' 7 ?'■,*'■ ..J . 4.^ .■> . 5 ,vf r^.J, . '■■" ; *-'4 l-Mi 

«■’ . ^I-I *4> _ |.|, ,<|7 ;>.| 

I ^ ., ‘‘i , I ^4 I :|^>s. I i- IV ^%s„ I :# | 

I' fir;3,H -., . ?.'.•/. '■ ■ % . I*#",’.-**, ■* ' '! %lt |,|-. ’*4 r,/* 

>*4 .r, f . Ii.4 :i I _ i.g, 

II . «s " ■ It:? ■ 5‘ fj'S ‘' ’ 3 |^#'i;. -»!%#«; --'ft /■,>-»? ^ 

.n, ■■ '^..O |> i|4f 

I % f.' lii 1 •... # ', . I I-,..# , i ^ #4* .« 3’ 

Iv. . I-«S» * I? ;, V.^,. % . I I? ilnif.;, |t|, 11 :* 1 

. >,1.49 1*1; . /,’>•. ,l<,StA#4 |f,<| 1 ■ 1 41 

^ , 11*1 I . 14* ;i 

f *!■«%.• * .44^ IVv*, .-,4 ,. %■„! I I : I 4| 4 ,|4. 41 I 

/ f.:4 / if %|.#«-^-'% :' ■'<««* . . % -''S |3« ,l| " 

iHV V# '.¥,4% ■ ■*%.#!, 4 . I1•4 li ■; I Il4'* A 
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EXPLANATION OP PLATE II. 

^0. — E, suhsphaericum, sp. n. 

Fig, 11 . — Diplodinium kibercMlatum, sp. n. 
Fig, 12. — D. conicum, sp. n. 

Fig. 13. — D. cylindricjum^ sp. n. 
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EXPLANATION OP PLATE III. 


Fig. 14. — D, quadridentatum, sp. n. 

Pig. 15 . — Metadinium carinatum, sp. n. 

Pig. 16. — M, quadratum, sp. n. 

Pig. 17 . — Ophryoscolex emudatibs var. trimuclatu^, Sharp. 
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EXPLANATION OF PLATE IV. 

Fig. 18.— 0. ecaudatus, var. quadricaudatus, Sharp. 

Figs, 19 and 20.-0. ecaudatus var. penfacaudatvs, Sharp sp. Posterior 
ends. 

Pig. 21. — 0, hengalensis, sp. n. 

Fig, 22. — 0, spinosm, sp. n. 



EXPLANATION OF PI.ATE V. 


Fig. 23. — 0. eberleini, sp. n. 

Figs. 25 and 2^. --Triplodinium (gen. n.) bovis (sp. n.) 







rrhV IX IXIflBiTlOX ASSOCIATION 


X X Skv iWrtx, PfiJ),, 

II i\.rffrrtm^nifti l*nifrhukigt^ , U nimr^ify nf (UiJvniUi 


Tip* ui mliibilitin ni ifc«*40(niitioii hiw mnim in far a largo 

.Hlptri* nl ill 1 .I 10 jHyotti>tagioiil fciriuri af to-diiy, It» haB long boon 

lliitl ill! I bo oati«liCian.H tif liHMooiatiaii lira not givan in tho 
fif I'l.^yoliitt Muoli that ib of importiiiu^o iakan plaaa holow 

iti«» t!iro'^krili:l ol «nir iirtlimiry of ooriHoioiiBnoHH. Tho rcmaaroheB 

Ml Ilia |i^.yr*tiii iiiiiilytio mdioril tiavo brought t,a light tniiny Bignifioarit 
.mil riitr‘'rMi*tiiig fiiol.4 Itiat aoiit'iibiito to tho inhibition of the aBaaoiit* 
■tiiiriiil TIiomo faoli4 itro wall known to Ilia Htndarit of Psyolio- 

I*-igy ari«l tinnfiy ro^*^lafortiotit, 

^ly limk ill tlm fm|ior h not to arialyBo ttia nlthnata oonditlonB of 
iiiliiliillfisi in Ihoir f.wyotifO}iby«kial aapoaia, nor in it to a^amme th# rola 
4iit| of ttia siiliibil-loti pmvmM itnalf* My fiitrpoia Itara is to 

iMittiiirtf* Ilia irrif'itirtfifioi* of atrlaiti proaiiBias, giran in introaptotion* 
f I111.I ii|ip##ir in m largo tiiiiiibar of m$m of inhibitioin Mora pfirtionlarly* 

I fry to «lal#*riiiitia Ilia rbla lliat tho Atifgah^. jiliiys in inhibition. 
Tin* rs|M*rifiii:itit« upon Idah f raly li«n*o form part- of a mara anibltiotis 
prograiiMiia wtiieti yat awaiti ooinplaltoiL 




vm»v IN 1 1 1 






l:Ji» 

intiie on oiii* hihI fin* iioiiHi*u?^o uii tli'* o!li*’r 

» Hi*rif*.H of <‘nrdH only tin* ^»^i|iiii^il wooi^>. 

I* fnti'd'tir* . - Kuril id t o? 

for iiiriiioriHing iinrl tin* tiiiir rrrnriii'd in' ^inji u:d*-h 
rfiirtion followed rvrry rrj»dilion itrid tlif* iitiiiiii*'r «4 »-»trri*r*t 4u4 iip‘*-.tf 
r«*nf rrfiroiIiirtiofiH iih writ Itiihirr^ %v**rv Aftri *«f 

;i.HHorii4.t'ioiH tt'iiN rotfij'ilrtrly Inirilt . nn lr:^fril by rr-|tr^#*iiirlii*ti 

twii'r ^iii»rrH*^ivrlv, im i V*‘ rriir!|iiii t iiiii* rrrnrdnt l»y n HOip. 

wntrli for rnrh oHicioid word TIiih thrrr urt'^ t»*o 11 iiii*^ for lln'^ 
Hi^iiiiliriiiil , tin* othrr for thr Hyllmhh* *f!ir ^lyiiitirniii Jinii Ibr^ 

iiiinHriHf* iiHHOidiitan wrro Imriii firni in *irci**r of tnitr in iiitrritutr 
Afirr finlli of ilir erf R/f’^ liiid limi tiikni fin* liiol to l«i.4 

oiicM* niorr ltircitig}i llio iifeMiiria^tioii vanh 

All iritarviil vjtryiiisi from fivi* to ing'lit rninntr^^ wn**. itliriii-'ril ii- 
rf*i4j4t<* mi tliiie Tin* ♦^iibji^rl tlirii iri^^lrtirtml ir* ri*iiri liy 

gi%drig ft riorif^rfiHr MyHiibli* ii# loirli orruirnil W'onl wnii riiil^ii out. I'litir 
WHH rracrrriiid by n ’^iop wiitoli initi foil iritrii#|p*rl-ioii r#riirijr*tl, 

(Inly two fivo^woni nrrii*# or otir ti*ti wnrii rfiiild t:»P |irr<4r'itii»i'l 

on otto dfiy. C*ftrr wa.j^ to livnni fiiligiif* iiiitl f|i*itriirf.ififi ii*i: liiff*^ 

All till* bill, w*»rr of fi^yrliology. Tl'irtft* 

of tlifoii liiici training in a^jftwitiiontitl work of rnitiirr.. 11i# wltfili^ 
of aifi'^riiinoitii wft«i |irooi»t.|rf:l by om* mmt*'* of |irftotir«'» rf jipriiii^tita. 
II. fi VO* word mmm^ foritftoli iiiibitH?K 

fVir PrM*‘m ■■ -Two of iiiliibilioii itiigtil b«* imfmr-UHi nroli^r tin* 
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ImiiH rif thi^n^ a. wUU* individuaJ <lifl<‘.roiioo in the per- 

^if iiiliiiiitiniH t itaairririic in the ^^ane of the different Hubjeete 

iii'iiirr tlif* riiiiflitiMri- Ilf ihh *»x|>eriiin*rit. 

Pf-fiy uiftffrM iif ih** fu are^it trhidr fiumlxrH, 

\ n : i‘ t> H K I 

' i 

I'.-n . i ‘II :K Hi 411 28 I 51 


t 2 j I {ji*! 111 {iiTci-mtitjtH' l■(n^nltt ii<l<*(juat.(!ly Ih* (txplaini'd 

iij Ilf >h«’ <(H**ntiimrti foiuiilioH of tho (Uflfin'nt KubjontH, Tlioso 

wbti li)«l A liU)i«-r pori’fiitngf of inhibition an* not to my knowlodgo, 
}i ibitiially mat l**nt«vi* And thi- liaily avoragi* of inliibition bear a 
Jiiir ratio *o tb«nr ive M.V.’rt. THuh, the qiioBtion of “low” 

ath’iitMoial roiniition «»f on« day offHotting the l>eLter attention of 
miotbor day, i» diBpoted of. In all the four oaaoH where the number of 
nihibilioii is largi*, the M.V. is from f) to 1 1 per cent of the daily aver- 
in the I'lise of K fho M.V. is larger, about IS |)er eent, and thisre 
IS conshierable irrugularity of aMenlion, 

(.’if In most of these cases the fact of inhibition was indicated by 
t l»r largeness of reaction time as well as by the content of introspection. 
In some instances, however, the Il.T. though large was not abnormally 
so,, rhe M.V. Ill such cases gives a better indication of the fact of inhi- 
bition tlinn the amount of rimction time. 

j /eic of Htmtion time and iia M.V, 

XoriiMl ti i. awmsIM.V. ynitbn, hihition. I 


A 

i*r: 

m ' 

If 

i^r 


V- ^ . 

i*r 

•1 

B 

Id" i 



M ; 




l:is 

It. uil! Ih^ H«*rH trnili tilH tiihh tli;i.? .ill t.lH’ » m! 

MA'. in \i»ry Kvi^u ivhrn iht’ l.-Mi *4 ii4*iiliit i*»ii !.■ ii-*^ iii4'- .it» 

bv tin* ii'ttri)H|j*’t'*l I VM drtt#i, it i*#iii b*" iii!r'rr«‘«i tr«*iii ilii* if iV% ( 

rnartiuii tiiiM’H if t.!i«* irn*|*ul;irity !*«• ,ir'^ MUfit iil.t|.r’ It !■« 

}iiti'ri*Kt iii^ tf» tliat flu*4 prinf*i}.il*Aiii^ f****'*ii br llir' m 

«»f tin* pHyc'lm -Hiialy t ir iii tlii’ir ,ti i.tiri?.i;d, 

piiiliolony . 

(4) 1 ill I V*’ Hfiit! Ilf ii.i iii v ■ 4nii? .irv .i!ii.iiliil 

ftii! Ihi» ftillnu Hig 

fii lii<‘ tir^t thr m iii^r*i«jsi’« 

ItH Mtlflfl 1114 ftir It ll4» f|»^l|ril»’«l iMltr-'f I ||r' 

fiirtii Ihi* f«»rrii. (A iP'^riiiiiit ^^4 tlii-^ hr> 

bi4i.nvi, .lltii lilririg witli thn tlmmtmui irriii||r^ iipfir^iii rrrb'iifi 
Nifliiiry iiMfi Thr^r m*' |»rii«“f.41y « . 

ii.|i(lil.firy <fr ri*4i.ii.il tlirr** r«’iy tillr'-ip, rii tli*^ *»1 tiir 

Miibjrat 11, " II fliiiiiiiiiiiit !iji*ii -wilii *''rTt.iiiii .iiii'irniniil iii w}^? ri.» 

fill' iii*irieiiiiil nrr liki’' rivrrt^rii^^ tli^t n^i witii ih*-" 

firirnripiii li.illi^ m tuDiiI fiiHirtii.*’ All tin* rT^;i‘rp|.|lig I' fiiirl 

t llIH III f riil^ \4i ’^iil,i^.|i.|iiir%? liy t' 

K, nrit tlnil tli**' :*«uti#*it||.«ry iif«* 

ill It nf With til** ilniiiiiiiiiit iiiiiiii*'* nl Ifir 

Hi* ttiitik^ Itiiii It 1^4 ft iif i* I ti^f tin 114111 ti%’ii. 

Hrmriclly, ii*»l tin* fii|iinifi«’'iiiit n iitri. 4 jMiiiml 

ri.»|iri.«iiitiiti«ii «d it iir ttin* «tf ili»- ^nli^irliiiry iif.|#*,ri*ltti|i. li 

iifrfn*ii.r^ III Tlitw 'ivjl-ti ii «itii**iiiii#‘i^ » 

l.diirri’'d viwjiil tin* *»f tlin ♦ligintiriirtt w«ir«:i iiipf win«»* 

it «ii ifitdfiHit- nf itii’* w»ir*i . Wrtli f}i«^ |i t'lir 

Aiiditiiry iifiAgr nf ill# wnril 
*' bli>#kttti m it wnm ttin upfiPAriniw itf Ihr rnfiiirftd 

Tliipiiy, lli«* prmmm nf ifitlitiiliini 1*1 itiffir^niril liy m Iriinlln’iiiJii; 
rpiic?yfiti-tiiiif* ftitci ibjii fliiriiiititi flir *i|iiiiii rtiliing l«t 

Aiifl tin* r«iirt-iiin in «fti*ii iimrk**ti liy 

11ti*i4i* mmMihm, iti# r##n 

m*Hml wiili tlir iiiiiAfiiligfl#! Hiwinl* 

lilif mmmimm iir# pri'»»tit m in^miing illurtif^d ni lip^m 
^inwni of m iijitiifi* 

t»r f,h»‘ mjbjwlii say, from tbn artl«ul*(ory Tli«*y nrf i»l» 

tl«« rili»*cl a« ' itanMationii of totwton ’ 
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ir<irkf*ti «»tit tt> tliF fiFurifMt whtiip nuMbam, 

ir>l Tlt« njipPftrn in «tf»nHf?i«iwtie*HH nndor two 

Idimdjml n wholn nr it in partially ropreHfsntod 

In thi* fiirmi»r «wf it Hppt'an* inn*tt frnqinnttly an » verbal nr aw a viHual 
i»»H|i»*. Thnri* arr niTtain nthfr iiiniinx of rcprnsntitation— as tnaftniiig 
«»f tin* w«»r»l, for imtAtii’o--whhh have been nngh«Jt<»d fnr tins purpnm* 
of the pre»»i*ri* fn»piiry Thiw ea<«*s were Imt of rare ooowrrenee ; anrl 
•‘vi’ti then, the eouhl detect imagery in tlm moaning. Honoe, i 

have nmitt«»d them from the ehart attached. When the significant 
Ji'cw’iale aseunttnd any of the forms indicated aliovc, tiior<! werf* a num- 
hi f «if aithitidiary procesae# occurring aimultaneouHly or in clows hucsoch 
«!(»« 'rheai* aiibsidiary prooeiwea were mainly viMiial, verbal, auditory 
oi kina.'wthetie. *riie meaning procissa referred to alsovo (referred to 
in ihf chart tut “other ”) appeared also as a subsidistry pnafcsg. The 
partial reprewnlationa of the significant aaaocsiato assumed the same 
<i»ri«ts iM« the siibaidiHry proc^isee. There is however no definite corr%- 
lid ion betwt^n the itnagi'* ap{»aring In the oompiete and in the partial 
ropreMcntatfons of the significant associate, Thens is a good correlation, 
do, otiiy in the ease of the visual images in the tw«» cases, Ww cannot 




I Mi I 

Jittiirli liny ihi^ iu !tir *if :iiiv ullu^r ■*^i|f|»**rtiii.i,5 

fiK’i ■■ -Hjii/riiilly nn fJii’ iiunihrr of in iIh-n jit^riiiPiit 

Kvi*n a hii^li tlpgri’i* «*f t‘orr«‘l#itniii, -.iwurdinu br 

provi»d with llnui a iio/,f*ii m! hi* 

t tifii fill* oianirnn^^ in tln^ two nr#* rjiialitufivr'l v tip* 

III tin* niHtiifiPPH in wliioh th»' fart of itilnbitmi indirati**! In .» 
Inrijfi* r*‘iirf ioip tinif\ oprfiiiii ’nilrMdnjtry j»rr»roism*-. ;ir«' «ffirji 
TIiphi’ Innrrvrr arr not nhrayH rr<'ogii}^rii an liriiii? witli iho 

^■lunifiaiinf aHHoriafr. Morrovina iir*“ |^rp*i■MJrnrlftllt|l' tif 

kiiU'r^lln*! ir rliiirai'irr. Vrrbiil. ariil aiitiittiri' omir 

only in ii vrry bnv r4iih^iitnr!| iiinirr “«ilii*‘r jiorinirr^M * m 

rnllimri III),. Miinli of thr kilnr»:lliPtir **tj»r*rii*firi^t^ iiriHr friitn I'hr 
rlilfiiory inrnliiiiiimri- rviflri'irnd l.iy ii'ilrri^fi«‘-<^||,oii , /In f*;f 

tWiPi riatiirr of tin.* |.irornMMP^, thrir winnifiranrr iiiitl ri.iiif.rrli«iii, my 
fitiln i'i4 yji*hlf«ri hy inf nmfirrt ion. Hill'** i.nn* rufl^ it aii * ■ r*t ji*o''irrn‘i' of 
IrnHil.in/'* a **si*f*o||i| fir^rrtbp»^ if nn riforl !«■» ji.ro|n:riinrrv;'.» 'Word, tt-llir.li 

IlllM fiot yrt |■t»^«l||^il*ll liny ’ Tlin^r Ipni'PVti", 'Wiiiilil fjf 

III 'With liny inriiniiin that tin* kiinn^tlinlir iinulit r'^rry 

Wi* iiri* not in a j.nn^il$ot'n ll'n^ii, to rirfpriiiiiin llir ptnnm*^ fntir'iitiii of 
lll«i* from flip nrfanint 

ftl) An fiit#iiif»t wa# trmili* til d*d.orii'iii'in till* ropitiriniil of <o'irrrjAt.iriii 

l.inlwt*aii ilif* mnnirrmii, in thin of pi|.ji**riiiii*iii*^ iirnl flioit# 

tiroiiglit niii' irwli*fii.*iii.|niit|y by fiit4|ii#il %mi iiiittlinif 

Till* rnwiit rnif. prm*t^ I In* niinintin* of uny* n«frrnlfili«#ii ni « 
lory wmy, Tlin* II * m flntortiiirinfl by ^l|n*iirifi«iT*^ '* foot riih’* ** forrrniht 
in uliciiit *32, in tlin m.m^ nf ifii«ii«% *23 ill Ihr ritm «4 %o*rl*«l 

iirifi ‘11 ill lliti 0 -^m^ ui ii.iifliliiry iifiag#* I'lin i<* in vit*w 

©f tilt fai'ii tiiiit II tnw ilngrni* of niirpdiil'iiiii If ionititti b** 

limmmtmiml without abinit ItWi at hand ft r^ry itiiir~iili 
tliitrnforn in rngiiliir Iftbnralnry wtiiilitui, wlinm wr forc’d to lonfifoy a 
iiitiif, 111 fiiimbrr nf irmm4 t#i i|nitiiin#friitf* « hm tfiyrrt* *4 

rorrnlutinn in a mimhmtmy mmMnm. 

C 7 ) Ttifi rnmninu fimt I alta<?h tcillit Inriii loijiiniiiry itiliiliiliofi 
iiaii iisflitaliai abntn. It ii altt? tint tiiliiiifury iiihilntsfiii p.m 
f»ln |ii»pn nittinr wlitn tbn iigtiifltsiit apiinift m 4 wlwlr oi 

m * fiartkl fiwnnfir, Tht priiinipiil faeior llitti intn ilm 

* Bnt* Jmmiml V#t. II# p|», ift li«., 

I' H^a Jmtmmi #/ #|p, M. 
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i|itA% ttntv’w**-* 

?lt}r»| t»l|i A'^iUJ 
144*4% *» 
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i:i:' 

nt iflllf bit inli i:\ii* * aufi^abi* ‘fliM liiMf H#I| tt'iii«'ii tli»* 'Iitij?- f 1*^ 

In f.'irry «Hif wht‘ii h«' h I-m ftv tfi«* llir* 

ni*^! rut'timi in ra***** wa*-- in h fioiibis^ ii'tMiiiv* anti 

li\'«* rill’ sub|<a‘t ua-iH fnlil '* flu uttf rra<‘f bv fli*- iji*'*.i,fijii'^^|iii iiuinl ; 
ri’arf by t Hvllabb*. *' lliH ilMiililr fia iii ii'- ii«l' -|it»»ii [ii! 

iiallv tai iivnifl tin* e«»iiij'»liral ^'•l^ iiit i by tln^ |iiirr|v ti^^gntivr 

iiiHl rtlii niii ; and fiartly la «*\ jilnait#* iIm- rt*.d |ir*ira*4H tlint iiain, r'\nr'r‘fiu| 
b» a|>|M»ar in t-lir of fb** '-i||i|**r'l ’'fli** lirnl mI 

uan hill iriiji^alVrily a<'lii«*v«a| in tiii« fir^t *i! »*%p*^rim»*nl lln* 

.Hiifiji'ii |a»rri*i Via! tho mtln-r iv*’! v *a iir«|»at i||*^r*" 

wa-v hfiiilly a biiliunnni^ of fin* fwa Ifiitrr tlp’ wii-^ 

iiHtrurtnii I wim* in for mirb aiiri llir |ioM|t!r«» iin«l tb^* 

fiirnr^ rnrtdvrd altindioii a!t#rtiittidy liiiro%|ir*r‘liiiii 
t'liiil flio wnn itol iia'fjrin jiiiriidy iiiiilin' iii^lrtirtiiiii 

f^J Tho /i ojinriit**^ fi*4 an iiiliibititig fn«'’trir in ^»''Vr+ra| 
hi llif* firnt pliioiy till* atif’iliili** ajijita-ifi* a* a *' ii:|ioiiiiii|( tii irlioi " ii'illi 
whirdi iniitio n mnnlinr of Miaamdarv jirornw'^m ii^tifilly %"prftah iiii!| 

iindifory. Huh tiir f4iib|f*oi H '"llirr*' a iuifj'*iri lliiii 

thi* Hvllahli* wih in fn* nivoii , n t-nrliai iittrraiira*, 

«*r illl•ijlil*lii , I'if *' lio * Hinnifying tfni* tlir *#i||liifi«ailit ii'a.* not 

to If.'* nivioi, i.iliiio*4t. it *" *f|in anlijnot h ^sjiniik^ 

ofiiai of vi:i»»iiisl jilnaioirinfiii ; '' iimy liiiiH ''’ronsiiiiii oiio iiiiiif.lifa' a|i|n"iif to 
tritH'o iiboiir III till* viwiiftl Hold *’ fi}|t*iloiti**iiii, ipa'iirijsi||i to tip,'* 

r«}iriHriit 111** tmtn of thi^ A*il*imkr, 

til t 4 ir «iaaiiiij |i!ii«a* iliiHn **iaaiiifliiry |»liotioiiitniii. %“orliii! 

firifi iiiiiliiory , t.iigatliifi mdtli unrhiiii ttioviniioiil» finiko tlndr ajiip^truiii'i^ 
iirifl iiitiiliif. llin tin aa 111 II III II I Hi** iii 

iAmmiAniniw Wfivi in llir niwi* nf lln,? fliffiwni iiliotififiiioia Huh. in 
llir mm* of iofiiiil pkmmnmtm-, itir mgmiimnP" 

finally, ** mmm m%% of lti«* fi#li| of vinioti.*^ In llir ul llir jjlnoni 
fiiniii lliorr }ia.i* oftni Iwrn mtiiirknl ii.ii iilirrtiiilifiti of otlirr |iroor^#iH 
tiiriit'ioiif**! liliof r »iiil llio trrliiil i*iii| iiiidihiry *A ilto 

LaMfJy, fJir iirnctHii of ifiliiliitiiiii liriuiglif utioiif iliroiigfi llo* 
Iirriimnini* of mrimn tiiomtirnl#, a«iiial*or iiirndrnt, of #iiif| liraii 
t'frr#, ilir m^nmntmmumn of llir tnovriiiiifii.# i*i uiHnidrib 

to mmnpy Itn* tinlil of mtlrnijoti for llir tinir bniiii and rrj, liter* 
tlir #*igitif|i*itiit- A liilifr flir iff omir* 
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rence of the visual, verbal and auditory phenomena in the process of 
voluntary inhibition is given below. By the term mixed” as used 


Subjects. 1 

Visual ' 

Verbal. 

Auditory. 

Mixed. 

i 

A 

(>7 ; 

27 

•• 

6 1 

B 

5:1 ; 

44 


3 

0 

1 

(1 ! 

72 


8 

D 

37 

j 

48 1 

12 

3 

E 

43 1 

46 

4 

! 

7 

F 

29 

1 

66 

i 

i ^ 

' i 


Fi«. 5. 


here, I mean those instances when the subject could not precisely 
indicate the nature of the imagery. 

(9) A high degree of correlation obtains between the ' principal ^ 
visual and verbal image in fig. 4 and those in fig. 5. Although I have 
spoken about the unsatisfactory character of the R obtained from six 
subjects, it might be an indication of the qualitative similarity of ima- 
gery in the two cases, if of nothing more. The R, as obtained by 
Spearman’s ^ foot-rule ’ formula is *65 for both the kinds of imagery. 

Conclusion, 

(1) Inhibition is a process of displacement of one mental content 
by another. In this case, the meaningful associate displaces the mean- 
ingless one from the focus of attention and is in its turn displaced by 
the aufgabe. 

(2) The process of inhibition is often one of alternation between 
the two mental contents — the inhibiting and the inhibited contents. 

(3) The inhibiting content is always a complex, constituted of a 
focal content with certain subsidiary image-processes. 

(4) The subsidiary processes may at times take the place of the 
focal content and serve as the inhibiting factor. Thus, the inhibiting 
factor appears in varying degrees of complexity^ — ^at the one end lies 
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lllf* foritl iiiuii/r m!' !iir >^i ill'll til *4111 1 Ml- <i| liit* Hitii 

ma,iiy siih.Hidinry at th** Mfiirr #^iiri han^i ii-M,i|s*r.. 

nlili* Hiihnidinry iiiiani* proc'i’HH. witfi a f|r*lriyi''d iii iiifli^-iiit* tlir 

turf, of inliiliitjiHi. lit* flit* iii}iiiiitiii|i fip-fMr - ni ad^iul'l v 

(5) Tim vtiliiiitarv ami fti*’ iii%niliiiilan" iiiiiiliil imh 4-- I 

an* nl tin* rliarart^'r in th*- fnrin**r fli.- 

4NHra‘ijili» liiiif III tl}i» luff ft tlir auf|fiilM* I Ilf* iiiliilnlmy 

Hit* ri‘|iri*?4<*nt at of mI tht*^** iii iirnigirifil fM!'iii an* '-■■Hiiilfir tn 

nut iiri* ii»« |iriHaa| b\ tlin «! <|iirtlity mI tlir* iii tli«’ Iiim 

m wi*ll in- by t!i«* lugh tlriirnn mI r-i*rr«*liiiiiiii iilitiiiinii},* li**! 111***11 tbf 

vistifti iiiid tlic* vnrlml 

Til IWIII |||| flinii, t}ji* of' Iiiliiltltloll if* lirotjglil aboiil ifV :i 

of ittiitgi*H fiinflnr tki* of' iIih o%jipriiii*ait| '’f'li**' 

noiiifilnx liliiv an n «ir may 4i^aitlt’‘gf at** aii*i iiiiirlpiii in 

jaiirl. In ihr m| iiiirtiiil f'linntioiiing, flit* Motiiiiiiifig fur'ion* 
mit |iri*!4intl in nurwimiMiif****, iir«* tifti *jrt#f4«al liy Vnf 

ttmir o|ii*ri4f irni faimifit b«* t-lmiiglit in Ini%*r rnii.f^rd ; f«r, tip* rr-ar4.iriii 
linm* linnet niif. i|anr«niin* with tin* cIin-rpafnMil iJir rjnti|.ik 

*4 lim iriliibsiiiig fimt-nr. It r:aii «iitlv iiipiiii llutl llm iiiiiiiimilly 

nbHPiii urn «li}l njinriiiiiig m iiikibitittg 4grfi*.:MP-« In all 

firrm« nf mmnmTm* nihibilaiiti, tlm nf iiitiitiiintii .%iiiiiily iipniii** 

fliit ibn itiliibiliai tut# hmm fli»jiliirf*ri |#y Itip iiiliilijlirig cnitiipiil 

•'ilifii III** Ikn finni# nf iitfniitinit fnr litiif* 

'ftiiiM, iriliiliilfciri rmliy m 14 nf iilttnitK'iri .1 f|ii##ti«iri itinv 

m m*gBr4ii I'ln* nmmtn nf Hit* luifi llin aiifgiibr niitiir* 

ally iififiPiiriiiM in ihm f»f lillPiitinii 'TIi# In itiy iiiiiifi m 

tJif* eniirifilpxily nf bntli nf Ihtiip Thn «y!tiililo yip|tl»^ 

iln |i1ei» til ihii inimtiitiMfisI mmmmU* lusnaiini* llir lallnr ip iipirp « «jiii|ilr i. 
Tiiii mmmmim yi«l*i.ii l#i ilm mfniibp* wninp ili#* kti ti*r k tmuf*^ 

taiini'iinii, Bill ntrf^ etiiiifilaxily wiiiiW tint nx|iliiiii, llirrn ii* iiiiniln'i 
fiiittiir I'lfttiiniy , llif* rnlati^P IWiility tii rppniriltiriitiii linbijfiy fli' 

firiMifintiiiii in. m larg# iipnft ' ift^itiintg ' iiiifl 

lilrmily imtablblifl mmmmUm%r Ilcilli rif n unlit nwi# liokl f«#n#l iti 

llip tinlini iibiiift*. 



COMPOUNDS OF HEXAMETHYLJmErETPAMlNR 
WITH COMPLEX METALLOCYANTDEM AND 
METALLOOYANIC^ ACIDS. 

Priyadaranjan Ray, M.A., Assistant Professor of Chemistry, 
Calcutta University, 

and 

PuLiNBTHARi Warkab, M.Sc., Lecturer in Chemistry ^ 

Calcutta University. 

The formation of carbonylferroeyanides by the replacement of one 
of the six cyanogen groups of potassium ferrocyanide by the carbonyl 
group was first observed by Mahler and Miiller.* Playfair f showed that 
similar substitution could be effected by a nitroso group, NO, in 
ferricyanides producing compounds known as nitroprussides. Starting 
from sodium nitroprusside Hofmann % has obtained a series of com- 
pounds in which one of the cyanogen groups of the ferro- and ferricy- 
anides is replaced by NO.^, H.^0, NHj^, SO.^,.or A sO.^ giving rise to a 
series of ironpentaoyano derivatives. Manchot and Woringen § have 
also prepared and described compounds which may be regarded as 
derivatives of ferrocyanides in which one of the cyanogen groups is 
replaced by a methylamine, ethylenediamine pyridine, or hydrazine 
molecule. Similar substitution products with phenylhydrazine, ethy- 
lamine, and diethylamine have been described by Biesalski and Hauser. || 

Having regard to these facts we tried to replace the nitroso group 
of sodium nitroprusside with a molecule of hexamethylenetetramine, 
which is a weak monoacidic base like ammonia and resembles the latter 
in many respects, and has also been found already to combine with 
various metallic simple and double salts to form compounds similar to 
those formed by ammonia.^ 

^ Ann. chem. Phys., 6 *, 17, m ( 1889 ). 0. B., IM, 1421 ( 1898 ). 

i PUL Pram., 

t cmorg. Ohem., 10, 262^276 : 11, 8I-S6 ; It, 278-207, 1$, 147^188. 

§ Ber., U, 8614-3521 (1918). 

\\ Zeit, arhorg. Chem.,74, 

f Prat^, Qmmtta, IS, 487-08; Mosohatos and Tollens, 24, 695”^090; Arm., 
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! .11! 

'riiMiiL'fi t I m* wiih iiiiti»'^r r.iiiniiH iiill»*irni! 

in nn (*a'**i^ a NuUnf-i! lit hhj tn tin-* jis’iilitf'i'4ii* i 

irifJi in tli*- r-iitiiii3»*#l I'Mii i* ’^a- 

ubsarvi’fl ftia! a ronartit nit«al nfiitriil *if ^u4tmn tut rt*jtr!i-v=^ifir‘, 

whi*ii inix*ai with a mI la’xitfiii"thyh'!ai«-'tr."ifiiiip‘ a 

|ji4lii»iirnwri r’rvHtrtlliiP* jir#*pi|iital '■* w}iir*|i *iii w »fiiiii»l tu i*i- :i. 

'•^iinplr* irpili*ciiliir »'»f tli«’ twai lf*ii iti t'^iiiiiifi*" fiu' 

ai'ticiii *if liaxiUnilH* with of liar hniai iiful ll■itfi fh?- 

ra^iilt thiif ii af i|*iiiblt» ri»iii jitiiiiirl** «*f witli fart ri’^^iiilii 

tVrriayilllida, rr4#ii|f irvaniila mill rlirri|t||rviifll<jr* 

wt'Ti* ohIiiiiiarL IhilaH^iufii farmrymiiiliy utt tiir «if|irr I'laipi, *'ii«l fi«»t 
any ticiiihia imiiipniiml rif tha kitifl hut n ^iitiiriitafl nf if. 

wm irtiicafi with ii «itriilii.r «4 haitmiitiia n ary^liilltii#* jifi*ri|iitiit** 

wiiH iil'ittinrai wiiialy im finn'-ail fo Iw* mnp\y ii lairliiiliv ili’fliy- 

mid ^^adialf.iayiiiiidi' n-iva rriiiijaainiifi *4' ^^iniiliir 

whiali lira by tla* Irillfiwirif fiiriiitilia 

\n i j. ai.t», 

K ir«n(’X)J, \H O. K,|(*«|rX)j. (<”J} 

1** (! ijHiiiiiiii , h«nvrv*’r. 

IK irrrCX),!. Klii «» 

fi'rr*myiuii«N* guv** 
uilii »i» Ik'S.uiihi*' ii! Jhi* 

* KAv** n?«# to # •tiinilAr »»( 

fivii f'ntn{HiiirHlM with h«Js*»nin^. TliBna «ri« w«*n cryAiAlliiM* fiii'l <■«*«» 
jwrativfly Iaam wiitthit* thAn th» eorrMfiomling <*f wittplfx 

■ii’i. 271 -a?'*; Am . /?«, »7«<i. tWnnw-, C. U.. tt<t, mi IJl i. ih,A . >j» 7*t 
'■f.’n. Ki|tw4rit, <■** X, 14, 7*7. .II**) 3\»i . ' ft / . 

I!»il7. I. ml 4W . Wfirtlit, Mm. 4, t*l< *i , **', »»l ;«12, I9U» i mhuUiti tUr, It. 
2317 22IWi Hiirtwi «nil t‘aj«utori. AUt, It A , *, i'», it, ilfl . fhtrl , !•»!!, 

V. I, 1114 im 125 I2»; Xnt mnry f'^rm . 347 355, Ittll , utt-i Im,. 

Am. It, A., Ittll, V 1*1, i. IBI lAt i tItMl., Itt>2. v, Jt, ». |,7| I'M. 

•542 IMS i iMd,, Ittl 3. » 2/, i, 7»7 7»2s l4«ri>M>n. tl.wl . I«I4. *, «. n. 

<i-!2. a«mm. 49, U, W WI. I»l8i unM ,|rf* ti A Uf4. 

V, I*#, ii, SOtl-S^ ; I'aiitolart «n«l TAgliAvinf, ibid.. IttlS, v, 44, i, wsft.irt'i jiud 

HtiiittiMir, Arrh, d. Ph. 232, 444 4tW, Ittl4 : licinilisfjiii iwid dii* 41 4 , 

V. •-‘.’i. II. 12 11. 
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m 

will) h»'XJimiiH«. They may lx* rogardad (iitlier us 
siiiiiili- rdjiiiMiiinds of tin- aci<lM with hoxatnine or aa tho acid 

^al!K of lioxaraiiH' , wliioh an- coiiijiloti'ly I'ydrolyHod in !U|U(‘Ous Holution. 
No roinjilcx loit . td.ttiaiuiny la-xiindiio arc formed in a(|uooiiK Holution ; 
as detitoiiHt rated liy the tueuHuremeiil.K (»f tluur molecular (iondiictivity. 
riie follovviiej’ fjtriitula' reprcHcnt their compoHition : 

HI.F. /CN,. MCH )..X,, xH (): 3 H*Fo,nN)„, r>(('Hj,N„ xll/); 
riH F.-fX),, lirn KX., UH ('o(CN),. 4 ((JH,),N„ xH,() 

< 'ompourulH of hexjimi'thyleru'tetramitie, w’if li ferro-, ferri- and cofadti. 
lyauie (leldH of the eoMl[lo«iiti(m. 

2 (\H X\ , H,Fe((!X), . 

X. . H Fe(CX)„ . 2AH () 
and -.'fMf X. . f! c;r,{OX)„ . :»MI () 

lijive been jui-jiared by U'agener and 'rolleriK * Fvitlently tin; (jom- 
jiountlM labtJiinerl by tm are <(uite rlifleretit from the above and thin 
h«H !»een eoueliiHively proved by the tleterininafioii of their molecular 
ejiiidin’iivity in arjueoijM nt»Intion, t-he resultH of which are in cotnpleb* 
avreemetit with tint inoleetilar formula* eatabliahed by ua. How far the 
ditferent reaiiltK obtainerl by thene workers are due to the actual exist- 
ence of a rlilTerent »erien of eom[)ound« m stated by them, and how far 
ih»*_v are due to imperfect washing of the eryatals or to the impuritica 
pr««ent in them aa admitterl by the workers themselvoB in their paper 
eannot be definitely stated. 

Interealing results have, huw'ever, been obtained in the action of 
hexainme upon siKlium eolraltinitrite, in whioh it appears to replace one 
of the XI) groups of the complex anion |Co{NO,b| — . Compounds with 
ermipbx acids such as rnercuri-iodk! aeid obromithiooyaniti 

acid, eadini'indle acid (H Cd «nd tetranitro-diemmine cobaltic acid. 


H Oo; 


(KOj; 

(NHJ, 


y 


hftxe f»een ohtainerl A study of these oompoundH and of the action of 
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Mini Tr. 

f 'mniMmntl of fm-tf-j/Onmi* 
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H.-xHi»*'Uiv i.Tn<t.<f riui»!n.- .wiinuit.-d hh in tin* previouH compound 
l»ri*r:i|.i»aliij« off fho t>iTK-vani<{ion .n cadmium ferrioyanida with a 
•ioluf ini) of cadnuum •iiilphatc. 

Sample 1 

il’.tl'td }{avc i» 0t.>7K«v,() , Fc 
<1 liPli rcijuiml I'(*i7c.c. N 71 H,S 0 , 
for converaKui into lutimoriiiim aulfdiatc. 

ICH ),N, . 21 

Samplo li. 

0 4r»:i7 Rave •ni'iHtsFf!/),, K«>-^0o5 

»t 2*<lfi required l‘73or>(!.(!. 
tor nuiivcr-finn irit»» ammoniuitt Hulphata, 

K.,! Ff((;!X),), »H,0 rtftjuirca F« ^s-it and ((JHJ,N^ 

22‘2 per cont. 


fSttHfuHtwl »f fmUiit0tnm mhcUlicifanid^ with h^j-arn^ihyhneMramim. 

I^rf pmmtpm Hatiiralud aolutiona of {Kitaaaiiim tsobalfcioyanideand 
hoxatniiKi wurw mijcmi together, Tli« compound was obtained as a 
white cryalalline prifcipitate Tho crystals were then drained, washed 
with a little water, aftcn^arrla with aqueoua alcohol and finally with 
absuiutti alcohol, They were then dried in vacuo over aulphurio aoid, 

,1 ««/»/*»«, ( lobalt was tmtimated, after ignition of th® oompoond 

with eonceiitrafetl eulplinnc add, by preeipifcating it from th© i»Iution 
la cobalt io hydroxide by means of hromine and oaustio potaaband 
tinaily igniting the protupitate in a currant of hydrogen and weighing as 
metulliu cobalt, Hexainethyienetetramine was estimated as in the 
jirtivjous cas« after the ratnoval of the eobalticyanidion as cadmium 
'•obalticyaitide with a solution of oadmiam sulphate, 

ilattipl© I. . ■ 

d-il0fln gave 0’06d3 &», Co»»lO i% 

0 0»®2 required 0’687c.o, N/lHjSO* 
for conversion into ammonium sulphate, 

C 10 '■ ■ . " ' ' ' . 
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tt’iwhtsd with II litll** wati-r, lijrii with iili ithnl and si t ri* tlrifil 
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thf i'limptiund with liv<iri'« }ii*irn' ai id Hi-xamim* wm 

catiniaUal m hiAort' itfu»r pirfipitittinM »*d H'** *d»r*»nii«yaiiidi«in ftMcnd 
riiiutti clirtitnii'yanidf uith a nf «*arln)t)ini 

Sanijili* I. (ftir-tlrii'dj. 
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«• 27 

Sttm{>lp ilrii-il). 

0'3$n3 gftvi* O'O-ioJifr.t/., ir*4 

0-22S7 ryquimi !'«77<?.r, 
for oonvwaion into ainitiotHtitn wilfil uto, 

SKitJrfOKJ, 4{CH,),N,. 2411,0 rMiHin** Or* 7-»,1, CCMJ.K, 

— 2S-9% 

Aetim of hemfntih^kto^Mmmint. oit -pateMWw fm/myemidt , 
h Hstoratofl solution of {lottiiMium fitriooyantdo was oiixi'^i with a 
similw solulion of hexftt»iti«>. Y«llowish wbil«' ciyilAlllit* pwcipltAte 
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separated out in plates. They were then drained, washed with a little 
water and dried in the air. 

Analysis, — Iron was estimated as Fe.^O.^ after decomposing the 
compound with concentrated sulphuric acid. 

0*5454 gave OT 1 1 8 Pe.p^, Fe= 14*29% 

0*2716 gave 0*0553 Pe.^0.^, Pe= 14*2% 

Kj Fe(CN)^Jj requires Fe=14*18% * ‘ 

Coin/pounds of hexamethylenetetramine with hydroferrocyanic acid. 

Pre'paration. — A solution of freshly prepared pure* hydroferrocyanic 
acid was made and was mixed with a solution of hexamethylenetetra- 
mine. The compound separated out as a milky white crystalline pre- 
cipitate. The same compound is also obtained on acidifying a mixed 
solution of potassium ferrocyanide and hexamine. The crystals were 
rapidly drained, washed with a little water, then with aqueous alcohol 
and finally with absolute alcohol. They were then dried in vacuo over 
sulphuric acid. When perfectly dry they are fairly stable but in moist 
air the substance gradually develops a yellow tint and after some days 
becomes green owing to slow decomposition with the formation of Prus- 
sian blue. 

With an excess of hexamine solution, however, no separation of the 
above crystals took place. The solution turned slightly yellow and the 
colour intensified on keeping. On evaporating the solution in vacuo 
over sulphuric acid, lemon-yellow crystals were obtained. These were 
drained, washed with a little water, then with aqueous alcohol and 
finally with absolute alcohol. They were then dried. 

Analysis of the white compound. — Ferrocyanio acid was determined 
by estimating the iron, after decomposing the compound with strong 
sulphuric acid. Hexamine was determined as in the case of compounds 
of metallocyanides with hexamine, after precipitating out the f errocyani- 
dion as cadmium ferrocyanide with a solution of cadmium sulphate. 
The amount of sulphuric acid liberated in this reaction was calculated 
from the percentage of iron previously determined and this was taken 

* A soiutioa of potassimra. ferrocyanide was acidified with conoentrated hydrochloric 
acid, the precipitated potassium, chloride was dis^lved by the addition of more water, 
Perrocyanic acid was then precipitated by means of ether. The or^'^stals were then 
drained and washed with hydrochloric acid and ether. They were afterwards dissolved 
in absolute alcohol, filtered and reprecipitated with ether. 



I ill'll I M*"' 


II r X I *' Oi I sr i k%v, 


iiltri niiii*4|ti*^ritti*»ri hi 


jl.-»Ur)v' *'**' ‘-■' •’ 


t|-*H«H:,ri|..-. 




Siiiiipl#** II' 


H":i:»ll «* N'^ii II :■* . 

H 1^1^* t ^ ^ 




C II I- - 1 1 r 


II 'i|l"» r*"*|Hir<"i| '« ^ »■ \ IH 

for Hit«i l||■illll«»fHHlll 

iim 

.■JHjF.-(<‘K),], I!*‘H,. »,>>'. I»H«> F*' .‘■II.J.jN, 

^1 •*>1 ' % "' * ^ 

«•» tn t h** prcviou!* « «»•• 

i}ii¥*> •Mli«<l F*',*'* . F'- l«* ‘»7'*,., 

m ri:3:ii rr.|«i«f*«f i T :**«?* S IH 
fur wii»%’i'r'«i‘*n Hit" »»iif»i|i»i«' 

:« ‘H. ‘ti r'., 

:*H4F.-.«’XuF '•«'» 3>*.. .iti4 4*11 

I ft It 

Htlii ji|«t 1 1 ■ iimi^iitiiil 'tirtwii 

gtrit cMiirjl t-r<*^ |V~-H 

f€-«jt|ifiiNii t liniir r 

|i»r 0€$mt*imim iiil« tiiiiiifiiiiiitii 


f'mnpmMd <0l mmi ftmd hfatmtlk^tfttttriMcxHm 

A wilwlwfi »»f (ifttiryiiniiJp «»» ’W" ^*1 

hoMuiMw* N«» |m«l|»itiit4(in «l tli^ 

piwuiblr at tb» iwi^oyM **n ari4i«r«li»»is uttl* 

*!hl<»tw aci»i brishl y«rikn* i’f<r«laM »»af l»'‘»»« * * '***• 


I 


COMPOUNDS OF HEXAMETHYLENETETRAMINE. 


143 


crystals were drained, washed with a little water, afterwards with 
alcohol and were then dried in vacuo over sulphuric acid. The subs- 
tance is quite stable in dry air, but in the moist air slowly decomposes 
after a long time. 

Analysis . — Iron was estimated after decomposition with concen- 
trated sulphuric acid. Hexamine was estimated in the same way as in 
the case of the ferrocyanic acid compound after precipitating off the 
ferrocyanidion as cadmium ferricyanide with a solution of cadmium 
sulphate. 

^ 0*3542 gave 0-056 1 1*20% 

C)-2883 gave 0 04:6lFe,,0„ Fe= 11-22% 

0*1654 required 1*7384 c.c. N/lH.^SO^ 
for conversion into ammonium sulphate, 

(CH,),N,=36-56% 

3H,IEe(0Nj«J, 4(0H,),N„ 16H,0 requires Fe=ll*25 and 

= 37 - 50 /^ 


Compound of cohalticyanic acid with hexamethylenetetramine. 

Preparation.— A solution of potassium cobalticyanide was mixed 
with a solution of hexamethylenetetramine, no precipitation taking place 
at the dilution employed. On acidifying the solution with dilute 
hydrochloi’ic acid white crystalline precipitate was obtained. It was 
then drained, washed with water, then with alcohol and were dried in 
vacuo over sulphuric acid. 

Analysis . — Cobalt was estimated as in the case of the potassium 
cobalticyanide compound. Hexamine was estimated in the sanae way 
as in the previous metallocyanic acid compounds, after precipitating out 
the cobalticyanidion as cadmium cobalticyanide with a solution of 
cadmium sulphate. 

0-29S6 gave 0.0375 Co, Oo=t 12 6% 

0*1546 required 1*8815 c.c> N/lH, 2 S 04 ^, (OH.^)qN^=== 42'3% 
3H,[Co(CN),], 4(CH,)A< ®H,0 requires C!o= 12-86 and 

=40-7% 

Oondm0.ivity M easttrements.-— Meotrioai feondaotivity of a solution of 
hexamine in conduofcivifcy water as well as of solutions of somo of the 
abo-fe compounds were measured. The i-^alts are giiren below with the 
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milit' .ic!iii. Tiie viilm* IIuim ol^luiticul, fairly agr(H)H wibh that for tlie free 
}iyiirrifVrriic:yiifiir iiciii at ilia corre8{'K>ti(ling dilation. 

Till* i»f thoMi* innaHiironientH c*.onfirrn the additive nature of 

tlii‘ fioiiijiiaiiid^ obtained and e^iabliHli ttnar molecular formulae an 

nrrived at froin rliemien! aniily‘-*iH. 



THE COAGULATION OF METAL SULPHIDE 
HYDROSOLS. 

Jnanendra Nath Mukherji, M.Sc., Lecturer in Cheviistry^ 
University of Calcutta. 

The conditions determining the formation and precipitation of col- 
idla.1 solutions are of fundamental importance in colloid-chemistry, 
f l^he class of colloids generally known as suspensoids or irreversible 
dloids, arsenious sulphide hydrosol has been investigated more thor- 
iglily than others, and some of the main generalisations regarding this 
a.ss of colloids rest mainly on experiments made with it. 

It is now generally held that the stability * of these sols, that is, their 
ot>inued existence in a state of fine subdivision is intimately connected 
itloL the electric charge of the particles. Some refer it to a kind of 
'Otiective action which the electric double layer (supposed to exist at the 
tor face) exerts on the particles. Regarding the origin of the charge we 
irve no clear idea though different suggestions have been made. The 
fiporent views may be roughly indicated as follows : — 

(1) The charge is due to a sort of contact electrification — the col- 
id^l particles carrying charge of one sign and the adjacent liquid layer 
uving an equal and opposite charge. 

(2) The colloidal particles are macroscopic ” ions resulting from the 
saociation of complexes with ordinary ions of opposite charge. 

(S) The charge is due to a selective adsorption of ions existing in 
e liquid. 

The only theory that attempts to give a connected account of the pro- 
sa of coagulation is that due to Freundlich. The ^ adsorption theory ’ as 
ia is called rests on the close connection between adsorbability of an ion 
idl its coagulating power showed by Freundlich and his collaborators. 

theory assumes that the same rate of coagulation is due to adsorp- 
yuk of equivalent amounts of the oppositely charged ion. The adsorp- 
> 3:11 theory does not attempt to explain the mechanism of coagulation 
idL it has been put forward that coagulation is due to an asymmetry 


These sols are not ordinarily stable in the thermodynamic seme. 
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percentage. If Cj and C.^ be the coagulating concentrations (as 
defined above) corresponding^ to the sols having N, and number 
of collisions at an}^ moment then we have that both have the same 
number of successful collisions, that is, n. And if Pj and P.^ be the 
percentage of successful collisions corresponding to the electrolyte 
concentrations C, and C.^ (in the bulk of the liquid), then — 

P,N, = n. 

Since N.^ < Nj we can see that C.^ > In short the explanation 
is that the smaller number of collisions on increase in the distance 
between the particles is balanced by an increase in percentage of suc- 
cessful collisions due to an increase in the electrolyte concentration. 

Evidently the neutralising effect of an increased concentration 
of electrolyte is inexplicable if coagulation takes place at the iso- 
electric point. From the adsorption theory alone also this cannot be 
explained as mentioned before. These have been confirmed by Kruyt 
and Spek* and they have put forward a similar explanation. They 
do not draw the important conclusion that instantaneous co-agulation 
takes place before the iso-electric point is reached. Moreover, it is 
apparent that there is no definite critical ” value for the potential 
of the double layer above which the sol is stable and below which it 
is unstable but that the coagulation time is simply governed by the 
total number of successful collisions. 

(6) The anomalous role of dissolved hydrogen sulphide. 

It is well known that the sulphide sols are generally prepared with 
hydrogen sulphide and sols rich in sulphide coagulate in its absence. 
In view of these facts it is difficult to explain the complex effect that 
dissolved hydrogen sulphide has on the rate of coagulation of these 
sols with electrolytes. The electrolyte and the sulphide both play an 
important part in determining the influence of hydrogen sulphide. 
In the following table the results are given. In some cases the pre- 
sence of hydrogen sulphide requires a higher concentration of electrolyte 
for coagulation, i.e. makes it more stable. In other oases the reverse 
is the ease. It is needless to add that the same thing happens if the 
times for coagulation are noted. 
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(c) Temperature. 

The mfluence that changes of temperature may have on the rate 
of coagulation is of importance for a correct understanding of its 
mechanism. Unfortunately nothing has been done on the subject. 
In a recent communication to the Chemical Society (London) it has 
been shown that temperature has an anomalous effect similar to that 
observed with hydrogen sulphide, but the effect is more complicated. 
The electrolytes can be divided into three classes : — 

(1) A higher concentration of the electrolyte is necessary for the 

same rate of coagulation at a higher temperature. Po- 
tassium chloride, potassium sulphate, potassium nitrate, 
lithium chloride, sodium chloride all show this effect. 

(2) At the higher temperature a lower concentration of the elec- 

trolyte is necessary for the same rate of coagulation. Ba- 
rium chloride, calcium chloride, strontium chloride, and 
magnesium sulphate belong to this group, as also hydro- 
chloric acid and sulphuric acid. 

(3) The observed effect is complex and varies with electrolyte 

concentration, quality of the sol and the range of tempera- 
ture change. Aluminium sulphate and thorium nitrate 
belong to this class. Sometimes a higher concentration is 
necessary sometimes a lower. 

Experiments showed that hydrogen sulphide produced by increased 
decomposition of the sulphide at higher temperature cannot explain 
the facts. A change in adsorbability cannot also explain the different 
effects observed with different concent rations of the electrolyte or 
with a variation in the quality of the sol. 

These complicated results show the inadequacy of the adsorption 
theory to explain them. Only a thorough investigation of the process 
of coagulation in all its aspects can lead to any satisfactory explan- 
ation of its mechanism. 







ifS THH DIsrXTWntATIVIC Kl'NCTION OF 
A'ri’FNI'lON. 

N*. X, SKMiri’TA,, M.A., I'n.O. {Itarmml). 

I.K'turi r in h'ri>< riinrntfil I'ni/rknlinif/, dniimfiily of Calcutta. 

A!t**nti«»n. !ifcttrdiri|' to Wundt, is a proctsHH oHsential to ap|iercep- 
tujii. < >ur ooiHi-toiiHiM'Hs of moanini^ in its most ooin[)U»x formation, is 
a|»j«*rci*j»tivo at its Inirtis. It follf>WH tlion that attontion to any fact 
would h'fifl to till! I'liriohuuttit of its sij^nificanco. This is th(( general law 
govorniiist thr* relation hotwotm meaning aiul attimfiion ; and it is in- 
dependent of the validity of Wundt’s assumptions eoncorning th(! atten- 
tional [trocivss, inasmiieh as it is verified hy a large mass of facts oven 
in our every day life, 

'riie very certainty of this g(>neral law makes it irapemtivo for 
us to stiuly any faid tliat stands out ns exooptioti. The purpose of 
titis pa{«*r is to stmly an exoeption of this sort. 

Many of iis have notioed that a prolonged fixation upon a mean- 
ingful word renders it meaningless and transforms it into a group of 
raoaningless letters, Hometimos i!ven the iottors grow strange and 
imfainiliar, .Sneh phenomena oectir in the Held of visual attention^ 
no less in the ease of auditory attention. It is our purpose in tViis 
paper to (iri’simt a prolirainary study of this fact. 

Though a matter of oommon occurrence, the phenomenon has 
received hut scant notice. The only studx which we have oome across 
is hy Washhurn and fleveranoe in the American Journal of Psychology 
1»07.* The roatefials with which Washburn carried on the study 
were six lett«*rcd wortls, in long primer type cut out of the same 
periodioul These were placed on a white back ground. There was 
no capital letter. There were six subjects all trained in Experimental 
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referred to, for three cases is 22*3 see. There are four significant 
changes noticed by Washburn: (1) after a few seconds’ fixation, 
the letters constituting the words arrange thenaselves into two or 
more groups; sometimes, a letter or two pass out of notice ; (2) some 
of the letters undergo spatial distortion; some of them, such as b, 
etc., turn upside down, while others such as Z, t, assume a slanting 
posture; (3) attention is focussed on the artificial groups of letters 
mentioned above ; (4) foreign associations crop up and temporary 
meanings are attached to the groups of letters thus rendering the 
total word meaningless. 

The following conclusions are drawn by Washburn from the data : 

(1) The loss of meaning sets in with a visual re-arrangement of the 
letters. With the visual re-arrangement come its auditory — motor cor- 
respondents. If the normal visual arrangement corresponds to the 
auditory-motor factor, there is a prolonged meaningful state. 

(2) Some of the letters and syllables turn out prominently— they 
give a turn to the words. Thus a, s, m become prominent. 

(3) When a word is unphonetically spelled it suggests the sound 
of letters rather than of the total word. 

(4) Meaning is dependent upon the continuance of the total sound 
image of the word. 

.(6) The sound image disappears with the shifting of visual atten- 
tion. 

The experiment described above is capable of improvement in 
many directions. In the first place, if the visual factor plays an 
important role in the causation of the phenomena, it is but natural 
that the spatial interval between the constituents of a word would 
be of great significance. Setfondly, the number of letters would surely 
affect the process of loss of meaning. Thus, the stimuli should be 
prepared so as to form a graduated series with respect to these factors. 
Again, the time required for bringing about the state of meaningless- 
ness would indicate how far each of these factors is important for the 
phenomenon. If the time needed be the same for three-lettered words 
as for the four-lettered ones, it would mean that the number of letters 
is nob a determinant of the process. If on the other hand, we fi^nd 
that corresponding to a graduated series of words (with respect to the 
number of letters) there is a graduated series of times, the number 
of letters must be regarded as being of importance. The same thing 
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holds true of spatial interval between the letters of a word. liastly, 
if the phonetically and non-phonetically spelled words, consisting of 
the same number of letters do not differ as to the time required for 
bringing about a state of meaninglessness, it would mean that the 
sound image of the words does not play an important role. The follow- 
ing study is calculated to throw light on some of these problems. 

Materials. — (1) Two series of words for exposure were prepared. 
Each series consisted of five sub-series of three, four, five, six and eight- 
lettered words. Each sub-series had five words for exposure. Two 
words in each sub-series were phonetically spelled. Jastrow^s Memory 
apparatus was used for exposure and time was recorded by means of a 
stop-watch. There were four subjects all trained in experimental 
work. 

(2) Pour aeries of words for exposure were prepared. There were, 
as before, three, four, five, six and eight-lettered words — five of each 
kind in a series. There were also twelve phonetically spelled words 
in each series. Each series was divided into five sub-series, but the 
constituents of a sub series were not words with the same number 
of letters. There were three, four, five, six and eight-lettered words 
in each sub-series. Their order of presentation was irregular. Jas- 
trow's ‘memory apparatus’ was used, as before, for exposure. The 
time was recorded by stop-watch. There were three subjects who 
had studied Psycliology, but were not trained in experimental work. 

(3) Two series of six-lettered words were prepared for studying 
the effect of the space interval between the letters. Normally there 
was a space-interval of 2 mm. between the letters. In one of the series, 
this normal interval was used; but in the second an interval of 
4 mm. was given. The same words were used in the two series. The 
order of presentation was irregular. The words used were written 
in ink in capital letters throughout the investigation. • Only three 
subjects, E, F, 0, worked for this part of the investigation. The 
number of words in each seri.es was 10. 

Procedure.— The subject sat before the exposure apparatus with his 
oyes closed. A stop watch was placed in his hand to be started as soon 
as he saw the word exposed, and to be stopped as soon m the loss 
of meaning set in. Another stop watch was used by the Experimenter 
for recording the total time of exposure. This procedure was followed 
throughout the investigation. Introspaotion was recorded after the 
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<(xpoaur<!- aperture of the Memory apparatus had been closed. The 
.Hubjeet, was not allowed to see the time recorded by him. An irregu- 
lar infisrval, in no case less than three minutes, was allowed as respite 
betwinm exposures. A few practice exposures were given on each 
day. Not niorf*. than two sub-series was given on one day. It was 
a “ |)roc(sdure with knowledge.” 

Data .- — (1) ’iriie figures given b.elovv indicate the mean time (in 
seconds) to the nearest whole numbers required, in the case of the 7 
Hui)jects of the experiment, for the setting in of the loss of meaning. 
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TA.BLE! 1. 


'Hie M. V.’ 8 are also given to their nearest whole numbers. The first four 
Mubjeots participated in the first part of the investigation. Thus they 
had only two exposure-series or fifty words each. The last three had 
four exposure-series or 100 exposure-words each. It will he noticed 
that the M.V.'s are not small enough to guarantee a good average in 
Rsch cast*. Still, considering the complex nature of the operating 
factors in such experiments, they are not abnormally large. The 
,V,'8 in Washburn’s experiment too were larger than 10% of the 
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averages as calculated from the figures given in the published report 
of the experiment. 

(2) The figures given below indicate the difference between the 
averages of the time required for the loss of meaning to set in the (^ase 
of phonetically and non-phonetically spelled words. 
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Table 2. 


It will be seen that the difference in most cases forms, but a small 
percentage of the total average as given in Table I. Thu^, it might be 
said that the phonetically and the non-phonetically spelled words differ 
but little for the purposes of this experiment. 

(3) The following table represents the variation in time due to the 
difference of space-interval. The time is given in seconds to the near- 
est whole numbers. 
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Table 3. 


(4) Introspective data : — 

(i) Oertajn visual effects appeared very frequently during the per 
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(?;) Sound images were not often noticed by the subjects. The 
conclusion reached by Washburn, thus, is not borne out by 
the records of this experiment. The differences between 
the averages of the phonetically and non-phonetically 
spelled letters as given in Table 2, also go to show that the 
auditory motor factor is not important. 

Conclusion. 

( 1) The visual effects very largely set in through the changes in 
accommodation, eye-movement, fatigue and adaptation. Thus, certain 
syllables are formed out of the letters of the word quite automatically. 

(2) The space-interval between the letters enhances this effect. 

(3) The larger the number of letters, the easier it is to form groups ; 
and the larger the possible number of groups. 

(4) Associations arise in connection with these visual groups. 

(6) The loss of meaning is brought about through the shifting of 
attention from the visually presented word to the smaller artificial 
groups and to the associated images and ideas. The larger the number 
of the possible syllables, the greater is the chance of shifting of atten- 
tion. 

(6) The phenomenon under investigation is thus a product of two 
factors: {i) the visual changes and {ii) the simultaneously occurring 
assooiational processes. It is brought about through the shifting of 
attention from the total word to one of these. 





AI)f)ITIVK AXl) (’UNDENSATION 1>1U)1)IT( ITS OF 
THlNlTltO-w-(^l>.ES01.. 



li vsiK L,\i. I)ATt'A, D.iSc. , /Is.s/. Prafrufior (>l ( fhi')riifilr!i, 

( 'illrilllil (J fi lvcrMil/i, 

ANt> 

LoKnath Misua, M.Sc., Ilnnon-'thrtlor in ( Ihi'tiiinh'/i ^ Havennhaio 

('iilh.gi\ dulltp-k. 

AlUiuuKii c»ur kuowlMlj'c of m<)U«niIai- cornpountis formed by 
pioric m-id mui ^-trinit roficiizem! with other organi<! suVjHtancoH Ih fairly 
extensive, littif work hna ho far l)ean dom( on nimilar compoundB which 
may ht* form«sd by the analogous trinitro-m-cnwol. Nocltingand Salia* 
prepared the addit ive eompoiind of naphthalene with trinitro-m-crcsol. 
'f'he t»bjeet of the present inviwtigation is to make a systematio study of 
the additive eompounds of trinitro-wt-cresol with variouH classes of or- 
ganic compoimda. 

The results of the investigation show that the trinitro-m-orcsol 
like other poJy-nitro aromatic compounds reariily fortn coloured additive 
eompounds with aromatie hydrocarbons, phenols, dlflferent classes of 
aliphatic and aromatic amines and their derivatives. These compounds 
iiave generally bc«m jirepared by mixing together the two constituents 
dissolved in suitable solvents. The additive products are generally very 
stable towarrls most )«)l vents and some of them can be crystallised even 
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* Mritllliif ^is4 Hall#* c*'b 
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F. Hfv'i niiiit' anii A. itelctra* pr«>parwl tlu* coiupoundH of tlio above 
tv pi* !>>• Uoiliiiy lu iilnoliolie .solution of trinitro chloro toluono with 
ojieh itf t h*‘ iiasc.s anilim-, p toluidine, p-ami<iophenol and p-phenylcne- 
diamiiic, n r«iol»-eul«* of hvilriMihlorio aoid beirif' nnnoved in oaoh case. 
But while till* eondcrisatiori produots prepared in tlii.s way with aniline 
and /)-to|uidine melt respeetivoly at. 150 and 127 ', the (;orresponding 
compounds frail trinilro-ia-eresol with the same basoH decompose 
between HHt 1 71 and 175 I7'.i ' rtispnetively, showing that they are 
dilTerent from om* another. 

Again .1, Siidbornngh and N. Fiotont firepared an analogou.s serios of 
uondensation produnfs in a similar way by boiling an aleoholio solution 
of pknyl chloride with an excess of a base, a moksmle. of hydrochloric acid 
being removeil in each oaso. The authors liavi* found tliat this type of 
compounds form ( I) n moito-jtotassium salt with methyl alcoholic K()H, 
(2i yield no acetyl derivative with acetic aiihyilride or acetyl ehloridi*, 
(3) are very stable towards dilute or strong mineral acids, (4) form 
additive compounds witli aryl aminos and (5) some of thorn exist in two 
iaomerie forms. But the analogous condensation products obtained 
from trinitro-m cresoi and tfie bases have none of these {iroporbies and 
seem to bo decomposer! when treattKi with the first three reagents show- 
ing that they belong to a different type. 

If a conclusion might be ventured it oannot be denied that 
trinitro-m-cre«oI behaves differently from trinitrochloro toluonc in this 
respect and the difference should be one of a structural nature. This 
difference in structure can be explained in the following way : - 

SudbomughJ holds that the red variety of the condensation products 
<»f picryl chloride with aromatic bases such as tlie naphtbylamincs possess 
an ortho or para rjiiinonoid structure and represents them as 



Applying similar conoeption to Reverdin’sl compounds we can 
»prM»nt them In the following manner 


* tsw. eb. t J- *o4 M. Wetoo, #, Chtm. Hoe.. H!l, 

1 iwd. I iwd. 
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li’init rii->a-cTi*M<i| th<‘ forinati'iii i»f t In* ]<iHi-r ‘••’nwt* »»f f may 

hr* *U(»|)tr».i ij It; jilafi* ilifTf»n*IJtiv 

Afr irniiny hr ArmsirttriK’H vji>wn iriiJi!n>>tt; « ii'ntti «h<iulr| hii% n nn 
r/-t|iHfii>tiiiitl nit-f tirt* iin«l )» flu** form it witli ihi* artuut* siivirjg 


rtoticitriiwAtiott proclwcti* th«y *rit no doaUt mmftrkjiiiio as thay i»bow 
«!j»iu'l««ively timt adflitiva oomptiumia mdii’al** ihw alMittlty whioli 
hftwi'on Ihf In «»ni«* eaawi fin* c#»«ipoaml* rwriiain Hid# by 

Htd<*, in otherx ohmleal raaoUon Motuafly takna pltMio. If owe^tir it w 
!w»p«I that furlhor invoatigation on Uie attl»|«ct sriil tlirow wimcIi light on 
the «*xaet nattire of additive eompounda in general, 

A mtmpariiem of the other properti^ of thene ecnnjtoundH dent 
that » xingb methyl aubatituent in the arylamiiie fno|i*<rule 
the atahility and deepwia the colowr of the <»>»ihin*«i produet es»pi«j«lly 


rini* trr (•(indi*n»>afiori )>ii(iJu<*ta of tlm type 


iMw^ 

NM Oh 


with the eliininatjon of a molwuh* of water 

Althmigh «i«fi A view «tf the l•t»n>^tit^^iion *1 the en«l prodiu ta m 
the i'nm of tririilm iw-ermo! well explaiiia ibeir notability an«l the 
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wIh'ii thf suli.Htiiufcion tak«'s plaoc in tlio para poHition. For example 
in <1 m’ foiuidinoH the colour (IrHipouH from the ortho through tneta to 
th*> para compound Benzylnmine alao foriiiH a. deep yellow additive 
<oriipoimd. 

Single negative Huhatituents Huch as Ul, Br, 1 and NO,, in th(‘ 
aryiamine uio!e<Milc in the p-poHition to NH^ group do not [rtawimt the 
formation tjf nrhlifive (impounds, ft ia intereating that p-eh loro-, p- 
l»rt»ino- and p-iorlo-anilineK form a<lditive products with trinitro-m-crosol 
in the proportion of one niohatule of the base to two moleouhm of the 
latter. While m- and p nitroanilinoH form additive compounds with 
trifiitro-w eresol , the ortho compound rloes not appear to yield any 
ailditive protluet in aceordanec with its behaviour with picric acid. 
The same effect of tin* NO grmip in the o position to NH., group is 
seerj in 1,3, t-nitroiofukiine (CH : NO, ; NH, ■ 1:3:4). These cases 

are perhaps due to steric hiiwlrance and furtlusr sufrports indirc'otly the 
view that the phenolic (OH) of trinitroo/?. (:reHol has an attraction for 
(NH.) group at least in tin* additive compounds of the amines. 

The introduction of another NH.^ group into the arylamine molecule 
as in w phenvlene diamine chwpons the colour of the additive product. 
Tlie amines of the naphthalene aeries as naphthylamine form more 
deeply erdoiircd and more stable additive product than the amines of 
the benzene series. Camphyl and menthylamines form deep yellow 
coloured additive pnalucts in the proportion of one mohjoule of the 
liiise eomhinerl with two moleeules of trinitro-rw-crosol. 

The formation of thmej tdiaracteristic derivatives with trinitro-m- 
eresol can be u«^d for the detection of small (piantitics of various 
amines and it is highly probable that tine compounds will prove of use in 
the pnrififmtion of a number of different amines, as most of them 
cTysfcallise remarkably well, are readily obtained in a state of purity 
jiimI can in many eases be decomposed by mineral acids. 

* Exi'BBIMBNTAt. 

I’KKPAKATION ok 2,4, e-TEWriTBO-m-CEBSOI-. 

2. 4, 0-trinitro-»*-cresol has been obtained in good yield by 
adopting the principle of Koelting’s method* with wjme modifloations. 

A weighed (juantlty of w-cresol was taken in a round-bottomed 

• Hoehing and 14 , 987 (1881). 
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was thus obtained which on crystallisation twice from hot ben- 
ts sharply at 109°. This has been found to be fluorene-trinitro- 
late. 

*1049 gave 10*2 c.c. N.^ at 30° and 753 mm.; N = 10*64 
!alc. for C,H. (CH,)(OH)(NO,), ; N==10*27 

s easily soluble in ether, alcohol and benzene, but insoluble in 
id is decomposed by warm aqueous alcohol. It is best recrys- 
rom benzene from which long deep yellow needles are obtained. 

All YL AMIN E-TrIN ITRO-m-CBESOLATE . 

saturated solutions of allylamine and trinitro-m-cresol in ben- 
3 former being taken in excess, were mixed together when a 
iroduct was at once formed which is soluble in hot benzene 
ith a little allylamine. By spontaneous evaporation of the 
solution yellow cubical plates were obtained from which traces 
mine were removed by drying on a porous plate and sub- 
y by washing the crystals twice by means of hot benzene, 
inally recrystallised from a mixture of benzene and alcohol 
roduct melting sharply at 165° was obtained. This has been 
be allylamine -trinitro-m-cresolate . 

0556 gave 9*9 c.c. N.^ at 23*5° and 766 mm. ; N =20*32 
0567 gave lOT c.c. at 24° and 765 mm. ; N = 20*27 
ilc. for C,H.(CH,)(OH)(NO,)g ; N =20*27 

cresolate is insoluble in ether and benzene. It is soluble mod-. 
a water and highly in alcohol and in glacial acetic acid. The 
itable solvent for it is a mixture of alcohol and benzene 
ch the crystals of the cresolate are obtained in shining yellow 
lates. 

Benzyl AMiNE-TRiNiTRo-m-CRESOL ATE . 

, hot saturated aqueous solution of benzylamine hydrochloride 
;ed aqueous solution of trinitro-m-cresol was added and the 
was allowed to cool slowly. After some time small golden 
edles separated. It was recrystaUised twice from hot water 
nelts sharply at 184-185°. This has been found to be benzyl- 
nitro-m-cresolate. 

1206 gave 17*4 c.c. at 30° and 760 mm. ; N = 15 93 
Ic. for {CK,UOR)(MO^),; N= 16*00 


ruiMif’r'rH fM.' ■r'liiN’iTim m * hi hih 


I7i'l 

It in -‘oliibi’’ H \va!«M' iin#l ill idruliMl. i»ii ri'i-rv'''! ii|iiv,i || imh from 

lifii waf4‘r ^inall ifuhlru ^v^IIihv ivrr*’ i *l»tiiiiif»fl irliii',ti iiir^|fi*ii 

Hliitrply a I H I . 

Ivrii vij-;VKim%UNK ‘riiiMiii’* 1 * 111 : 4111 ,.% n: 

A htit .•HfHiitiun f.4 ihi^ Iiv4r*ir'liiiiri4*^ »4 

aiiil III! mI tririifr** in rr^-Hnl iiii^iNi tii 

gi*t!ii*r ill «a|iiiiiinl«ifai!ar |’rH|»*irt i*iiiN, tin v^mhipd *nm^\ r*^lb*w iirri||i^>. 
nbliiiiiiai ivliif'h ‘III i«aii lii$m lirtf ilrrmn 

2'H . ’Fh'' ||•r•4 lirf'ii f*$nii4 t<* I**- t**! Iiy|rii«a|i». 

aiiliiH* lriiiitr*i m rrivNii|fit«v 

O'firyil Mi-Hrj’ \ lit iupi :«i:i iiirii . \ 

for I* H.X, . CJl {.rif m^ihcSii i , ;x i»i 

Till* *” in ^filillllo ill li«»t %i'l||.i»r sIIpI hi ft riir|54|il|ii 

Ilf ^tiiiili -^iliiniiiy liOiPOi yi^liiW wliirfi Mi€ii%?|y iilima'* 

tUU , y«*!l«HV NiilmliiltPi* turriiiin hrrmti Tlif» |ir<Mlit*'l r|c’»f*fifiiji.tt.*tt*i*. 

lit- 201 Wifli fruiliiiig aipl ’'biirrifit 

Tiii^^rriio m .f r»a 

14 iirir 0 .hyl*op*rliiifriifir‘ friiiiiroon-a-^ri^Nril %f‘rrr' wiaglinl nni m 

Pi:jilifiioli*riiliir |»roj,iort flii* fiiriiior liPirin t«>kofi in n litlb^ PtrtWi, 
HiiliirniPfi Koiiitioir^ lif ImiIIi in *ofior iiiinwi A 

priMliiaf %¥m plonriMiii*l ilm^m froiri Ipii wmls^r 

Wit^ fitilAifiPfl A jitiri’ iiipllitin %iitli ihmnnimmUnn .. 11tii# 

lifi^ tiPi*n fiiiiipt to lir^ iriit»44.|iylioi»*ilififii$nir4rkiilriio#i«rr*’'4ci 
l|■'rli|li nmn* inp, Ai 'M itfitl 1ti:i niin , 

Ciilo. for .rHjPitiiiMfij,, : 

Till* ii4 Miltiliiis .uliilitly itt liltipr, tit««|priit4*|y in wiit#r mmi pui^ijy 

ill ii-lciilitiL li wnniiiA tif yulifiw grmimliir pffttfil*# iin#! 

«}iglilly fitjiivp tiici' , till* fltittotiipftiiliiiti witli t4*iii|rr«tiifi* iiii«i 

btiiiH ctoitiplofi^l bnlwisiii ll fiinlti willi rlwmiii frrilli* 

itig Ilf 21 :r, 

Oh m tm yhAM m k-T»i » iTin- #« 

A Itol mimmUni iii|iitii#ti nf iriiiitrii«iii«ar^il iii wiifpr mm$ fttiit«l 
with a MllJp mmm of utrophylsniifi# liiiiottid li tiiiito HCI. 'Tl# 
i»i*lii» m cooling yWdpl a pfodiiot whioli §11 w«ff »▼§»! 

ttoii tmm hot wal#r wolto iliaffily at }il^ Tli» litii lm*m timmi I# h# 


f’liDDfrrs ()!•' TftlN'lTRO-Wl-CHESOI,. 


171 


ifavi* S' 7 (■ f. X, at 2:1 ' and 7 Mi mm. ; 15-37 

H'(is3(i iravf* 1 M n.c. N, at 20" and 703 mm.; N=14-95 
Cal', for f.7 H, N . ‘inji . (CH, )(()1I )(X(),,), ; N==15-33 

The (Tc.'.iilati* !■< modaratfly HoUihln in hot water and in alooliol, but the 
HuliMtancc ‘a‘(>m>i to deemniswe slightly in the latter Holvent . The ])ro- 
diicfc !■< obtained as fim- lemon y<-llow necdloH from hot water. 

-M K N r n YI, A ,VH N K-TllIN tTHO- w.-0ri<!soi.at K . 

Saturated hot aqiH'ouH nolutions of the hydroehlorkle of inenthyla- 
iiiine and trinilro /«-eri*.sol, the formmr Ixdna taken in little excess were 
mi.ved together and was allowefi to cool .slowly when long yellow needles 
were denosito j. This on rcHJrystallisation from hot water melts at 204'’ 
with (le(;om|»osition . This has been found to be tnonthylatnine-trinitro- 
w«-ereso!nt<*, 

gave 9-'» e.e. N, at 22-5 and 700 mm. ; N = 16-34 
(lain, fore,„H„X. 2C,H . {CH,)(OH)(N()„), ; N.-16-29 
The {iresolnte is liighly soluble in alcohol, but very slightly in cold 
watiw- The prniluet is obtained as long lemon yellow shining needles 
from hot water, It deeoraposes slightly above 200'’C. tind melts with 
eharrmg anrl frothing at 204“C. 

N'KtltltM-; HY1)ItO('m.ORtt>K TrUNlTRO-m-CRE.SOLATJ5. 

A saturatml solution of one gram of trinitro m-cresol in aqueous 
aleolioj was mixed with a saturated solution of one gram of neurino 
hyilriiohloride in water, l>t)th in the hot state. Qn cooling, long lemon 
yellow needles separated, which on recrystallisation twice from hot watdr 
melts at 182 . This has been found to be neurine hydrochloride 
triiiitrO'aeeresfdate. 

gave 9 o.c. Nj nt 32" and 756 mm. ; N — 16-17 
Oalo. for (\H„NCl . C,H . (CH,)(OH){NO*),: N-. 15-36 
This is soluble In water and alcohol, 

Pip BBAZIN B-TBIKlTBO-m-CBBSOtATB. 

A saturated solution of more than the oaloulated amount of the 
hydrooMoride of the base piperazine in hot water was mixed with a hot 
saturate aqueous solution of trinitro-m-oresol. On ooolii:^ deep yellow 
needles separated from the mixed solution, which on reoiystallisation 
from a hot mixture of adooho! and water (1:3) gave a pure product 
C 12 



17% PlinUri'T^ or iiO III 

fli*rcmiptJMiii«:, lit 2%lt 2‘ir» , ila** li«*rii i*tiiiiil l*r 

iririitri»-//i rrrs*>L'ifi% 

7‘^v.v S lit nii*! 7 '«*j iiini. , X :iM 
K at .n r> and. 7aT S l!.'* 7f^ 

c^iilr. for 2 C^J|,.X ^ . {C*!l dll xm . X ‘iirii 

Tlir rri’HiiIati^ in iiiodf’ratnly holiifil*' iit .niid r«%-it|ilv m .’ili'ii!iii|. 
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vlriif*'l jiimiiM* hvdrcwklftriih* mml I nriit r«" %rrr«’ 


tifiiw Ilf bntli wrm wiirinr*! m n nmml-mitlmnm Ifm itiixiiirf* 

wm lliMii liibiwiMi iiirfiril vary ulnw-lv fmiii irliirli .itilifly tifwwii prailtirf 
H*j)itmt4*cl cm rmoliiin If %%m ri»rryf^t*il!i^»”i.| imm li«t. mmtm iiiitil i'lfiiirt* 
firodtiC!!:. wiMC fibiiiiii**d. llib tni-^ jinivpd In Iim m i.iliriiylriirilifttililit*' 

I rinit rinm -I’rrmiliilc* 

iMIHIfl miw la-lr.rn ill ll'iifid ?SI ill tin , 
rtlin ft»r CU-ldNIIj, VJi 

11ifi in ^iliibli? in wntm nfirl «lr*ii|i'ril Ilirty lirnwti wtiiiiiiii 


X^rTii ■ ti# 4 

Till? liycIritcldiiriilM nf Ihn hnm* wiw lir»il liy IIm ; 

liii« ifi flint ntiiiriimi iifiiiiiitit- nf iljltit# Ilf 1 fitiil Tfini a licil i 

«iiiraf4ifi iwdttlitfH <if wm nililril In it llirty ynllnw ; 

iMHiditi nrfitfila 0 ti mnlmUf wbkdi citi rwrynliillimtiwi fr#4» tint ! 

tii<*ll with Tfiii b«*#ii toilful l«f b# *iifi}iiif liylii | 

tniiifrtriitilnriti ^ . | 

mmw Id! 0.r. H, At 31'" »iid ?ii mitt 1 I' Ml I 

f|4i7'7I gwm i© ea, Mj, m% M mitl mi iiiitn; M^II 2n 
CMn. tor tt JlJf . CCH,hiHi|{Xfl4, ; il 

Tit it mimhh in mmtm mntl aJauhni Tlir iiriwimi iiiiilto 

with ISi Hit, tli«» wiiltim# tiflilimly #*|i«iiiliif 

•t iir. 


friitlisiig ii.tnl tdiitrrmg,. 
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i'HOItlJt'TS <M' rKINITRO-m-ORBSOh, 

p i 'hi.okanjli \ k-Tiu nitiio-w-Crksolate. 

KtjuiMiol«‘cnl ir of yj-chloraiiilino and trinit/ro-w-creaol 

iliHBolvcji in wore niixfd togntlicr, whcm combination took 

vigfH-oiHly witli ovolution of iioat anday<>llow product separated 
nut Tiiis on nH-rystnllisation from hot water melts at 170-172'’. it 
liftx tiecn ffonid to be p-ehhiranilitu^-trinitro-m-crcsolate. 

It itH'JtS 10 c.e. N at 2« and 7«() mm. ; N = 16- 12 

Calc, for C,fi,NCl , 20,11 . (CH , )(0f!)(N( ; N-= 16-98 

I'hc produfd, is very Hlij!;htly .soluble in benzene, insoluble in ether, fair- 
ly Hoiublc in water and readily in alcohol. The critsokte is obtained in 
bimiitiful fine lemon yellow «pon'/,y needles from water. 

//< - N ! T H,\ N 1 1 . t N K-Tr t K t-r RO • ttl. -Or Ifi.SO n AT K . 

.Saturated hot aijumiUH solations of -ni trail i line and trinitro-m- 
creao! were mixed tojjethor in molecular firoftortions by weight and the 
mixture was then allowed to cool slowly whim a yellow product ap- 
peared on cooliiiK, This was reorystallised thrice from hot water. The 
pure (iroduct has been found to he ja-nitraniline-trinitro-w-oresolate. 

0 1188 gave 2(l-6 o.c, N, at 32® and 761 mm. ; N «■ 18-76 
Calc, for 0,H . {CH,KOH)(NOj, ; N — 18-37 

'fho cre.»«>lat« is obtained as long yellow needles melting sharply at 
1 1 r*. It is moderately soluble in water and easily in alcohol. 

p-NtTRANII.lNE Tr1NITB0-/«-CrBS01,AT1. 

Ifof snfnrateii aqueous solutions of equimoleoular quantities of p- 
nitrariilino and trinitro-zw-oresol were mixed together. The mixture 
was allowed to cool slowly. The product thus obtained on recrystalli- 
sation twice from hot water and Qnally from a mixture of water and 
iiloohol (3 ; 1) melts sharply at 103®, This has been found to be p-ni- 
tranilinotrinitro-ra-oresolate, 

{>’0«3« gave 10-9 c o, N* at 32® amd 766 mm.; N — 18-68 
(’ale. for . (CH,)(OH)(NO,)*; N- 18-37 

It ormtists of tong deofi yellow needles soluble both in water and 
alcohol, but it seems to decompile slightly when it is boiled with water 
for a long time. 



174 


ritoiH.'CTs OK TurNrTiio-m-citKsf>i.. 


a-N'AKlIT!lOI.-TKI.vrnU>-/ff fiftKSOI.ATK. 

Sat.urai(‘d solutions of a-naphtlut! and trinitro-w-oresol in Imt 
aqueous alcoliol wen* mixed togetlier in moleoular proportions. The 
ooloiir of tin* solution chanees to deep l)rown and on cooling orangei 
(ioloured neetiles <!rjstalliaed out. The product was rccrystallisecf from 
aqueous alcohol when it melts at I 59 . This has been found to be a- 
naphfchol-trinitro-m-crosolate 

('■12.SH gave l.‘b4 c.c. N, at ami 754 rum. ; N 1 1'24 
Male, for C,H . (Cil )(t)H)(Nf),) ; N - . 

'rhese orange yellow coloured silky needles are slightly soluble in 
water and easily in alcohol. The pure prwhict melts sharply at lj>9 . 

/MNaPHTHOI. TKIKITRO-Wi-CUESOI.ATE. 

Molecular firoportions of /t-naphthol and trinitro-w-cresol in hot 
saturated aqueous alcoholic solutions were mixml together and was 
then allowed to cool slowly. After some time orange coloured needles 
w<ire de|)08ited which on recrystallisation twice from aqueous alcohol 
molt sharply at 124'". This has been found to bo /^-naphthol-trinitro • 
w-crcsolate. 

o-onso gave 7-2 c.t^ N, at 30' and 753 inra ; N = 11-42 
0 0663 gave 7- 1 c.c. N, at 34-5 ‘ and 753 5 mm.; N'-«H-48 
Calc, for C,„H,0,C,H . (CIl,)(OH)/NOJ., ; N«> 10-85 
It is moderately soluble in water and readily in alcohol. It is also 
soluble in benzene and ether. It consists of orange coloured silky 
needles, molting to a red liquid. 

p-IODOANIMNR TBIN-lTRO-m-CllESOI.ATK. 

Hf)t aqueous alcoholic solutions of p-iodoaniline and trinitro-m- 
cresol were mixed together the former being taken in excess. On 
cooling a yellow precipitate was thrown out, on reorystallising which 
twice from hot aqueous alcohol pure yellow needles were obtained 
melting sharply at 152®, It has been found to be p-iodoaniline-trinitro- 
fB-cr^oIate. 

0-0913 gave 1 1'4 c.c, N, at 3^ and 761 mm. ; N— 13*69 
Clac. for C„H(CHj)(OH)(NO.,), ; N — 13-90 

ft consists of fine bright yellow needles melting sharply at 152®, to 
a black liquid. It is slightly soluble in water, but easily in alcohol and 
benzene. 
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/^-ISKOMANILINK 'I'kINITKO Wt-C'llBSORATK. 

'!'(» H hot Miituratofl Molutioii of trinitro- wt-croHol in diJuto alcoliul, a 
lint. s}iturrtt<!il Holution »»[ /^-hroinanilino in water vviih a<klod, the latter 
l>ein|^ iaiion in a littiti exetr-ss. On tjooling niowly a yellow product 
•'t'paral.ed which on hi-ing recryntalliscal from hot a(juo()UH alcohol gave 
a pure product iru'Uina .sharjily at 172 5 . 'PliiK has Imhui found to be^ 
/'■hromaniline trinit ro-/«.-oreHolnte. 

n i*.")!).'} I'lwo H X at HO' and 7<l.'t mm.; N - [4'9r> 

Calc. forCdl.Xlk. 2C,Hd)H )(OH)(MOd,, ; N- 14-H‘) 

It ctmaiatH <tf tine lemon yellow granular crystals. It is soluble slightly 
in water and bcnzone but readily in ahadiol, a(!ctoue and ether. The 
juire priwlmd melts to a dark -brown licjuid sharply at I72'5 . 

I’noOIJOTH Of' rillNITH >om-CkK.SOI. WITH Axiunb. 

A saturated hot atjueous .solution of aniline hydroohlorido is mixed 
with a hot aqui'ous solution of trinitro-w/. cresol both being taken in 
<*<juinioIecuiar cfuantities. The mixed solution is heated in a round- 
liottomed fiask. On cooling, yellow cryatalft were obtained. The pro- 
iluet was reciystallisrul twice from hot water till a pure product with 
constant decomposition temperature was obtained. Its analytical re- 
sults can bo explained by assuming it to belong to the type of substituted 
trinitro-m-toluidines. 

(>‘0807 gave 13‘(l o.c. N, at 30" and 701 inm. ; N««17‘H0 
O'lOOil gave O‘I085 of 00, and ‘0551 H,0; 0«-49'24; H— 5-57 
Calc, for 0,H .OH.CNOJ, . C=49‘05; H— 3-14; 

X** I7‘6I. 

it is soluble in water and alcohol. It consists of long shining yellow 
needles. The pure product decomposes slightly above leO'* and com- 
pletely between 100-171" with frothing. It is decomposed by acetic 
iinliydrido, strong and dilute mineral acids and methyl alcoholic potash. 

1 1 is different from phenyl-trinitro-f»-toluidine prepared by Reverdine.* 

A hot saturate aqueous solution of the hydrochloride of the base 
WHS added to a saturated aqueous aloohoUe solution of trinitro-w-oresol 


F, wi 0#r*, 0 ^ »i4. 
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both htnn^ takf*u in eiiuimobcnilar <|uantiii(‘s. Tin* iriixliirn wm Iiratad 
in a ro'Un<l’ fiotlniupfl flank and tin* alaiir Holntion on cooling slowly 
df*|)OHitt‘d lon |4 yallow (iryntaln. It. wan rearyHiallinoil from rM|iim'iiis 
alcohol till a pnrc product molting at 159 wan oliiaint^cl. Itn aiialynis 
niiggCHtH it to be lH*piyl»trinitra-*w»tolui<liiie. 

Oi)774 gave' ir4c.c. N af. 25' and 753 inrcf. ; N - ■ 

CPfMjnf) gave 0* l592of C(>_ and iF05H3 Hy>; H ^ 7-12 

Vn\v. forCUlpNOj,. NH. (TH). ; N -- Hl*47, C* • ■ 49-II. 

It- in Holufdc nlight-ly in water and eanily in iileohcd and It 

c*on8intH cd' long nliining lemon yellow eryntals minting Hharjily at lilt’ 
to a red liquid. It in d<»eotn poml by iieetie anliydride, Hiroiig iitici fli'- 
lute mineral acidM. 

o^Toutiim KH. 

Mot Hat united a(|uermH Holutions (d eqiiin'ii)ltau;ilaiM,|UiyilJtieH of a- 
toluidirie and trinitro-za'crenol were mixed together, the Iijih?* biring eon- 
verted into its hydrochloride. The^aohition, wan lieatcnl to lioiliiig, The 
edimr Holiition on e.ooling depoHited long needlen, It was reerystalliied 
twice f.rom lu)t waiter till a pure product wan ohtiiined, ItM iiiialyiiiii mu 
hi* esjdained by aHHuming tlie formatinn o4a)lyl4.riiiitroo/i4olii}diiie* 
04(127 gave 15-3 c.e. N, at in" itrui 754*5 mrii.; N HbS-H 
0‘OH4H gave I2’H c.e. K,^ at 27" and 751 mrn. ; X llbSM 
04,22H gave 0*2141 of CO, and 0*l)i15fl Hi) ; C^:«47*5I, 1! 5 mn 

0* 1332 gave 0*23311 of CO., and 0-0§:i4 lip ; I7‘H3 ; H 4*45 

Cab. for CTH.dNO,h. NH.aH,; C«.-IIO*II0; H«S*iI ; X«-iiP8(i 
Ilf in soluble In wati^r and alaohoL It aoimiitH of long light yellow 
newll#«. The pure product deemmposas ulightly above 1115" and 
with charring and frothing at 171%*. It i« iiiiHtatile towardi iicietie 
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O'OfiSM gavfs c.o, K, at 2!) ' and 7(12 mm. ; N -=a 17'0f> 

O-OHOH gavo 0- 1 4Hl of CO, and (»•(>:! 71) H,() ; C=fi0'00, H 6-21 
Calc, foi N'H. CUL ; 0^-r>0'(jo ; ; N=-»16.8« 

It corihiflts ol' diM'p yellow Hhining ooodlcH Holubltf in water and alcohol. 
The pure product melts witli nharring and frothing hetwoen 170-l7.‘i"O. 
1 1 in doeatupa.sfd by (liluh* and .strong mineral nc ids and ae.oticJ anhy- 
dride. 

Satnratfd aipierms fileohelic Holutions of the free base and trinitro- 
/a-creHol in ei|uim(>lceular (jnantitieH were nnxod together in the hot. 
The solution was liented to Imiling. On oooling a yellow product was 
ohtainwl. On eiystallising it from aipoious alcohol long deep yellow 
neccllos wore obtained which completely dorfotnpone at 171) '. Its analy- 
tical riMultH <uui l>o cjxplftitied by nsstmiiiig it. to liolong to the typo of 
substituted trinitro- /«-to!uidiiH'B. 

()’(»0i»7 gave H'Do.e. N. at 1)2 and 7lil mm.; N **r. 17M)S 
<)■ 1 flhfl gave (>'!74H of CO. and fl't)44H H^O ; Ca™47'40 ; H — 4’8f5 
0-1 142 gave fj-llJgg CO, and t)’f)480 H,() ; ()-«>47T»0 ; H— 4-67 
Calc. forC,H(CH,,)(Nr()J,. NH. C,Hv OH,; M«.ie-86. C— 50'60; 

H«-3-61 

It consistHtif long deep yellow noedlea. It i» soluble in water, alcohol 
and beristenc. The pure product decomposes slightly above 171° and 
com pletoly between 175 -179’ with cliarring and frothing at 179“. It 
is different from ^-tolyltrinitro-wt-toluidine.* It is unstable towards 
miiKfra! aeids, acetic anhydridis and methyl alcoholic potash. 

NfTRavotuiniWR. (CH, : NO.* : NH, ■« 1 : 2; 4) 

A saturated hot aqueous solution of 1,2, 4-nitro-toluidin0was added 
to a hot saturated aqueous solution trinitro-wi-cresol both substanoes 
hoiag taken in equal proportions by weight. On cooling a yellow gra- 
nular precipitate was thrown down whioh was obtained pure by reorys- 
tallising it twice from hot water. The pure product melte sharply at 
148'6®. It* analytical results agree with the formula of the condensatiem 
product 1:2: 4-nltrotolyl-trinitro-m-tolaidinc. 

0*0021 gave 10*4 o.o N, at 26® and 701 mm, ; N-- 18*80 
0*111 2 gay*. 18*0 0 . 0 , at 26** and 761 mm. ; N* 18*20 

I?, Eiwiiti# Mi 4* itf, 20i4> 
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ITS 

<» 1196 i^avc 0-190H CO, and 0(t471 HO; C- 4 1 H7 ; H i;i7 

Calc. f(.r C,H(CH,,)(NO,),;. NH. C,H (OH )(NO ); N ls r>-, 

C. 4 *■ “.«!. H 2 92 

It is solubli moderately in water, liigiily in alcohol, licn/.cnc and (iiadal 
acetic acid. From the last mentioned solvent the crystals arc tihtained 
by the spontamious evaporation of the solvcmt on n porous |i!)ile, I? 
consists of granular (;rystals with a yellowish tinge melting sluirjiiy at 
1 I6'r>°, It is not stable towards mineral acids and acetic anhydride. 

H B.WI.AMINK. 

B(|uimolecular quantities of hexylamine hydroehloritk* and trinitro- 
w/-cro8ol are weighed out and the hot saturated aqueous aolntion of the 
former was added to the hot saturated solution of the Infter in aijiieous 
alcohol. The solution was heated to Itoiling. The (dear solution on 
cooling deposited long yellow needles. It was reerystfiHififd tw'iec* from 
hot aqueous alcohol till a pun^ product melting sharply at l/»W was 
obtained. Its analytical results agree with the formula hexyltrinitro 
m-toluidine. 

0 0995 gave 14'95 c.c, N, at 25 and 705 mm. ; N ~ 17 U4 

0-1276 gave 0-2222 CO, and 0‘07H4 H,0 ; C«>47'50. 

Calo. for (:i,H (CH )(NO,h. NH. N=n-17, (? 47-85, 

l(-«5-52 

It is soluble in water and alcohol. It consists of long lemon-yellow 
shining needles, melting sharply at 159 to a red li(}ui<i. It m decom- 
posed by mintjral acids, dilute or strong, and by lumtio anhydride. 
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V. Raman, M.A., 

Sir Taraknnth Palit ProfcHmir oj Phifsic^, I ' nivi'r.iiti/ of (JiilciiUa. 

I. f nfmilnciiim. 

MiiHit!, both v'fHjal jiiul itintriuu'^utal, uiiduuhtodly |>lay(<d ati ini" 
[>(>rtati( )iart in t.hf riiltiiral lifi* of juioicnl India. Hanskril literatan'o, 
both HHcular an*! religions, injikt-s unmannH rofonimaw to iuHtnun'intH 
of varioiH kind**, and it in, I bolinvc, gminrally bold by arcbaeologiHt*^ 
that Homa of tin* curiicsl, (tii*nli(»iiH <tf aunh instninnaitH to bo bniiid 
anywhoro are thoao eontainod in tlie anoii'nl Hannkrit worka, (lerfcain 
it is that at a vory »*nr[y [jerifal in the iiintory of the ((arntry, the 
Hindus were acquainted with tht* use of stringisd inatriimontH excited 
by plunking or bowing, witli the transverst* form i)f flute, with wind 
and reisl instruments of tlifferont tyjam and with percHsaion instni- 
inents. It is by no means imfirobalde that India played an important 
part in the i>rogre«8ive evolution and improvement of these instru- 
ments and might have served as a Kour<*e from whicdi their knowledge 
8{>r®ad both eastwards and westwartls. It would form a fasoinating 
chapter of history to try and trace the gradual development of musion'^ 
iastrumenls and musicaf knowledge, from the rhythmic chanting nf 
the Rgveda in the aneiimt home of the Aryan race to the Indian 
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lik(*ly ti» lf»afi to mstilin of <tonHicli*ral)Ii* inturusi. fi was this 
hopr that. mt* hoiuo two yonrH to caJintiHaiea a Hystuiiiatic' 

irxitiiiiiyiiiori by inociorri Houailifit* nu'^iJiodH <if i!y* ariuiiait fnclian rroisicjal 
iiistriHiifaits. Thi* I H«‘t. huforo layHalf wi.Ta to nivoHtigiitc* tlu* 

triiditioiiid fl«*Bi|in.miaeorcIing t(> whic’ti liidiaa ins.lrunK'3nts aro 

.Htriiutri! and tlio variiitionn of (Iiohu dt^aigoH tliai luxist in iho differcaii 
pnrfH of tin* f‘outiir\% to diseovor fho mwon of thu rnothcKiw of 

aoiiNfriHdion »anployod and find tho Hpocditl t raioodiiinudars whieli wuro 
liold in osiooin by tin* doHi.|in<‘rs. It sooinod that niieh nri oxiiiiiiim-'- 
fion niiiflit also jirovi* uHofnI from tin* jimotioul Htawl-poiiit by iliHcdoftiriir 
tlio host doHign?*: and iinbuHting ilio dirnctioriH in wliicli any imj:irovu- 
inontH iiiiiilit hv piwwldo. V%armiirt tditniniHianeos liavo didiiyoii tliuuoiii- 
cairryiiig niii of tln^ projeatial wi>rk, iirul it m prohalilii tluit litllo 
jinigrowH iniglit liitvo hnon inadi* with it up t.o datp, Inii for iln* fac?t 
tiiiitmy iiltnntioii was rouinitly drawn Fomitwlmi foiadldy to tha itiiiskml 
iftinlitauH of thi^iinokmt hiilian hHintiuPiilH of pnrctuHfiio'n, Througli the 
kindnasH of an anthiiHtimih* fallow workai% Mr. Bivakafi Kumm\ mmio 
good Hpaaiiiifiim -of fho frifliiiri paratigHron in«lruitiant» ware put nfc my 
liwfHmnl iirid I lmv«* bia-^n eriiddad to eiirry out a aaiantifie examirifilioii 
Ilf thmr mmuHtimI pmp{*rtim. Tin? reaiiitii obtaiiiial are very remark* 
iiiiia ittid aignifiarint anil, ara baiiiy claaaribed in cliitiiii In m mmmgmpli 
Oil whieh will bt* piiblwliad liy ilia Indian Aisoeia* 

lion for tlia <,*iilfivaliott of Saianoiu. I firofioio in rliii abort cmay to iii« 
ciiaato tfia iiiiiiti raioilta of thia inveiligaticm and to »how bow far they 
tJiriiw ligfit on tJia «tiita of iiaotistioal knowladgi? in aneiarit and mtdi- 
Aoval India. 

4k Ammimn uf P§rcm$mn tn$irmfmmi 0 » 


By wiiy of priffanii, 1 Hliall first rofor lo m- fiiw Imtn regardifif Ihe 
vihmikmn of slrtlobi^ iniitnbranaa whieli aro familiiir to 
of |i}tf«ciii and whteb it m useful bore to wamlL A» m well known « 
lha vibrations of a oireular itretehecl itiinnbraiie or clrum-Iiimd iixeittd 
Ilf ifiipaoi art* gisfierally of an exlramrly oompla^E aliiiraater. lionidiii 
tiio gmtmi or fiiiidamantal tonii of the ineittbranit, wo biivo a largii 
rmimmi of overtAiiioi wbieb stand to emh otter iit no sort of mnsioal 
ffiliifcliiti, Tiiew* iivtrlonaa mm always oxotecl in greater or lf«i clngree 
ami prodiioii a dineordant effaot. All tte Initriimente of pereiisiloii 
liifiifii iurofmn phystoisto in wiloli a cirentar drum^lnwl i» ant* 
ployiwl liatt lltertfore to te fagaritd more «i ttmm prodtioew Intro- 
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(lucHci f<»r nuukitij; ilic rythm tluiii aa niusioal inatrumcmts. Thia ia 
tru( I'vcn of t.ht“ kiittlo-dnun which ia tuiicd to a definite pitch and 
(xrciiainnaiiy u.aod in I'lnropcan orcheatral muaii!. Aa has boon shown 
by tlu' late Lord iJayleigh in a. paper publialiod some timt* ago, thi^ 
air cnflosnl in th(' .ahcdl of tho kottle-druin docs not produce any 
advantageous .'dtcratioiia of the pitch relations of the overtones. 
All tho insi ruimuit.s of pentussion known to Kuropean science are 
tlius e.Hsontially non-musical mul <!an only lie, tolerated in open air 
inusie or in large orehestraa where a little noise mote or less makes 
no diflerenee. Indiiin musical instrnriients of ptu’cussioii howtwer 
•stand in an entirely dilhu'ent etitegory. 'nrntiH without number we 
have, heiirtl the best singer ' or performtifs on tlu' flute or violin accom- 
|i!»nied l>y the well-known indigenous rauaieiil drums, and tho effect 
with a g<K»fl instrument is alwiiys e.vc<il!(‘nt, It was this, in fact, that 
conveyed to me the hint that the Indian instruments of percussion 
pos.sess intereating acoustic properties, and stimulated the resc'urch. 


7. Thf Indian, MnMntl Drutm. 

The maiihor of different types of porcussion instruments known 
and used in India is almost legion, Th(«y represent a very wide variety 
of stages of (lt!velo{>raont and variations of form to suit different pur- 
pcHOH. It do»*» not fall within the scope <)f this short essay even to 
attempt a diacusHion of the different forms. Those who are curious 
to see thews typos of drums can no doubt fimi speeimens in the 
variouM provincial inusetimB of India. A specially good collection 
is to be found in the anthropological section of the Indian Museum 
at Calcutta, and some of them are described with illustrations in the 
catalogue of the exhibits available in the Museum, The instrument 
to the remarkable acoustical properties of which I wish especially 
to direct atiantioii is tho musical or concert drum which is most highly 
ealocmed by Indians and which figures largely in the Sanskrit litera- 
ture, namely the Mfdahga. The essential feature of this instrument 
at ttui present <lay i«, first, a massive hollow wooden body in tho 
form of two truivisted cones put end to end, one of which is longer 
than the other. Over the two ends of this body arc stretched the 
two drumskins, which are each provided with a tightening ring of 
leather and are kept in a state of tension by a leather rope which 
passes through apertures in the rings at 16 equidistant points around 
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flu* cjlindric'al tuning blocks f»f wood iiHcricd 

a.!' r«‘i£ular intciaails un<b‘r tin* fcaiHioo-rojX! provide thv inmiiH for it 
roiiiih adjust iiicnt of ienHii»n. 11h» fiiu* adjust uieui of tension of the 
siiiidler druittfiead to e:*(|uality in tla* H netants rif tbi* oircuiiiforeiiee 
IS i’arrical out by pulling up nr pushinf![ cbuvri the titdit-caiine ring iiy 
stroking it with a. Hiuall nu.ille4. '’riu* large driindHaid gives fite base 
note, and its |>it(di anrl toiU‘a|iia-liiy are adjusted by spreiiding u. teiri* 
perary h>ad of wetted nf/i or wheatem Hour over it. Tlie uhhI retiiark- 
aide teat are <d till* dnuH is the manner in whieli the sei'orid or sitndier 
dniiiiliead is ('onstrueteck Tliis ineniltrarie as first put «»ii in tliii 
s,*oiiHtruf‘tii)ii of the clriinilH*ad is double, tdie layers biting of siierdaliy 
ebosen leather of Uniform llnekiieas and c^orineetfal to i!ie tighlfuiirig 
ririM m to be in a state of fensicun Tln^ upper lii-yer is then eiii 
iiw'ay in the middle exposing a- etrcmlitr area of tin* lower membraiie, 
and leaving an niiitiiliir ring cd' the outer niernbratie round the itiiirgiri, 
id whiih the width is regulated aceording to the tTfjuireriierits of l.!ie 
tfau*-fjtiality., Th(» c'entre t>f the ex}K>sed cdrcle of tin* inner rrieni- 
I'lrane tluis formed is loadffd eoiieentrieally in aevemi snoeessivi* liiyfirs 
iif gratlually def;reasing radii and of gradiiiitad fhioknans with ii dark 
f^oloured eoiii posit ion whirdi is put on at first in the form of ii 
mid is tfien nibbed in till it baeotiies clry and perritanaiitly iidtieretit 
to the itimrtbraint. The eomposition of this iiiatoriiil is finoiy |«'Hvdefefl 
iron filings, idiareend and atarah, ancl wliim put on the riiisrtihraiie 
it; is tieiilila in a noteworthy ilegrao, Tlu^ putting on of the Inatl is 
mmiml out in stagf*s^ tlie sotind of the dm itihei-id being eonfciniioiwlj 
|t*st4.?fl during the progress of cu>nstri,iefckiii» Its fluid mijiwlfiienl and 
regulation of thiekness is an art whbh is handerl down from genoralioii 
to geiieriition as traditional know!f»dgt% and aeritiired by hirig tumiriing 
ami ojcperieiiee. 

-'L. The Ammtw ChmmeMm o/ the M f dm m § m, 

A pliyiieiafc truintMi In momUmil reneareli mcitieitig Ih# driiiiiliead 
Ilf th# Mfdkngm imturidlj wishes to know tiatitly wlist aiioiiitieal 
fiurposii la Intended to b© served by tb© peeuliftr ratfcbod of eoiiairtietlfifi 
doworllMril iibovt^ *t\m m m q nation wbiob mm only b© answered by a 
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st 4 it.c(! ahov" that a iHTCiission niatninKiiit; ininerally ffivoi.-^ rise' to 
inlinritioiiif ovcrMoricx. 'I’hf axaininatioii of the Mplaiiga. sFiovvk that 
it forms an oxneption to this rulo, atul yivos rise to harmonic or 
nnisicai nverfones in tiie same mann<“r as a stringed instniirient. T find 
in fact that f lu' |i}i_vsieal behaviour of the drumhead is in many n^speots 
unlike tliat <<f an ordinarily circular Htretclunl memhran(\ and ai)proaelu‘s 
that of a stretched string In the same manner as a stretcdied string, 
the loaded mcmhraiic of the M |■d(t hga ca.n divide up and vibrate in 1, 2, 
3. I, or 5 f»arts which are sc{)arat<*d hy rectilinear nodal lines perpendi- 
cular to any chosen diameter of the memhrane and give the resp(jctive 
overtones slamling in the harmonio relation of pitc;h. The duration of 
these barmonie overtones is in deseemding order of magnitude, being 
quite considerable bir the first, seeond and third harmonics which ac- 
cordingly give a tine musical effect. Toiu's of higher pitch than tlie 
fifth harmonic are either not excited at all in the usual manner of play- 
ing, or if excited are of too short a duration and too small in intensity 
to he pcrccptililc as musical tones. In my monograph, t am giving 
a full dmeussion of the aconstioal properties f)f the instrument to- 
gether %vlth illustrations of its mode of vibration which explain the 
manntm in which the loading increases the diimtion of the tones 
and gives riw* to the harmonic properties of the overtone's. It 
appears in fimi that tlm loading results in modifying the pitch of the 
numerous overtones which an ordinary cironlai’ drumhead is cap- 
able of giving rise to and of bringing them together in groups 
standing to each other in harmonic relations. The suoctiHS of the 
arrangement depends entirely on the extent and distribution of the 
loading adopted and upon the arrangement provided l)y which the ten- 
sions of the membrane in 8 different octants may be exactly equalized. 
It is In fact made abundantly evident by the investigation that the 
aeoustio properties of the instrument are not the results of mere chano(} 
but bear the evidence of the most painstaking care and skill shown in 
the design and construction of the instrument. 


d. The Tmhmq%e of Playing the M fdaiiga. 

If the instrument is in itself a noteworthy piece of aeoustio work- 
manship, still more remarkable is the manner in which its acoustic ohar- 
acters are tjtilteed in actual musical practice. The drumhead is played 
with the hand and fingers and possess^ a highly developed and 
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fininliKd tprhniqu<‘. A v(‘ry fair amount of |inu‘tiei* h naiuirrcl 
for aequiring a rudinmntary knowhxlgo of tho inBtrumfmi. hiif t In* 
tc!eIini(|Uo <*ai! In* tnasterod only by yoar^ of training and ox{>''*rit*ric*i\ 
Tin* phyKifal hanin of the technique lif‘s in t!ie manner of Htrikiiig tin* 
drumhead and upon tiie toiuvcjuality , inbursitv ami duration of the .HoiindH 
elicited there.hy. Tin* KirokeH involve tlu'^ exnicd. n^gnliit ion of the rr»giiiri 
of contamt, tlic^ BoFtn(“^!^ or hardnenn of tin* blow, it^ duration and forei!, 
and provide for touc*hing tla^ membrane with HomiMd lie* finders either 
during or jifter tin* blow ho as to dam}> out e ‘rtiiin InirmonicH and bring 
fuit emlaiin othern. Home of the reeogniHed ntroken provide for bring- 
ing out eitlier tlu^ first or th(‘ second or the third harrnonio jiriietically 
fiy or in combination with one or more of thc^ five aviiilnble tone?i, 

The strokcH cm the drumhead may be either by tliemmd\o:»H or may be 
simnltimc*ouB with strokes on the base Hide* of the drum whicli i« timed to 
one octave below tin* piteh of tlie first drurnheiid. Over iind above* ttiia 
in the fiu*d tlmt the drumming is praeti<»ally c»ontinuotis and p»m?eiids on 
a complex and varied metre and rythm of its envn depending cm tlic* 
iifseompaniment. All this may serve to givr* Horne idesa of file extrit* 
ordinary degree of dcvelopmnent wliich the constrimtirm and nsc* of 
percniHsion instrumentH has attained in India. 

//. (lonclumon. 

I'he study of tlte Indian muiicurl drum and of tlia mafiner In wliicdi 
out of the most unpromising matc^rials hits liaen built up a ganiiitic^' ntu- 
Hicial initrument whieh. Hatisfies the most stringimt# aeoiistiefil tosti aiicl 
which oven now ntands on a pedestal higii abov© the typtjs of paretis- 
siofi iiiHtrumentH known to European Music, leaves very little ilciuht in 
cint's itiincl as to tlie liiglily-developad Artistic tfiates and ficouitic 
knowledge of the ancient Hindus. The high eiteeni in wliich the ini- 
triimeiit itself has always Ireen held in Inilift and the existetiee of iimtty 
treatises in the original Sanskrit dealing elaborately with its ciuplrtii!- 
tion and tifchnique is not without significance. Indeed, from tJii* r#f#r« 
ericf« that appear in C€»rtain of thes® treatises, it m clear tlmt tlic gwie* 
ral nature of the aeoiistic rasiiltp obtained with fcfil« ifiiitriiniiutt 
long biien known, and that the pitoh and duration of th© clifferent 
tones obtaintd by striking the drumbaad at differenl poliiti hmd been 
fully itttiM. The Hindui were wall aware that soimdlng lioilti 
gtaomllf give -rise to m«iy diflferent tones sinitiltaiieotwhq and the ’ 
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(‘V'lclc'iii'c* availahlf* [HantH irroHintably to thc^ conclusion that thculevolop- 
rnc^nt of tlic Infliiiii imiHieal drum was tlu^ result of deliberate and 
prohaldy prolonged eilorts to improve the tone quality of porcuasion- 
instriniicnits by liringing the overtones into muHical relation with each 
othc»r. The siiccesH of t,hc» reauIiH obtained remains a striking tosti- 
inoiiy to the neoustie knowledge* and skill that must hav(^ inspired 
those cdTorts. 



ON TAUTOMERIC CHANGES IN THE PHENYL- 
HYDRAZONES OF ORTHO-ALDEHYDIC AND 1-4 
ALDEHYDIC ACIDS: 

Proftjlla Chandba Mitter, M.A., Ph.D-^ Sir Rashbehari Ghosh 
Professor of Chemistry, 
and 

Judhisthir Chandra Das, M.Sc. 


It was shown by one of us that aromatic ortho-aldehydio acids 
like opianic and nitro-opianic acid react in ethereal solution with free 
phenylhydrazine base with the formation of phenyl hydrazones which 
subsequently taiitomerise to phenyl hydrazo-phthalides. On oxidation 
with mercuric oxide in acetone solution, the phenyl by drazo-phthalides 
are converted into phenyl-azo-phthalides. It was subsequently shown f 
that on adding a solution of phenylhydrazine hydrochloride to a 
nearly neutral solution of an aromatic orthoaldehydio acid like phthal- 
aldehydic acid, phenylhydra740«-phthalide is obtained which can be 
oxidized to phenyl-azo-phthalide . The oxidation is best performed 
with mercury acetamide in acetone solution. 

Treatment with acetic acid converts the phenylhydrazo-phthal- 
ide into a phenyl-phthalazone in each case. 

Thus : 


O ch:n: nh Ph 
CO^H 


CO 


NH NHPh 
'^0 


II. 



N P>i 


* Mitter and Sen, J.O.S., 111, 988 (1917). 
f Mitter said Sea, J.O.S., 113, 114S (^919). 
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The similarity in the constitutions of aromatic ortlio-alddiydic acidw 
and 1 : 4 aldehydocarboxylic acids in the aliphatic series led ns to 
investigate the action of phenylhydrazine on muc<d)romic and phenoxy- 
mucobromic acids and to try the action of mercurie acetami<ie on the 
hydrazo-derivatives that are formed in the* first instance. Ah was 
anticipated, phenyl-hydrazo-furfuranes were b»rnied wiii<;h on oxida- 
tion gave phenylazo-furfuranos. On treatment with gliu-ial a«-nti(' acid 
on the other hand, the phenyl-hydrazo-derivatives gave rise to pyrida- 
zones. 


^CH=N.NH Ph. 
CBr 

cS. 

V. 


^CH.NH.NHPh 
CSr \ CBr 

I 0 II 

CB'r / C8r 

^CO 

VI. 


^CH.Na N Ph. 

^ \ 

0 

VII. 


J! 

^co 

(VIII) 

The action of phenylhydrazine on niiicobrnmic and phenoxy- 
mucobromic acids was studied by Bistrzyoki and Bimonis * and later 
by Bistrzyeki and Herbert f who obtained mucobromie acid plicnylby- 
drazone and pbenoxy-muoobromic acirl phenylhydrazone identical with 
» — Koto — tt' phenylhydrazo— dibrom — »a' dibydro furfurane, and 
« — Keto — tt' phenylhydrazo— ^-phenoxy— /<' brom— «■«' dihydro fnr- 
furan© described by us. 

The starting material for the preparation of miicobroniio and 
phenoxy-roucobromioacid is either furfurol or pyromneic acid, and it is 
interesting to note that the furfurane ring which is t»|«*ncxl up by 
bromine is closed again with the help of phenylhydraxinc, 

CM — CH CBr CMO 

l| ll ^1 

CSv C.CHOH 

0 CBr COOM 


CBr — C«. NH NMPh. 

CBrV / 

*C0 


II 


♦ JSen, S0, m (ISM). 
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Experimental. 

Interaction of mncohromic acid and phenylhydrazine. 

Mucobromio aoid is very soluble in ether. One grm. of mucobromic 
acid was dissolved in 2 c.c. of ether and the ethereal solution of 
phenylhydrazine liberated from *5 gr. of phenylhydrazine hydro- 
chloride by sodium hydroxide was added to it with ice cooling. It 
was allowed to stand for half an hour. On evaporation of the ether, a 
reddish yellow mass was left which on crystallisation from slightly 
warm alcohol was found to melt at i02^-103'^C. 

As the phenylhydrazo-compound is very soluble in ether^ it was 
prepared by the following method.* 1 grm. of mucobromic acid was 
dissolved in 5 c.c. of water and to it *2 grm. of crystallised sodium car- 
bonate was added. This solution was cooled in ice bath and to it a 
clear solution of '5 grm. of phenylhydrazine hydrochloride was added. 
At first, the solution became greenish yellow, and then a yellow flocky 
mass came down. It was then filtered off, and washed with cold 
water and dried on a porous plate. It was found to melt ab 102°-103®C. 
It is easily soluble in dilute sodium carbonate, sodium hydroxide 
and also in sodium bicarbonate solution. It goes into solution in 
glacial acetic acid, alcohol and ether, etc. Nitric acid and hydrochloric 
acid produce no coloration. Even strong sulphuric acid does not give 
any colour with the freshly prepared substance. 

0T528 grm. gave 10*2 c.c. N at 26°C. and 760 m.m. 

Calc., N=8'06. 

Found, N==7‘ 63. 


Oxidation of the Compound. 

One grm. of the phenylhydrazine derivative was dissolved in 10 c.c, 
dry acetone and 0*9 grm. of mercury acetamide was added to it. 
The mixture was heated under reflux on a water bath for 6 hours. 
It was filtered and the filtrate was kept in a vacuum desiccator for evap- 
oration of the acetone. The residue was washed with dfiute soda 
solution and then with water and crystallised from acetone. The yield 
was 0*2 grm. 

The substance melts with decomposition at 136^0, It dissolves 
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teadily in acetone, (sthor, alcohol, chloroform and lienzene. Tin* (Colour 
of the Hubstance is brownish yellow. 

It gives all the reactions of an azo-compound. With concentrated 
sulphuric acid it gives a bine-violet coloration. An alcoholit; solution 
of the substance gives a pink colour on the ad<lit.ion of a drop of al- 
kali solution. 

{)• 1119 grm. gave o- 1 4 1 9 CO , ; O il I Ott H O ; 

O'l 1 16 gave 8-2 e.c. of N at 26"0. and 760 in in, 

C,„H,0 N,Br, (Formula 7). 

Calc., H-1-79; N=-« 09. 

Found, C=-3 4-44 ; H--1-62: N--8 07. 

Preparation of J-phenyl 4’i)-dibwmo /njridazime. 

BrC^ 

NPh, 

0 6 grm. of the hydrazo compound was dissolved in ITm'-.o. of 
glacial acetic acid, and the solution thus obtainerl was heatefl to boiling 
for a few minutes. To the tiot solution, hot water was added, till 
it became turbid. On cooling white flaky crystals came out and were 
found to melt at 144‘^C, It is insoluble in sodium carbonate ami 
sodium hydroxide and does not give any coloration with strong 
sulphuric acid. ' It is the ring oompoimd of Bwtrzycfci and Bimonis.* 

It is insoluble in sodium carbonate and sodium hydroxide, but 
giduble in alcohol, glacial acotio acid and ether, 

0'0710 grm. of the substance gave at 28*0. and 760 m.m. O’So.o. 
of nitrogen. 

C„H,ON»Br, 

Calo., N—8-60, 

Found, N— 7-96. 

Action, of acetic anhydride upon ike hydram compound. 

Formation of 

BrC-CH -N(Ac).rajPh 
I! >0 
BrC-CO 


• Btr., m, m ( 18 ^). 
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One gnu. uf hydrazo <iompound waw timtod with a slight excess 
of acetic anhydride and this was allowed to stand ovor-night. Some 
reddish brown crystals wore found to form. To this water was added 
and the crystals wvri' (iltercd, wii-shod with water and was treated 
with ah'iihol. (iohh*n yellow crystals insohihlo in alcohol were ob- 
tained. It melts at 1 to to 14P(!. It is insoluble in sodium carbonate 
an<l sodium hydroxide A little of the substancei was taken and eva- 
porated to dryness with sodium hy<lroxido on the water bath. The 
whole of the* salt was heated with arsenious oxide in a test tube and 
was foiim! to give the, smell of eacodyl. 

O'llOOgrtn. gaveO lSlflgrra CO^ 0-0242 grtn. H/) 

(’ H, .(> N,Hr . 

Cidc., H=«2-n7. 

Found, H.«*2-42. 

Action of AcMt/l chloride upon the. phmylhydrazine derivative. 

One grm. of the phenylhydrazine derivative was dissolved in ether. 
It was added to an ethereal solution of *3 grm. of acetyl chloride, and 
kept at the ordinary temperature for an hour and a half in a desiccator 
over sulphuric acid. HCl gas was found to evolve. Then the whole 
was heated on a water hath to drive off the ether and acetyl chlo- 
ride. A whitis crystalline mass was left. It was dissolved in boiling 
methyl aloohol and on spontaneous evaporation, crystals began to 
come out. It was then filtered and the residue dried on a porous 
plate. It melts at 138-5 to 139 C. 

It is insoluble in sodium hydroxide solution, hot or cold. A 
little (A the substance was boiled with sodium hydroxide, and then the 
whole mass was evaporated to dryness. On heating with arBenious 
oxide the smell of caeodyl was peroeptible. The analysis of the sub- 
stanoft showed that it is the diacetyl derivative. 

Brt'-OH • N(Ao)N(Ac)Ph 

11 >() 

BrC-OO"^ 

# 

0*1126 frm. of the snlMtimoe gave 0*1600 grm. CK)|; 0*0882 
grm. ot H,0 

(Jfdo., C>“8S'60; H*«»2‘82. 

0—88*07 j R— 1*28. 
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Action oj Phenylhydrazme upon Phmoxipmurohromic ucirL 
Two grms. of <.he sodium salt of phenoxy-niucobroniic* acid wiis 
(iisHolvecl in water. This solution w^as eof^led in iee liatli, and n eloitr 
solution of 2 grms. of plienylhydra?;ine hycl iTicdil oriel iniais iiclf led rapidly. 
At first a greenish yellow solution appeared nrid tlieri ii light yellfar 
crystalline mass came down on stiring. This wan crystiilli<^ed from hot 
alcohol and was found to melt at 111) 5 to 120 €. 

It is Holublo in sodium carhmiate solution, sodium hydroxicli^ 
and in alcohol, acetone and glacial acetic acid from which it=giwi t!i« 
pyrida"/one derivative. Sulphuric acid produces a red colouriiticiii. 

0*1 192 grrn. of the Bubstanee gave 0*2322 grm. of gnii* 

of H,(), 

C„H,AN,Br. 

Calc., C“=63'36; 

Found, 18 j 

Oxidation oj the phenylkydrazhie. derivative. 

Onogrm. of tho phenylhydrazino derivative was dissolved in 2*1 c,e 
of acetone and 1‘3 grm. mercury acetamide was added to the aolution. 
Ihen the whole was heated under reflux by steam from a water bath 
for six hours and kept at ordinary temporatur© ovesr night. It wm 
then filtered and the acetone evaporated A eryatalline mass wa» 
obtained. It was washed with hot water twice and then treated 
with dilute sodium carbonate solution for half an hour to frm* it from 
any unchanged hydrazo compound. Afterwards it was washed several 
times with water and then reerystallised from dilute acetone. 

The substance melts at 168" to 150'6®C. 

It is an orange yellow crystalline substance, soluble in acetone 
but insoluble in sodium carbonate. It gives with eonceatratid sub 
phurio acid a greenish blue colour. 

To the alcoholic solution of the substance was added a dm, 
of sodium hydroxide solution. A pink colouration was developed 
disappearing just on^the addition of more alkali, 

01196 grm, of the substance gave 0’233R grm, of GC)., {>‘03»il , grm. 
of H*0. 

0*1257 grm. of the substance gave 9 c,c. of M, at 26*6®0 Mid 
760 m.m.. 
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Calr., H-~.3-06; N-'-7-H(). 

Foumi, ; N™8-0K. 

I’rpparatifin of l-pheni/l l-hromo o-phenoxy-pyridazone. 

8r 

Ph-O- C 

0-5 firni. <»{ tlui fihenyUiydrftzino dorivativo wan disHoIved in glacial 
lict'tii! anid and hi-atj-d to boiling for a fow minutcH. Then on diluting 
with boiling water til! the Holution hecamo turbid and afterwards on 
cooling a white crystalline mass appoarcid. Tt was found to melt at 
113 to 114 (T 

It is insoluble in sodium carbonate or even in sodium hydroxyde. 
It is identical with the ring compound obtained by Bistrzyeki aijd 
Herbert.* 

t>' lOUO grm. of the substanco gave 12’4 o c. of nitrogen at 24“C and 
7(50 m.m. 

C„H„N,0,Br. 

Oale., N»-8 I(5. 

Found, N«»7*42. 



♦ Ber.,.94, 1013 . 




PASI»ALTJM. DKaTARTA AND AN^STROPHUS : 

A STUDY. 


Dh. P. BRUiri,, D.Sa, F.RH., F.(3.8,, I.H.O., 

[’wfci^sor of Botany, University of Calcutta. 

'I’hc* }>r«*Hcnt piipiT i8 the rosult of a detailed examination of the 
e.olloefcion of the material of the genus Ihispalurn, inel, Digitaria and 
Anastrophus, contained in t'lo Herbarium of the Royal Botanic 
Dardens, Hihptir, supplemented to a limited extent by observations 
in the field. The investigation referred to is part of the work under- 
taken by the writer with a view to th<» ()ublication of a “ Flora of 
North-Kastorn India” of the type of Theodore Cooke’s Flora of 
Bombay . The constant use to which Cooke’s Flora is put by botanists 
on this side of India proves the desirability and urgency of bringing 
out a similar publtc^rtion siealing with the floras of Bengal, Sikkim, 
atid Assam. Teachers of botany in the oolbge.s scattered all over the 
country And it impossible to consult at frequent intervals larger 
©ollefJtions such as those housed in the Herbarium of the Royal Botanic 
Gardens at Sibpur ; moreover, the whole of the flora of this part of 
the country requires to be worked over in detail, before it is possible 
to oonipo.se pocket floras,” which would enable field botanists and 
in general persons who cake an interest in botanical studies lo identify 
wtisfaetoriiy and without undue loss of time any phanerogamic plant 
they may meet in forest or field. 

Many of the 8peoio.s of Graminaceae, being cosmopolitan, form 
excetteiit eubjeots for the study of variations; on the other hand, 
tbdr variability and polymorphism, the great dependence of the mor- 
phological characters on eoologioal conditions, render the establish- 
ment of well-defln^ speoiM, snb'Speoies and varieties, or even genera, 
a matter of considerable and sometimes nearly unsurmoantable diffl- 
oulty. A great deal of work remains yet to be done in that direction 
by work in the field and growth experiments carried out in different 
parts of this country. What is sometimes declared to be ‘‘rioh” 
herlmrinm material turns out on closer examination to be very deft* 
C 13 
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cicnt, <1 fact vvliich is not astonishing considoring tlu* vant oxtont ot 
the area Iivclian botanists have to de il with; and in the study of grasses 
tins area lias to ha oxh^ndod far beyond the limits of Intiia. 

As the Flora of British India is i)raeti<ailly the only work which 
botanists on this side of India are able to u-a* when (mnfroitfed with 
the task of identifying specimens of plianerogams, the terminology 
adopted in this }»aper will b(^ chiefly that nseni in Ihe monumental work 
just referred to. We shall, thertifore. usually use the eombinalion, 
say, Pdspnlum stiwjuiwdo,, in preference to either Dit/ilfinn 
or Panidim san-iuuude. AfkT all, Baspalum, Digitaria, Anasfroplms 
and Panieum are closely related form-eirelos ; and altliough glume I 
of Panieum is often absent in grasses belonging to the Digitnna group 
and nearly always absent in the Paspalutn form-einde, in certain Hiieeies 
of Digitarifi the presence or abscncti of glume 1 appears to f(»lli»w 
no definite ride, and in Paspalum protemum, Trin., a native (d Brit%ii> 
whish in every other reH|>e(!t is a typical Paspahnn, glume I is as well, 
or even better, developed as in many s[>ecies of Digitaria. (Met? fig. 1, 
pi I). The statement " Lower involueral glume absent” I'niinot, there- 
fore, be applied to Paspalutn protenautn, although it is applicable to ttU 
Indian species of that genus, taktm the latter in its restricted sense 

A character which in many cases permits the easy disoriminatiott 
of Paspalum and Digitaria is the 8hn|M* of the spikelet. The sjiikeiets 
are, in a great number of apeiiies of Paspalum, orbicular or broadly 
elliptic, whilst in Digitaria they artr ovnto-or ellip.tic-oblotig to ovnte- 
or elliptic-lanceolate. This diflFerenee, however, is not so well tnarkod 
in those species of Digitaria the length of whose sjiikelets is two railH- 
raeters or less, whilst it is quite evident in apeeies whose splkelets 
measure 2 6 to 3’ 6 millimeters in length. 

The character which for the purposes of discriminating Digitaria 
from Paspalum is more reliable than any other is the nervation of 
glume III, the abaxial or dorsal flowering glume. In typioal species 
of Paspalum, such as Paspalum scrobiculalum, Linn., P. cmjtufaittm, 
Berg., P. compaclum, Roth, and most of the Amorican speelia, the 
intermediate nerves, i.e. the nerves next to the midnerve, aio remote 
from the latter and close to the line of infleoMoti of the marginal parts 
of the glume, leaving comparatively large areas on either sidte erf 
the midnerve free from nervation. As a neoMsary con^oeooe the 
intermediate as well as the lateral nerves exhibit a conwpoadiBg^ 
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jiiarkwi dagiHM; of (‘urvaturf*. In Digitaria, on the contrary, the nerves 
of glume HI are more eciually apactocl, and the intermediate nerves 
an? often quite or nearly jaarallel to the midnerve. (Sec figs. 2 and 3, 
pi. I.) There are eases, iiowever, in winch these distinctions break 
down to a lesser or greater extent. tJa.ses in point arc the. follf)wing 
Indian ('xamjile.s : — 

(u) PASMRfM msTK'tiuM, Linn. 

This speei(?s i.s one of tin? most al)errant of tlm Indian species 
of 1‘aspalum in the narrowesr sense of the term, and the following 
HlatenieutH regarding form and nervation of glume II (the adaxial 
involuera! glume) and glume HI (the ahaxial flowering glume) may 
prove of iut(«r«sst. Th(' midnervi* of glume II may or may not be 
disveloped ; it may reach the tip of the ghime or stop short somowhoro 
half-way up ; it may l»o absent in all the spiUelets of a 8|)ecimen, 
or it may lie d«velo[H)d in the upi»ermost spikolots and absent in the 
lowermost ones, or vice verm. The first ease, that in which glume II 
has no midrierve, has been observed by the writer in specimens from 
Formosa, Borneo, and various placo.s in India ; spooiraens in which 
the midnerv© is develofKtd in the uppermost spikelets and absent in 
the lowermost hail from Singapore and the Sunderbans ; specimens 
with glume II traversed by a midnerve in the lower spikelets and not 
in th® uppormtwt ones are from Pahang, whilst in specimens from 
Karnal in the Panjah the midnervo of glume II is strongly developed 
in both upper and lower spikelets. The length of glume II varies usu- 
ally twtwf^n 3 and 3’fi mm., hut may not exceed 2*7 mm, ; when flattened 
out, its breadth is seen to vary between 2 and 1'8 (sometimes I’O) 
mm, A charactei which apjjears to be tolerably, if not quite constant 
consists in a tiny tuft of hairs at the tip of glume TV, the upper 
chartaoeous or coriaceous flowering glume, (See figs. 4 a- d, pi, 1). 

(6) PASFAttTM IA3NOWIA3RUM, RetZ, 

In herbaria, sijecimens of this species are often found mixed up 
with Pmpalum di^icAum, Linn., P. Bopkmum, Ne^, P. mnguimde, 
Lamk., wid P. pedic^m, Tela., but partlculaaily with P. RoyUmum. 
Prom all these species it can at once be distinguished, and that ab- 
solutely, by the nature of the hairs on glumes II and III, a character 
which, according to Sir Joseph Hooker, was first pointed out to him 
by Dr. Stapf {me Flora of British India, Vol, VII, p. 19 und.er P* 


/ 

:/■- 





198 


PAHI’AI.UM, IXUITAKIA AND ANAHTIil)l>IHJH. 


Roylmnum iind alH<j j). 18 umior hmjifforum) . Tlio*!(‘ hairs an* staterl 
in th« F. B.I. hi ho " vorj slfnidor and as it, won^ crisp or wriiikiod,’ ' 
Tiiey may also ho di!Si;rii>od as knarloti or crinkled. .Sometimes t}n*y 
are straight at the tip, hut very commonly they are hooked after tlie 
fashion of a bishop’s crook. (See iic. 5 a -f.) Tho fact is certainly re- 
markahle that a character of thi.s description, the uscfulnc-ss of which 
to the plant is f.ar from evident, should he so ahs(»lutoly constant over 
an immense area. Glume I is often, hut not at all always, absent 
The length of the spikelots varies from I’.'t to 2-0 mm. 

(ct Pascadum i{<)yi,KANiJ.M, Nee.s. 

Although, in eollectinns, specimens of /*, Jinylmnum and /'. lom/fi- 
florum are mixed up to a considerable extent, tho nature of the* Imijs 
of glumes tl and III allows of their easy and oertnin distmimination, 
and the (juestion whether a specninon belongs to either one or the 
other species— other alternatives being supposed to he exolnded-~oan 
bo settled at once by examining either glume If or glume HI under 
one of the medium powers of a compound microsoope. Fig. <5 shows 
such hairs from glume II of specimens of /^ Riujlmnum from different 
looalitie.s. It will bo noticed that the hairs exhibit a eonHiderable 
amount of variation in length and form They ans always gland* 
tipped, blit the glandular part may bo obovoid with tho upper end 
rounded or depresseil, or It may ho di8tine,tly spindle-shaptNl ; the 
shank of the glanduUferous hair may bt* comparatively short and tho 
gland may be even subsessile, or the shank may be slender and con- 
siderably longer than the glandular liead. These different doseriptions 
of hairs may occur side by side of eimh other. (See fig. fl.) The crown 
of stiff hairs on the pedicels of most form* of P. Hwjlmnnm is another 
oharMtar which In the majority of oases allows of the ready disorimin* 
ation of the species under review from P. longiftmnm. (See fig, 
pi. I } It is, however, not as reliable as the nature of the halm on 
glumes II and III, as already Indicated by Sir Joseph Hooktw in the 
Flora of British India. It is stated there that in African speolmcns 
those hairs are longer than tho spikelots ; this Is, however, never the 
case in Indian specimens; indeed, sm also mentioned by Hooker, In 
oertaitt Ceylon specimens “ the pedicels are hardly setulme.’* It may 
oexjur that a casual observer may be led astray with regard to this point 
by herbarium specimens which are doubtlessly specimens of P. iongt^ 
fktrumot P. pedt'celtere being eneotmousiy named Pa$palum Roylmnum. 
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On the other hand, in certain specimens from the Khasia Hills, Pegu, 
and Singapore which certainly are forms of P. Royleanum the crown of 
setulose hairs is entirely absent, whilst in other specimens it may 
be represented by a single longish bristle, the other hairs being of a 
minute size. In one of these specimens, collected by Ridley near 
Singapore, otherwise hardly separable from P. Royleanum^ not only 
are the pedicels very scantily scabrid and only with a trace of a 
crown of setules, but also glumes II and III are entirely glabrous, 
without a sign of gland-tipped hairs. As regards glume II, it may be 
stated that, in general, it is very short or nearly obsolete in specimens 
from Rajputana, Central and Southern India. In these specimens 
the hairs of glumes II and III are comparatively short and tipped 
with short-obovoid glands ; in certain specimens from other areas 
glume IT is more developed and may even nearly equal glume III in 
length. The spikelets of P. Royleanum are inserted in clusters of 
•three or two, more rarely four, alternately on either side of the dorsal 
ridge of the rhachis ; the lower pedicel is about half a millimeter 
in length, the middle one is about twice as long and the uppermost 
of the three is three or more times the length of the . lowest one. 
In a very large number of specimens the length of the spikelets varies 
between 1*1 and 1*7 mm. Certain specimens, however, named P. 
Royleanum^ and certainly closely related to that species, have spikelets 
2*1 to 2*5 mm, in length; in all these specimens the pedicels are 
crowned with a tuft of bristle-hairs ; the hairs on glumes II and III 
are slender and pass gradually into an oblong-pbovoid gland-like ex- 
pansion bearing a minute conical tip; glume II is well developed^ 
R6 to 2*0 mm. long, narrow-oblong and three-nerved. The distribu- 
tion is rather remarkable : it occurs in Yunnan (Henry's Collection), 
in the Myrung Hills, at Kotagiri in the Nilgiris (Collection Gamble) 
and near Sahebganj in the Rajmahal Hills. In the latter specimen 
glume I is distinct and about 0*1 mm. long. Fig. 8 a-e represents this 
form, which, having been first noticed by the writer on sheets of 
Henry’s Yunnan collection, he proposes to call var. yunnanensis. 
These forms are possibly mutations which have independently origin- 
ated at different centres. 

{d) PASFADtJM TEBNATiTH (Hochstettor), Hook. fib (See figs. 11 a-e 
pi. I.) 

This species seems to be even more closely related to P\ Royleanum y 
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than to P. omhiguum, particularly if the form distinguishwl by tin* 
writer as P. Royloanum var. ymmartm.'tis shoiihl ultimately fxrove to 
be specifically inseparable from P. Hoykanmn. The pedicels am beset 
with stiff hairs, which gather into a crown of sntiilae at the apex ; 
the hairs of glumes II and III gradually widen out into a elavnte 
tip, and the spikolets vary in length between 2 and 2 r> tnilhineters 
The basal spikelcts commonly occur in clusters of thref? with t!i«« 
pedicels 0-5, 10 and i r>, or O fi, 2-0 and Ikumm in length. The wings 
of the rhaohis are as broad as, or narrower than the midrib, 

(e) Pasi>aiu!M PKDtc'KrXAHK, Trinius. 

'['here is usuallj' no groat difficulty in discriminating fcirms belong- 
ing to this species from forms belonging tf» P. liotjlmnum . tlie lengtli 
of the spikelet fluctuating on cither side of I-iimra. within very narrow 
limits. The crown of setulae on the apex of the pedic-els of most 
forms of P. lioyhanum appears to bo never tieveloped in /'. piidialln> f- 
The glandular expansion of the hairs of glumes If and 111 is oblong- 
obovoid or oblong-ellipsoidal, never deprossed ollipsoidal, and the shank 
of the hairs is always considerably longer than theglamlidar tij> Tire 
upt)er spikelcts are always geminate, anti the lower ones oc«3ur in 
clusters of more than two A peculiarity of these olusk'rs oonsfsbi 
in that the pedieols of the single spikolets arise at different levels, as 
will be seen from figs. 9, a-f which are from the district of .Matibhiim; 
in the specimen referred to the inflorescence consisted of twenty-one 
clusters. In a number of measured siiccimens from different localities 
the wings of the pedicels had a width less than half tins width of the 
midrib. 

if) Pa8padu.\i .tubatdm, Grlesbach. 

As the description of this species as given in the Mora of Brltlili 
India is rather scanty, the species is here described somewhat more 
fully, but the advent of more plentiful raataria! of this seemingly 
rather rare specues may cause slight modifications in the final des- 
cription. Rootstock short. Rootlets wiry, issuing from the rootstock 
and the lowermost internodes of the culm Culm single, erect, with 
the inflorescence 60 to 130 cm. in height, near the base about 3 mm 
in thickness, smooth and shining. Internodes 6-1 fi «m. long. Nodes 
constricted, short, brown, glabrous. l.oave8 glabrous. Sheaths m 
long as, or somewhat shorter than, their internodes, with well-marked 
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filiform rib.H, Lis^ulo short, rounded. Blado linear, running out into 
a fine point, 15-40 cm. long, 3 6 inm. wide, with a well-marked 
stout-filiform raidnerve and 3-4 somewhat thinner side-nerves and 
thin intermediates. Pedunede about 2 mm. thiok at its base, 26 to 
above 30 cm. in length. Main rhachis 4- or O-angular in cross-section, 
ending in a terminal raceme and giving off at intervals of 15 to 6 mm. 
five to seven lateral subereot racemes of various lengths, the longest 
about 20 em., the basal ones being sometimes no more than 1 cm. 
The rhaeliis of tlie racemes -t- sinuous, about 0‘.3 mm. in width with 
a dorsnlly fiattish, ventrally sharp midrib and very narrow, minutely 
sesabrid wings. S{)ik<dets in dnsters of five to two, mostly arising 
at about the same level, arranged alternately along the midrib of the 
rhnohis, I'B PH mm. long, O’O 0 8 mm. in width, lancoolate-ol)long, 
very sharply aeuminate, pale eoloure.d or dark-purple ; pedicels of low- 
est spikelots about 0-5 mm. long, of the higher ones -fc sinuous and 
increaaing to 3 4 mm. in length (llumc I absent. Glume II thin- 
membranous, convex, elliptlo, 3-n(:rved, dorsally minutely and softly 
pubftaeont. Glume IV thin-membranous, flat, 6-norved, dorsally mi- 
nutely pubescent, intermediate ones straight and parallel. ' Hairs of 
glumes If and fll of unequal lengths, usually gradually widened into 
a slender obovoid head. Glume III cartilaginous, lanceolate-oblong, 
acute, dorsally convex, striolate, brown, about P5 mm. long, margins 
incurved, flaps paler coloured, thesir edges meeting. Palea of glume 
IV P2 mm. long ovate, acute, back chartaceous, margins Incurved, 
thinner, gaping. The material available is not suffloient to give a 
detailed description of stamens, pistil and grain. For cluster of spike- 
lets and hairs from glumes It and III of Paapalum juhatum see figs. 
10 a-b. 

(0) Paspadum SANatriNAiiB, Lamk. {’^Digitaria mnguimlis, Boo- 
poli, -w Panieum sanguinak, Linn.). 

Although the nine varieties distinguished in tho Flora of British 
India are oonneotal by intermediate forms, some of which may ulti- 
mately prove to be hybrids, it is nevertheless possible to separate 
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able ease: (1) subsp. /■’. ememf Mm (Noes/ ; (2) Kubnp. /'. coinmiitaium 
(Nees) ; (2) subs]). P. extmsnm (Nees) ; (4) P. cilmn- (Ret/..); (5) /’. 
enrymbosum (lioxb.); {(>) P. jiabulara (Aiteh, and ilemsl.). 

(1) Faspalom chuciatom. 

It is, as a rule, quite easy to distinguish this snlmpeeies from 
commutatum (Md other subspecies by the ovoid or oblotig-ovoid. sul)- 
abruptly and shortly acuminate spikelets and more part ieularly by the 
sliape of glume II, which when flattened out is seen tc» Ins broadly 
ovate, rather obtuse, 3-nervpd and 1-1-5 mm. long. {Hee figs. 12 a-f 
pi. n.) The gram is rather squat, and its sliapu may have first in* 
duoed the Khasias to take it in cultivation. The writer has little 
doubt about the plant cultivated in the Khasia Hills being derived froin 
P. cruciatum and not from P. ammuiahim, although with regartl to the 
form cultivated in Sylhet its derivation from P. ermiatiim is more 
doubtful. The cultivated form is stouter and taller than the forma 
growing wild all along the Himalaya from Gilgit to Bhutan extending 
into the Assam Hills and probably farther oast. Besides the forma 
eulta and the forma typica we may notice a form with hirsute leaf* 
sheaths from Lachung (forma lachungenm) and a form from tlio Kdioaia 
Hills (forma setulosa) whitsh has the squat shapo and tho subabruptiy 
cuspidate glume IV of forma typica, but in which glume IJ is oblong and 
glume ITI bears a row of bristle-hairs along the intermediate nerve# 
and has a densely ciliate margin, thus being to a certain extent in- 
termediate between subsp. P. cruciatum and subsp. P. ciliare. (See 
figs. 13 a~r.) 

(2) and (3) Subsp. PASPAUXia commuxatum (•» Digitarim ammutatu) 
and Subsp. Paspaldm BxrKUSbM, Nees. (S(h» figs. 1 1 ami IS.) 

It is sometimes quite impossible to decide whether a certain sfwc- 
imen should be assigned to Paepalum commutatum or te PmpaUm 
exteusum, but as in other oases the disorimination can be effect'd with 
comparative ease, the writer proposes to keep the two foria-oirolM 
apart, at least for the present, basing the distinction on the adaxiat 
involuoral glume (glume 11), which in subsp. F. commukUum is I ‘8 
to 2-8 mm. long, aixd in most oases f to f (rarely only i) the length 
of glume IV, whilst in subsp. F. externum, glume (1 is usually 0*6 to 
1*2 mm. long and less than | the length of glume IV, being in rM«r 
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iiistaiieijH ri<'arl.y A Mtvidy of the variation in the absolute 

iuid relative length in otherwise t^ypical specimens of snbsp. P ciliare 
haH convinced tlu; writei that the separation of P. commulaium and 
/'. I'xlensum as subspeebs is really artificial and can ho defended only 
on grounds of (^':p<•duiney. Tn this eonneotion arises also the question 
of the posidoti of var. Rotllm and var. debilc, of tluf Flora of British 
India. .As regards Digitirin dtbilis (sec figs. 1(5 a, h, pi. 11) whichin its 
typical form hails from the Mediterranean Eegion. we may accept Par- 
latorci’s (iefinitiori : Digitaria spieis aubdigitis, filiformihus, subquinis, 
spbulis (-bkmgo-laneeolati.s, glntna inferiore nulla, superiore flosculoa 
KWpPxnnU paleaqiie llo.senli ncutri cnspitatiB, Hiil)Heptemncrvibus,puher- 
ulis , vaginis folioriitn inferiorum villosis.” I’arlatore adds; " Questa 
speeie per rnatican'/.a della gluma inferiore o per lo svnluppo inaggiore 
della superiore avvicina la Digitaria ad I’aspalum.” We may there- 
fore asmiints that the character distinguishing the true Digitaria delilia 
from allied ianw of Pmpalum, sanguimh lies in the adaxial involucral 
glume exceeding in length the flowering glumes. >1. W. Bews also in 
his interrupting treatise on “ The grasses and grasH lands of South 
Africa” (lyiS) distinguishes Digitaria debilis from D. sanguinaKs by 
the former having the upper glume (our glume 11) long-acuminate, 
exceeding the upper valve (our glume TV), and the latter {D. aangmna- 
H$) having tHe npt»er glumo shorter than the upper valve. Tn the 
rmaierous speciinons from Ceylon, the Andamans, Nicobars, Bengal, 
Burma, the Malay Ponimnla, Java and Celebes in the Sibpur Iler- 
bariuni and named var. debilis, in many instances on the authority 
of Sir J D. Hooker, the length of glume fl varies between 1 and 2 
ram,, whilst that of ghirae IV varies between and nearly 3 mm., 
that k to say, ghirae II is alwayw shorter than glume IV. The 
writer is, therefore, of opinion that var. debilia of the Flora of British 
India is not idehtioal with the jPaapaium debih of Poiret or the Digi- 
taria drbilis of Parlatorts. The Eastern form is evidently, as already 
hinted in the Flora of British India, nothing but a soil-variety, in 
rat»t cases firohably of P. eomm%t(Xium, in other cases of P, ciliare. 
A« regards var. prurieiM, the F.B.f. states that glum© 1 (our gl. II) 
is nearly as long as glume III (our glum© IV), The writer is not able 
to confirm this stateraont, as in all the specimens marked mr. prunens 
in the Herbarium of theSibpur Botanical Gardens glume II is distinctly 
shorter than glume IV, the specimens, as a matter of fact, diflering 
C H 
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in no resjKict from what we regard as HuhHp. P..p.xt('nHutn. Miquei 
also in hi.H Flora fndiae Batavao says of /'. prurirm lliat ‘‘ gluinn hujh*- 
rior parva Hpiculao J aecjuanH,” whil.-it in hia mtr. Arnoilinnn giuiae II 
i'i said to reach half the length of the Hpikehd.. Pufipalum pnaien/t 
and Paspalum extensum have tliendore (o be mio's'od into a single 
subspecies ; P. pmriens cannot (wen be eonsidercil a separate variety 
and has to disappear from Indian “ floras.” 

var. Hottlcri , which is stated in tlu^ F.B.l. to a rlwarf form 
of var. r.ommntala, is related to P. fxlrnMtim ns var. “flebile” is related 
to /'. cormnutatum. {Se(! lig.s. ! 7 a- c. ) I n other words var. Rotllvri and 
var. “dehile”, are soil-varieties of subsp. P. (.rtensmn ami subsp, 
commuiatum respectively. In this view wo are confirmed by a study of 
the soil-forms of subsp. P. f-iliare, the otherwise typical forms of which 
exhibit a similar variability when growing in diflcrent localities or on 
different soils in the same locality. Tin* character relied on in the RB.l . 
as distinctive of var. Roitleri, namely that tlie rhachis of the spike 
is “ stouter broadtir green, tins wings two or three times Irroatlcr than 
tlie midrib” is not constant, and the wings may hu only I to l| 
times as broad as the midrilr. As a matter of fiu;t, var. Rotlkri is 
not at all as oornraon as suggested in the F.B.l. It is best to restrict 
the name to the soil-forms in which glume II Is thin-membranous, 
ovate or ovate-oblong, usually finely .'{-nerved, sometimes faintly !- 
nerved or even nerveless, commonly ()-8-M mm. long and about half 
as broad, rarely glabrous, usually clliate with the hairs sometimes as 
much as I mm. long. The name var. p$eudodi’bUi» may be assigned 
to the small soil-form of P. commuialum, the var. debik of the F. B. 1, 
in which glnme II is ovate- or triangular-lanceolate, aomotimes ovate- 
oblong, snbacute, 1-2 mm. long, as broad, .‘l-nerved with the 

lateral nerves, as a rule, gradually oonverging from base to ajwx, mar- 
gin adpteaaedly or villously ciliate, back usually pubescent between me- 
dian and lateral nerves. 

The following are the looalitios at which the specimens examined 
by the writer have been gathered ; the subspecies and varieties am 
taken in the sense indicated above. 

Kmmm Valley (Aifeehisoa), Lfthoul (StoMeEtoK llii* 

i^lr (Bftiiii*), Pmgi (Lgm), Bimh (Qmmbk)^ lfti»wrfe ftudl.Bttlim Diiii {Eliig}, 

mmd Wl»l»b0il0«a), Mep&l (WaIL (M. umi mkkm |*l, iX iimkm, 
€. SWI|» 
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Cat. siiH.'i, I'ari.ili, Kiirz), Coiinbatoro (1«. Schmid), Kodai Kanal (Sauliftres), Naduvatam 

f»,0ri0'' { Bf>iirn«*), ( 'hota N’agpiir (Wood). 

cammutfitnm^ var. pmmdodeMlw : — 

Bengal (viirioiw ooiloctoia), Burma (Kur/.), Groat Coco (Brain), Malay Peninsula 
IviirioiH collootors), AndamariH and Kicohars (Kur/), Hoylon (Thwaifces), Java, Celebes. 

P, ££tf'mH.m Pjputim t ■— 

Itihai- (Coll.), Rajmahal Hills (Ktir/,) ; Hnnsal (Coll.), Hill Tippsra (Debbarmati), 
Caidia.- (C. H. Clarke), Assam (Mann, Coll.), Jnintia Hills (Maun) ; Burma (Kurz), Malay 
I’oninHiila (Coll.), Baocadivo Islands (rnvodd'jiator), ,Tava, Borneo, S. India (Wight, 
Hourni'. SaiiliAros) Cochin (Moobohl). 

P. KUtnuum vnr. Rottleri : — 

Sikkim (Kiirz, C. ii. Clarlto), Bihar (Coll.), Hcmgal (Coll.), Burma (Kurz), Great Coco 
n'rnin), S. India (Hoyno). 

(4) Suhsji. l^tHPAi.UM ciidARH. (See figs. 18 a, ft.) 

The results of a (lef ailofl investigation into the form-circle of P. 
ciliare will not bo rea ly for publication till the end of the rainy season 
of 1921, as those invo.stigations involve growth experiments by which 
alono a nnmhor of problems can bo elucidated and doubtful points 
elearefl up. For the presmit the writer is constrained to confine him- 
self to the following remarks : 

The best- distinguishing character of this form-circle is the in- 
dumentum of glume III (the abaxial flowering glume) of the pedicelled 
spikelet as it appears at a later stage, especially in fruiting specimens. 
The marginal strip.s are besot with a dense fringe of rather soft hairs, 
tho upper part of which is incurved and in the dry state interwoven 
into a kind of rim, which on cursory examination may be mistaken for 
a marginal nerve and which is commonly strengthened by bristle- 
hairs. The intermediate nerves are strongly developed, and disposed 
along them is a similar dense fringe of upward-turned softish hairs 
intermixed with bristle-like hairs. Tho bristle-hairs may reach a length 
of 1 5 mm., but arc usually 1 mm. or slightly less in length. In the 
sessile or Hubsos.silo spikclets a well -developed fringe of hairs along the 
intermediate nerves as well as bristle-hairs are not uncommonly en- 
tirely absent. It does happen that, as the grains of the pedicelled 
spikelets ripen sometime before those of the sessile ones and fall off 
before the latter are nearly mature, the specimens are often erroneously 
ascribed to P. commutalum or P. extensum, or even P. Boltleri or P. 
ddfik. On oarefal scrutiny of the sheets it is often possible to spot 
some stray stalked spikelets, when the true relationship of the speoi- 
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men BtanclH revc*alc‘d. In other caneH it may 'hr^ practically 
to asHicri Hp(»cimi*nH to their |>rofH*r [>hi.ec% all the pedieellccl Hpik«*1ei« 
tiavin^^ been lost. Unfortunately* the brinflediairs ,whicli itr^* ela^ 
actcrintic of many formn of HuhB|K P, cUiare occur in rariA iriBliiiiccii 
ill other Hub^peeioB, Hueh iib P, cruciaium. Ilir* Bjiceiineirs from tin* 
Nicoharft rc^ferred to in flu* F. Ibl. an he!on|i:ing ia rar, 4thih> nre 
cAidently .soil-formn (»f tin* true Hnhnp. /^ riUari\ The Bfntcmcrif flint 
**var\ ciliarc'’ has fiAV (2--6) spiki’s in nri infiorcHcencc is c'i'a^<‘rally 
c.on’C(d, hut tin* writer has met 'vigoroiis specninenH of iiiifliiubteil 
/^ e.iliare Avith as many ns fourteen sjiikes. {('’om|iarc 17)* 

(5) Kuhsp. pASFAraiM iMinjLAUi*: Pankttni puhfiifire nf AHiM- 

non and H,emBk*y) is Bufiicieritly distiiiet to l>e riiised to I lie dlgiiily 
of A Biibspeeies. Notliing need he adefed liere to the dcBmipticiit *giv«ii 
by Aiii^hiKon and Hemsley in the* Journal of the IJnneiiri »^*rirdety, VfiL 
XIX, p. 1 9th figs. 19 a e ) 

(H) Siibs}), PAHi»ALrT5i eoity MHOS ten (or I^tgrUoin {He© 

figs. 20.1 

Tlu^ writ>cr lilts litth* dfnrbt about this form, wliieli is referreil to 
in the Flora of i.lritish India as mr, being ideiii:eiil witli 

lio%burghV Panimm mrymbomim , wliieti is doiibtliilly riterred to Pm§* 
palum. BfinguhHik in the F.BJ. wlifitfHa:*r the name beslowed on lliin 
forrii-cireh*-, it is CH*rtiiiiiIy furthest reino?ecl from tlic* typicnil PmimJmm 
mngtfinnUi mul when a more plentifw! ttniferiiil will be iiviiiliible Avill prio 
tnibly have to hr* raised to the dignity of ii sfieeies of t!ii‘ fimt onler. 

The following is a full deseripiioii of the sntispeeies m known to 
thi3 writer . • 

Meeliit 0 t*ic iOsit, ihf'irl* hrtitwhrnm litleritl wml 

rtmimg al llic mmhm^ flnmily iiiicfjnditig. t4*riaif, 

la teagiti* 2-4 miti, tlik»k n«»ar tte haiii* pate-eolniirisi* ftfiittelli. rtfiifitrirl*^i* 

lateraectei (III# rnk-lcll© ifum) 4-12 ein. Iisig, lower ©««*« Htiriitlw m 

lofi^ mof itlKirUir llittti thmr lat^rriiMlci, tbe rihi* ©itiwr w|ii«|ly ^trei’g «if nfiiiit 

mf ril) allifrriAtJrig witii fclirt# flaaratitiSj gkUraiii ± AcaftiUy fifopkl willi biitt#4«is<‘#M| 
ligiiki ctc»r»Fieiiawi* tm»i4%‘©r«ly abbirsgt inni»wl»l »n«l rmi*# fim iipp^r 

ia»fgia, f"'S rnria lang; blaila rmiiiiksl at the iiie’« ullttt# 

frifco m dintlaet ptAbl#* wblrlt m»f m miic'li m i H rtii, haig * hliwitt 
Iftf# Ml mutm of iiitonnodiftto kavta long, 12-211 tiawn wiilii 

gimbfmm or ± dl«fti®iy bwal m botli iurfacei wltli »hm4m tiiiiiwi 

■fluMrlb »lmrf ly i«flaiid oa bofch riflifc mmt I# I 

both mtniia# and surface mbrid, Fi^wieli «teati#f, 0uhrmm^ 0i rm, feng, fir 
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fiorescenco eorymboae, eon»i8fcing of 6 to 15 Himple or compound racemes, the lowest ones 
verticillat©, the upper suboppoalto and alternate. Main rhachis trigonous or rectangular 
in crotg-ioction BaeemcH slender, strict or flaccid, divergent or drooping, longest 10-“15 
cm., aom© of the basal ones often only 1-2 cm. long. Spikelota in pairs, one very shortly 
the othr»r lon4“p *dicellod. Rhaehis of raceme narrow, 0’3-*0*h mm, wide; midrib tri- 
gonous with a nearly obsolete c rest ; wings l“2*norvod, minutely soabrid- toothed, breadth 
of wings loss tlian the breadth of the midrib, usually about half as l)road Intornodes 
of rhaehis about as long aji the stalked spikelots including the stalk. Pedicels of .'■italkod 
rtpikeleta 2-3 rnrn., of suhsesHil© ones ()*3”-0*5 mm. Pedicellod spikelets 2‘5«”3*5 mm. long, 
about I a« broad, ovate lanoeolate, short-acuminato. Glume 1 minute, ovate, obtuse, 
nervelesi Glume 11 ovate — or olliptic-oblong or ovato-lanceolate, acute or obtuse, 3- 
nerved wjfcli thicker intermediate and marginal strips, often suffused with purple, 
margin a<lpro8sed soft-ciliate, dorsally intra-rnarginally softly adprossed-hairy. Glume HI 
ovate*oblong or l»roa(l-larn;eolate, acute or subacuminate, 5- (or 7-) nerved, 2'5-3‘2 mm. 
long l-J as broad ; margin either scantily or densely and softly adpresHed-eiliato, or 
more randy beset with «<>ft, ultimately spreading, up to I rnm. long hairs; dorsal aur- 
faco either glabrous or softly, adpreSHodiy pubescent between the nerves, or more rarely 
denioly villous along the lateral nerves; hairs often purplish. Glume IV ahartaceous, 
colourless, lanceolate, acuminate, 2’4-2’8 mm, long, slightly shorter than glume HI, mar- 
gins incurvod , flaps nearly touching. Palea of gl. IV chartaceous, somewhat shorter, 
than its glume, lancaolato, acuminate, flaps slightly gaping. SubsesHilo spikelets similar 
but somewhat less hairy. Stamens 3; anthers linear, rather more than 1 mm. long. 

Two varietioa may at present be distinguished ; — 
mr. Thwaitesii sheaths and blades of leaves beset with bulb- 
based hairs; glume [It of pedioelled spikelet densely long-oiliate and 
dorsally villous along the intraraarginal strips, the hairs ultimately 
spreading (but not mixed with bristle-hairs (Thwaites C. P. 3800). 

var. Grifl^thii, sheaths and blades of leaves glabrous or nearly 
so ; glume III of stalked spikelets softly adpressedly oiliate and dor- 
sally adpressed-pubesoent (S. India), 

An interesting feature, easily overlooked and owing to its minute- 
ness rather difficult to examine is the palea of glume III (the abaxial 
flowering glume) of the forms of P. sanguinale. The writer has made 
a detailed study of this palea in the various forms of Paspalum sangui- 
nale with a view to discovering whether this feature can be used as a 
discriminative character, but with negative results. The palea referred 
to is usually O' 16 to 0'3 mm. high, consists except at its base of one 
layer of cells, is broad ovate, short-oblong, square, or transvereely 
oblong In outline, with the marginal and submai^inal cells free at 
their upper end, elliptic oblong, pointed, and demely fllled with proto- 
plasmic oontente. In rare instances the marginal cells elongate into 
hair-like excrescences, Fig. 21 exlublts various forms of this palea 
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from difI(»ront localitica. Tho roaJ purpose served by this paleji conati- 
tutoH an intercHtinfj problem. (See figs. 23, a /.) 

Pahi’alum ambkjuum, DC. 

It ia a remarkable fact that the fferbarium of the Royal Botanio 
(j!arden.H at Sibpur posHcsHen no Hpeciinen of this .speeie.s, whicdi is stated 
in the F.B.I. to oe<’ur in Kashmir, Western Tibet mui about Simla. 
An enrjuiry made at the Dehra Dun Forest School to vvhieh the Saharan 
pur Herbarium lias been transferred, elieited the re{»ly tlial no specimen 
of /’. arnhiijuum can bo found there. Collett in the Flora Simlensis 
remarks that the sjiecies occurs at Simla and other parts of the Western 
Himalaya at attitudes between 5,000 and 10,000 feet. 

The specimens marked I*, ambiguum in the Sibpur Herbarium are 
all undoubted forms of /'. mnguinah\ chiefly Buhnp. crwinltim. I*, 
ambiguum is easily discriminated from Bmt'jninah, (mm fig. 21, n, b). 
The Sytithmsma glabrum of Se.hriwier is a form of /', »angu.inah and 
not of P. ambiguum, as suggested in the F.B.I. Perhap.s some one 
interested in tlu* botany of the North-west Himalaya will look into this 
matter and be good enough to present the Royal Botanic Gardens • ; 
Hibpur, and the Botanical Department of the University College of 
Ht!i©nee, Baliganj , Oaleutta, with some speeimens of this interesting grass 

! 

ANASTRomnm. ; 

(Bee figs 22 « — d). | 

The genus Anastrophus was founchai Ijy Hchlecittencltd in I H5n, and “ 
based on those species, up to then a^ciabai with Faspaliim, in whieh i 
the lowest glume, that corresponding to glume II of Fanhium is aha*i | 
al instead of being adaxial as it ia in Panioum, Digitaria, and tho typical ; 
Faspaium. Hackel, in Kngler and Frantl’s Pflanxenfamilien, maJem I 
.Ahnastmphus his section III of Faspaium, with most apoeios of which It 
agrees in the absence of glume I of Fanioum, Hehleehtcndal made 
Pmpalum barbatum, P. comprmaum, P. diesitifforum^ t*. n^mMaulhum, 
P. peetinatum, P. pellUum, P. ptcUgcauk, P. plaiyeultm, P. jmhhaP 
lum and P. aelifoUum, in^t of them Brazilian species, into a separate 
genus, which he called Anastropbus in consideration of the fact that 
the position of the epikelets with reference to the rhachis is the revetae 
df that observed in Paspalnm and Digitaria. Regarding the type of 
nervatbn of the lower glumes, most of the aitmim of Anastrophus 
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are more closely allied to Paspalum proper, whilst others, such as 
the Brazilian A . harbaim remind one of Digitaria. It appears to the 
writer advisable to follow Schlechtendal and uphold Anastrophus as 
a separate genus and not only as a section of Paspalum ; this proce- 
dure becomes imperative, if we attribute generic rank to Digitaria. 

Anastrophus Compbjessus (Rasp.) Schlecht. 

During the rainy season of 1919 Mr. P. Mukherji, formerly Profes- 
sor of Chemistry at Presidency College, Calcutta, discovered within the 
grounds of his residence at Baliganj, a species of Graminaceae, which 
proved unidentifiable by the P.B.I. 

Its characters, as far as they can bo ascertained by the aid of the 
somewhat scanty material at present available , are as follows ; — 

Lower part of stem creeping, (’aims erect or the lateral ones 
ascending, up to 70 cm, long including the inflorescence, slender. 
Leaves crowded near the base of the culm ; sheath loosely enveloping 
the culm, usually coloured ± purple, slightly ciliate towards the mouth ; 
ligule of even width, about lb 75 min., blade longer than the sheath, 
linear, up to 30 cm, long, 0 8 cm and les.s broad, acute, light-green, 
short oilioate, midnerve not stronger than the side-nerves. Peduncle 
very slender, glabrous, Inflorescence of two to five spikes, the two upper- 
most germinate, the lower ones, when present, at some distance from 
the terminal pair. Spikes very slender, up to 13 cm. long. Raohis 
narrow, flexuous, wings green, about the width of the pale midrib. 
Spikelets sessile, strictly single, alternate, each one reaching slightly 
beyond the base of the next higher one — alternating with it, flat dor- 
sally, convex ventrally, oblong-lanceolate, acute, 3 mm. or somewhat 
1 ms long ; basal callus not prominent. Lowest glume (glume II of 
Panioum) abaxial, rather flat, lanooolate-oblong, 2-7 X 1'2 mm., mem- 
branous, 6-norved, middle nerve sometimes not reaching the tip of 
the glume, nerves well defined, green, intermediate spaces hyaline, a 
narrow dorsal strip of hairs between the median and intermediate 
nerves, a similar strip between the intermediate and submarginal 
nerves, margin adpressed ciliate ; hairs slender and soft, rather blunt, 
not knarled, nor glanduliferous. Next highest glume similar, but convex, 
margin inflexed. Third glume ohartaceous, ultimately ± ooriaceous, 
elliptic-oblong, about 2 mm, long, with a tuft of minute hairs at the 
apex. Lodicules two, obovate, bifid. Stamens 3 ; anthers Unear-ob 
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long ; thc?(mc‘ linc^ar, piirf)lo, Heparate at ha«o and ape.x. (Jmifi ulilnrig- 
ellipHoidal, of tlia length of the palcm. 

Since the alcove wan written, tlte writer han o!)«ervt‘(l tlie Haine 
specicB growing in varioiiH other plnn-^H, and further Btudy Iiiim eon* 
vinced him that it is not a new speeieB, as at first .*oiiJertiirefi, but 
identical with Anmtrophm compre^mta, Hcdilccdit , speciiriinw of wliicli 
from lajuisiana are in t-he Herbarium of the Hoya! Botanic Ciiirderw, 
Bibpur. According to the Index Kewenajs AnmiraphuM fmapTimiiM is 
Anaairophm plaljirauliH ^ Pafipalum platymule Poir. 

A nastraphm amipresmH^ like a number of other iiiirriigrniil Ariieri- 
can specifvB. appears to flourish in Bangui and threatens to rftplaee ia- 
digenouH species of Gramiriaceae wherever if obtains ii fnoilioki it is 
spreading rapidly in the Hibpur Botanical (birdens, and the writer hi* 
oliserved it growing on the Baliganj Mii-idan, in the groiiricii of fie 
Biological Laboratory and in other loealiticis soutli of C'lileiiita A 
further communication on the speciee will be puhlislied elsinvlere. 

The writer entirely «har(*H the views of Sir J'oseph Hooker and Dr* 
Stapf as to the* wide range of many of the species of tlie ordir of 
Graminaoeae* 



EXPLANATION OF FKKJEKS. 

Platk I. 

IlluHtratiiig tho pa|H‘r()ii Pa’^pahim, i.)igifcariii iincl AiiiiHirfjpliiJff, 

Fig. 1. — 8pikf*ltjt of l^anjnlum protmnun, Triii. 

Fig. 2.“-Narvation of gl. Ill of a typiciil 

Fig. .1,— Nervation of gl. Ill of a typicml Digitiiria. 

Fig. 4.,—Paspalum disticJmm gl. II: from Bornan ; 4i. frotii ii|i|iNir 

Bpikelet, bfi. from lower npikelet, HitnclorlMum ; ra. from upper 
npikolet, from lowt^r npikeiet. Piihiitig ; d, friiiii tipjw?r ami 
lower Hpikalot, KarnaL 

Fig. 5,— Hairs from gl. li and HI of fbisfMdmn lmi.gifif^rmm : froiii^ 

a. Aligarh; b, and c. Dthnigarh ; d. Madras Pwtaidietiey; «. Mar* 
oondam; /. Wall. (M H752e. 

Fig. 6. Hairs from gl. Ill of Pmpalum Haghirnmn. 

Fig. 7,— Crown of hairs on peclitjel of P. Hoplmn-mm : from* PcMm». ; 

b. Andiil ; c, Rajmahal Hills ; if. CJoyltiii. 

Fig, H,~Pmpalum Iloykanum, var. pwnmmjmm : frnrii funmm: 

a hair from gl. Ill; 6. gl. II; e. gi HI ; iiiid from llit 
Nilgiris ; d. gl. II ; €. hair from gl. HI. 

Fig. cdiistars of spikelets of Pmpalum pediedlmm : lowiist tiraiieiiiti 

of inflorescenoo, b, e, d* «, second, tliircl, foiirli attd fiflh lower 
bmnchlefcs ; /. third npperaiost of thii twiiiifcy-onif l>ra»elJft|«. 

Fig, 10.— elmters of spikeleti of FmfMlnm pshmium : b, liairi froiii. gL II,- 
and III of Pmpalum jubaimm. 

Fig. li.—Pmpalmm krnaium, from Abys&iiik : «fi. pair of -k 

oliisterof three spikelefca ; c. gl II ; 4 gL HI ; i. hair f»« gl~ IH^ 





Plate II. 


Fig. 12. — Paspalum ormialum, forma typica : a-d, gl. II ; from, a, and 
h, Dalhousie ; c. Kurrum Valley ; d, Khasia, cultivated ; e. gl. IV, 
ventral view, from Maflong; /. ditto from Jaunsar. 

Fig I *d.—Paspalum cruciatum, var. setulosa, from Shillong : a, gl. II ; 
h. gl III ; c. gl. IV. 

ITig. l4.~Paspalum commutatum : gl. II : a Baidyanath ; h, Cudapa ; c. Af- 
ghanistan. 

Pig. l5.~Paspalumextensum : gill: a. Mt. Abu; 6. Gauhati ; c.Garo Hills; 
d. Lower Bengal ; e. Southern Burma. 

Pig. 16. — PaspaJum commutatum, var pseudodehilis : gl. II : from, a, Java; 

b. Burma. 

Pig. 17. — Paspalum extensum, var. Rottleri : gl. II : from, a. Penang ; b, Sib- 
pur ; c. Bengal. 

Pig. 18.—Paspalum ciliare : gl. Ill, dorsal view, from, a. Baliganj ; h. Ranchi. 
Fig,ld.—ar-c,Paspalum pabulare: gl. II : from three localities, N.-W. 
Frontier. 

Pig. 20. — Paspalum corymhosum: gl. III. 

Pig. 21; — Paspalum ambiguum, from W. Europe: a. gl. II; h. gl. III. 

Fig. 22. — Anastrophus compressus, from Baliganj ; a, gl. II ; 6. gl. Ill ; 

c. gl. IV ; d. floral diagram. 

Pig. 23. — Palea of gl III of different forms of Paspalum Sanguinale, from, 
a, Palni Hills (extensum) ; 6. Mt. Abu ; c. Khybar Pass {pabalare) ; 

d. Mussoorie (commutatum ) ; e. Almora (ciliare ) ; /. Lachung (cru- 
ciatum). • 







BEHAYIOUR OF PHENYLDITHIOOARBAZINIO ACID 
TOWARDS VARIOUS TRIHALOGENATED 
COMPOUNDS. 

Praphulla Chandra Guha, M.So., 

Sir Tarahnath Palit Research Scholar, 

Potassium phenyldithiooarbazinate was first desoribed by E. Pischer 
in 1878.* Subsequently^ it was employed in the synthesis of some 
diazole derivatives by Max Busch, by the action of carbon bisul- 
phide, carbonyl chloride, aldehydes, ketones and acid chlorides, etc.f 
Later on, by condensing it with thiocarbimide, the same author, 
jointly with E. Wolpert prepared trizole thiols and also thiodiazole 
thiols simple by changing the condition of the experiment. $ In a 
series of papers by Max Busch and his co-workers § numerous 
interesting examples of geometrical isomerism have been brought 
to light in the dialkyl and aryl-alkyl ethers of phenyldithiocarba- 
zinic acid which has been assumed to react by tautomeric change 
in the dithiol form PhNHN : C(SH).^. The formation of these isomers 
depends mainly upon the order in which the two alkyl groups are 
introduced. But, at the same time, cases have been cited in which 
both the isomers are formed together in one and the same operation, 
irrespective of the order of introduction of the dijSEerent alkyl or aryl 
groups and there are a few instances which preclude the possibility of 
any strict general rule being framed as to the direction in which 
the reaction should proceed. To explain the formation of the diazole 
derivatives and the dialkyl ethers as mentioned above, phenyldithiocar- 
bazinic acid and its potassium salt have been assumed to react in the 
dithiol form : G(SH);^. ^ 

The preset investigation was undertaken with a view to study the 
combination of two or more of ^ the above inentioned reactions in 

Ann , 190, 114. f J. pr, Ghem., 60, 2S[1S98]. t Ber.,B4, ^04 [1901J. 

§ Max Busch and Brngenbrink Ber,, 3$, 2820; (X ’pr, Ohem,, 61, 336), Max Busch 
(Ber. 34, 1119), Max Busch and Hermann |E«J* Ohem., 84, 293), Max Busch 

pr, Gh6m^,93,25). • , ' 
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erne operation, (vi7. tin* action of halogeoB on the oiia liiiiifi and groiipn 
like OHO, COOIf', (JOOEt, NO,, etc., on the other. wim exj>f*et.f‘fl^ 
in almoHt all the reactions, a mixture of «evernl coiri|ioiiiiclH in Piiiiiii' 
taneously formed and in c,ine inHtam^e dintiiiet conijMiiiridw of icleii- 
tical composition have actually l^een ol)tairic*d. In a few ciiHeH, clifler- 

compounds formed in thc^ sanu^ reaction }ia?€! heeii iftolntech f«it in 
such poor yield tluit they could neither be analysed !K»r tlieir properties 
propcwly 8tudi<al. 

"rhe most intc^renting and notable raftetion has hreti fotitirl to lake 
|)Iace with chloral liydrate whicli prf:»seritB the aldeliycio group ai alwi 
the thrao chlorine atoms to take active part in the coiirse of lie 
react ion. 

The course of the reaction may l>c ex plained in ill© foilfiwiiig twi>^ 
ways 

Firstly, by assuming that phanylditliicicarlm^if-iic iioiil acts by 
tomerisation in the dithiol form. 


K S 


C =N.HHPh 


\ 


S H 


CtjCCt CHiOH)2~J%* ^ 

,SH 1 

K S 


•C: N.NHPh 
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I 

cct- 

i 
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■C^^N.NHPh 3 C^N.NHPh 

^8 I ys 

>C*.N.NHPh S C:N.NHPh 


-C:N.MHPh 
>S 

>S 

;N.MHPh 


Here both of th<^ Htiiphur atoniH of the dithiocarboxyl group form 

members of the ring. 

Secondly, without the asBamption of the tautomifric formuk, 
thus ! — 


K S- 


K. S — 


■c^ 

■HCC0H)2 -|& cct 
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/ 

■CH 
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;N,NHP^ 


NHPh 
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N.NHPh 


(8) 


.NHPh 


Here one atom of eulphur and one atom of nitrogen of phetiyldithiooftr' 
bazinic acid are two membera of one half of the oondeni^ ring- 
ekeleton. 
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Exactly wimilar condensed heterocyclic ring compoundR have been 
obtained in tlie ccise of Ammonium phenyldithiocarbamato and atnmo- 
ninra <iithioearbaraate. 


s— 

— c:NPh 

s- 

—cs s- 

C:NH 

1 

S s 

1 

^NPh 1 

)s 

c= 

= c or 

I 

0= 

=.c aticf c= 

=c 

1 

>S 

1 

^NPh I 

>s 

s- 

C'.NPh 

s~ 

— cs s- 

C:nh 


(A) 


(b') 

(A) 



As will he noticed the final products obtaincid from phenyldithio- 
earbazinic acid and |)honyldithiocarbamie ae.id do not poBReas any real 
or potential moreaptanic group, to rtmder them soluble in alkali, no 
matter whi(?h of the above two formulae A or B ia taken into consider- 
ation, Bub, in the ease of the simple dithiotuirbamio acid, the final 
product if explained in the light of the formula B ", possosaea a poten- 
tial morcaptanio group ; and in reality, it ia soluble in alkali and can be 
precipitated by acid. So, in the opinion of the author it is more expe- 
dient bo adopt the formulae B, B ', B". 

For analogous behaviour of chloral hydratf^ to form condensed ring, 
compare its action upon phenylhydrazino.* 

Four molecules of potassium phenyldithiooarbazinato react with 
one molecule of carbon tetrachloride and the compound (PhNHNHCS)/;i 
is formetl with the separation of sulphur, thus : 4 PhNHNHOSSK -f- 
CCl* — tPhNHNHCSS) iO + 4KCI — ^ (PhNHNHCS),0-f 4S. 

With bromoform the reaction takes place in an exactly similar 
way and the resulting compound which is formed is (PhNHNliOS) 3 CH. 
With nitrochloroform, however, there is no separation of sulphur, only, 
three atoms of chlorine combine with three atoms of potassium and the 
rwulting compound is (PbNHNHCSS).,CNO,. 


Exi>kbjmental. 

OMorod hydraie and potassium phenyldithioearbazinate. 

On© mol. of potassium phenyldithioearbazinate was dissolved in 
water and to it was added an aqueous solution of one molecule of chloral 
hydrate. The solution was then carefully heated to boiling for about 
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five* miiuitc'H, A tarry hlai’kiHli brown iii r<*loiir^ fminni 

whic*li solidilifal on Thv Hoiiii titaH'4 wii^' *-irrmaipfi»it im ii 

mcirbir iirnl waHhncI Hf»v<>ra! tirnoK with irnt^-r to firalc^* if {r^Tfnrtly fri!i* 
frorn any aillinrin^ KCl wliinh fonnia! iliiririo An 

iittinnpt wiiH niadn to nryntalliHi' It from hoi spirit „ but t!a« liot «i|iiiii>ri 
on wolini^ l^avi* only an oily' ch*|aHi!. fin rojnaiiiiig firorrH^. fur 
fiV0 or nix tinn*.^ n rndcii’^b -brown priwalor olilfitnorl wliiidi %vm fijr- 

thf*r fnirifinrl by* eryaf alli^ai ion from a of olilorofrinti atiij 

ah’ohol. TlMr*^ otiiainiab if ^va»4 firowrit^li lilardc in r-'otoiir, ’*iof|f*iifnl al 
I3bf‘ and imdind liptwiani lOTAbO'i*, If wn^ in lniiEfmf'f 

olilorfiforni, nn‘’thyl alnobol ; .nli^litly Mobibh* in rfJiyI fiI<*oliol anti |itr- 
fnctly itiHoItibb in watnr. It wm iiHoIiifiln in ii'lkiili. 

0*(Hbll) gavn fl' UI7:i CX), nid ClorjH4 H CK c: ■, IfiilH , ft . :io1fl 
0*07^7 iy:ivi' M 4 tM% X, at 3fl an«I To^-i'T iiiiii. X I'IdlH 

0‘I5:I4 gavo iriumu BaSn^ 73 

ria|iiiros, C* 41t4-H : H - ^ aoHi ; \ 14*14, S 

Two mon* cmitipfmndH won* *«olii.|nd froiii llir firigiiiiil miliil Itinifi., 
!4' wiiH di^iHolv^al in tddorrtforiii, Iilii*rnd mad mmmmiriiU‘^1 Clii aiJd« 
iiig iiloiilioi Ii Htniill fiiiaiitity of inar^mn rcrlniirisfi i^riily nryf 4 ;li.|:ii 
taaiiod wliiali midtod at 2V4 (I Dn lilhwtrig llio fitiriil*^ bi #*vii|iri»l# 
lelrnvly tliorci Hiep:iriiiiHl ii bnv dimniriiid Hliapnil leryitilii of 

0141 * along with tlio midbb brown powfl«*r iir*errifii*fi atiotfi, Tint 

liittfir %ym olitairiofi in mioh n - 4 miil| cjiniriiily lliiit it mmM iinl bit 
Analyml; ilio forrm*r on** of m.p, 2t*l 4* %ym idorilioiit in l<i 

tlid ooinponiici of in.pjr>7- IWCJ. 

gavo g’IcM* Ilf 3 B ^ itml 7 iii‘ll iiiin, S** 13 I17 

AmmMmimn fhmykUihimmhmmmt^ mmlrMmmi Afilr«fr. 

Ai 111 llift pmymm oai©, ift|iijriioIoitiiliir of tbo 

«itibtaiiooii worn bnilod in nciliitkMi, wlioii % lirowniil 

mam WBH obtoifiiMl aneJ tlio amnll of plieiifl tliimiiirbiiniili* w#« pmmp- 
ttbl«*» Tim mtim wm ?iiib|tsot#d to mt^mm ciistillaltoi tii iiiftliii it to# ff#». 
fifioiiyl iiia^taril nib On cooling tto wliol# itiiiw wdidififjii* It ww 
tlicii mwBml fclmci from biilllng nleohol umI iaally prtri^* 

tmtaci by iikiiho! imm m chiomform wliitliio. ft mm M: 

uoloiir, ioftisiitil at lSCi*C and melu^ tolwcfti to 'Wi# 

yitid of tb# poT# product wm fwy immll. 
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o-OSKMi gav(^ 0 HI 24 CO and u 02S() F1,0. a=r):M4; 

gav*- c.c. N,, at and 757 8 m.m. N=7-ir> 

(1,11 X 8, laquircH, C=5:ni:{ ; H----2-8U ; N=--=7'82. 

Ainmoiiiuin dilhuKarhanulc and chloral hydrate. 

An ainuiauH solution of tlio roacting HiiiiHtances was .slowly heated 
and well stirred. At about (i.7-70'’, when the solution grow turbid, 
it was removed from the .souroe of boat and allowed to cool slowly. 
After about an hour, a beautiful yellow solid powder settled at the 
bottom. It was then freed from ammonium chloride by triturating with 
water in a mortar. It could not bo purified by crystallisation, as it 
was insoluble in almost all tlm ordinary solvents. It melted at 120- 
1 22 with frothing. 

It was soluble in alkali and it gave a dull yellow flocculont preci- 
with mercuric chloride. 

0-IIH07 gave 0M>747 CO, and 0-0125 11,0 0 -22-71 ; 

(K)706 gave 0-2421 BaSO, S«=6l-22 

C,H,!Sr,H, requires, C*’23 20 ; H«»0 07 ; S.«02-13 

.Mono- JH-, and Tri CMof acetic acids and PhNHNfWSSK. 

In aqueous solution, those acids simply act like mineral acids and 
regenerate the free PhNHNHCSSH from its potassium salt.* 

Trichloracetic mter and PhNHNJKJSSK. 

An alcoholic solution of three molecular proportion of the potas- 
sium salt and one molecular proportion of the ester was heated under 
reflux on the water bath for about half an liour. With the progress of 
the reaction, the solution became yellow, orange and finally brown, 
^riio brown solution was cooled, and on filtering a yellowish residue was 
left on the Alter paper, which was found to bo a mixture of sulphur and 
potassium chloride. After several failures, the following method was 
found to be the best for the isolation of the pure compounds. The 
brown solution was heated on the water bath in an open basin for about 
six to seven hours, when a dark residue was left behind. The dry sub- 
stance was dissolved in a minimum quantity of acetone and precipitat- 
ed from it by toluene. This method of precipitation was repeated 
several times till the oily product became solid. The green mother 

* Of. rra«#., XX»5, 1312 (1910) 
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liqvior oil ki'opitiir oxposcii to tho air fur a roupli! of tlay’^r ilrpiMitoil a 
furthor fjiiantitv of tfio nliovc mibstanei*. It Wii'i Ihru laakal with atii- 
tnal nharooal in alooholif Holution aiul tiltaroii On r'»r!C’(*iitr«tit>n and 
oooliuK II whitct cryrttalliiK* compound of m p. Itm w.i^ oht liiwii 'rhi* 
toluono solution was Hhakon with a Holut ion of Hoditun hydrosidi*. and 
the orange coloured lower layer of liquid was carefully separated awl 
filtered. On adding acid, :i hluish-ldaek suliHtaiiei' was pris-ipifated. 
It was nslisHolvu'd in alkali and repri eipated by aeid in fim* (lowder, 
'riiis was finally cryKtalliKed from dilute aei'toiie in him* neetiles. Hotli 
of tluiHi! compounds were obtained in very small i(uarJtities and so they 
coidd not be analysed. 

Trkhlorarelic arid and l*hNfl.\’HC,^Sh'. 

An aleoholie solution of one inolecular jiroportion of trichlorMentic 
acid and throe moloeular proportion of PhN’HNHCH*<K were heated un- 
der ndiux for three hours. The eo!d solution was filtered and kept 
aside for slow evaporation. Next day, needle-nhapeci black crystals of 
rn.m. 171" were found to have separated out The yield of the ooin-: 
pound wa.s too small for analysis. I 

(Utrbon trlrarMoHdr awl iHmmmmphejitflilUhiomrbtizimttt \ 

The potassium salt was heatetl in a sealed tube at H«r, with an 
excess of carbon tetrachloride, in an aleoholie solution, for about foar 
hours. Next day, a dull yellow crystalline prcMliiet was foiin*l to have 
separated out from the solution. The tube was ofioijoil and it* eon*, 
tents filtered. The dry residue was freed from KCl, when it inelted at 
about 164”. The original filtrate gave a second crop of the compound' 
which melted between 1^5-l^50'^ Both the crops were mixed together 
and crystallised repeatedly from hot alcohol to get rid of the sulphur. 
The pure compound thus obtained melted at 170'. 

0 0768 gave 0- 1685 CO* and 0 0386 H/) C— 67*02 ; H— 6*66 

0-0800 gave 14*4 c.o. N* at 32” and 760-1 m.m. N*» 17*86 
0*0686 gave 0*0878 BaSO* 8— 20*61 

requires, 0—56*40 ; H— 4*3* ; N«»1H 10 ; 8<..^<.2 o*h7 

Bromoform and PhNHNHV88K. 

Four gms, of K~sidt and one o.o. of bromofom were heated in a 
sealed tube with 20 c.o. of alcohol at 1 00'* for about four houn. On 
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cooling, a cryntiilltnc dull yellow mass waa found to have separated. 
Xext day, the tulai wa'-' opencnl and its contents fdterod. The residue 
was a mixtun! of K( !l and free sulphur. The filtrate wa.s evaporated 
to drym*SH when a brown pasty mass was obtained. It was then 
boiled with animal oharooal and filtered, the filtrate again evaporated. 
On agitating with ether, an oily impurity wont into solution and a 
dirty solid ri>.sidin* was obtained. This was finally crystallised in 
white rectangul.ar plates from alcohol and meltful at 167”. The 
yield of the pure compound was very small. 

01096 gave 17 « c.c. N, at .'12'’ and 761 3 m. m. N=^[7-76. 

(1 H requires, X- lS-02. 

The above reaction was also fried with c.hloroform and iodoform , but 
the products obtained in tlioso oases could not bo purified. 

Nitro-chloroform awl PhNHNUaSSK. 

An alcoholic solution of the potassium salt was heated on the 
water bath under reflux with an exces.s of nitro-ohloroform for about 
20 minutes, A yellow product was found to liavc separated out from 
the reaction mixture. It was cooled and filtered. The yellow residue 
was friicd from KOI and purified by crystallisation from a mixture of 
chloroform and alohohol. It melted at 131" and was very soluble in 
chloroform and sparingly soluble in alcohol. It dissolved in hot sodi- 
um hydroxide solution. 

O OHOl gave 0 1275 00^ and 0 0250 11,0 C«-4:3-41 ; H=3-47. 

01177 gave lO-Sc.c. N, at 28” and 769-9 m.m. N-»16-73. 
requires, C=43'49 ; H«3-46j N-S18-14. 

I avail myself of this opportunity of expressing my best thanks 
and gratitude to Sir P. C. Ray for the kind interest he has taken in the 
work. 



roXCKFlNINCi THIv (niANTTES yVND 
i»E(i.\rA'rrr’E8 of the rXDIAX PENfINSULA.* 

K. V!tK{)KKiirK<}, ii.Sc., A.lt.O.H., A.RS.M., F.fi.S., F,A S.B., 
(iitDliigiral Survey of India. 


'rh<t inf(>rj)rf‘fcat-i<)n of the sferuofcuro and of the mode of formation 
of tile immtiiHi! outorops of ffranito or graiiitie gnoiisH oliHorvod in this 
cmuiiry, coaslitntes thc! most iin|)ortaut prolilem of Indian Peninsular 
(leoiogy. A vast amount of detailed work will lie necessary before we 
possess suHieient data to deal satisfactorily with this ((uestion. The 
obji^ct of the present sltort note is merely i.o place on nasord certain 
eonelusioiiM that have suggosted themselves to mo, either from tlie 
available literature on the subject or from direct observation. 

For several years, I liavo gradually boon led to regard the majority 
of granites, not exactly as sedimentary rooks in the usual sense of the 
term, yet, so to speak, as stratified surface rooks. This is how I ex- 
pressed myself in the first edition of my Summary of the Geology 
of India, (11)07); “The Bundelkhand Gneiss, when the nature and 
composition of the rock are considered, closely resembles an intru- 
sive granite, but differs from undoubtedly genuine granitic intrusions 
owing to the enormous area which it occupies. When the Archaean 
rooks first consolidated, the primordial atmosphere contained in the state 
of va{>our the totality of the water that now forms the ooean, the volatile 
chlorides, as well as a large proportion of the carbonic acid and oxygen 
that have now been absorbed by various solid rooks. It is quite con- 
ceivable that under the enormous pressure of this primordial atmosphere, 
molten masses may have spread out over large areas, and on solidifying 
assumed the granitic form which at later periods could only have been 
developed under similar conditions of pressure and temperature in the 
depths of the earth’s crust,” (p. 6). 

At the present day the majority of Indian geologists regard the 
peninsnlar granites as invariably intrusive, and invariably newer than 


♦ Fttbliilied wifcti tli# authoffealioii of the Dlroofcor, Geologloal Survey of India. 
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ilif* MirmuH mn-k^ uf tlw i Ihli-r Tnumitio!! sy^t^n'm with ivliirli tlipy iir» 
ill t'tiii!;ii"t , altlinuMli tlii.^ vimv iB iUr<*r‘t!y opjifMiHi to tiif* iirri ■ 

vi*fl at by th«' two dint iiigtiinla’d Footo iiiiii M s i¥lp» 

lui vo iiit.ml hiiidiod 111 in iiuo’-^t i« 'll in t!io fioltl. 

In iiiiihI, ronton^ wharo out. ‘fopH hiivi* lt!‘**ii wlsi^d iis 

prtniipally in Kurnpi^ mid in tin* Itorky Monitf -iiiH* t!i*^ uniiiil** f«»fii|iif*'* 
roliiiiindy liinitial aroa^, and, in inmiv Iuih i^vklvitih* roanlieii 

iiH |iri’Hinit |ioHitioii tuily ii-i a rrlativoly lain ifiailitnii’ri! j’ii*ri<o! 1 r«*ry 
! nuirlMfoiibt lliiif till - omi hr willi uraiiitir 

I ' ii4 y«*t ly kiiowm, of llm^il or t’ainmln. In India, |iidgiii.g from 

j ail llio inforiiiniimi ai proBimi aviiikibhi, it iiii|io:4-**ibl» In 

iivoiil i!ii* ronnliiBioii ihiti tin* truly nei*ii}iy tliiiir 

origiiiii! imHiiioii twi*v th»* imiiionHo iirmiB wdiir*li iln*v r^iiror in Ilniiiiiil* 
kfiiiiid and in iJir |'k»rriiin From iln-* rr^^tilt^ of dirtini iibBorvuliiifi^ tlio 
^ ' rarfirr,^ tmprrjiidifial mir%o*y<irB, firitn*i|iiilly .\tnri**K Fooi/i<* iiiit{ MitJflla. 

rrgiirdi'ft iJn^ id Old**r TmmHum ulralrt grnnr-' 

I i jilly oiin of norma! fmj-n*r|Ht^jiiori to tlio gninilo. At lli«* firiffooit diiVi 

I ' iito^l goiilogiMtH^ in India, t*rtd**avotir i.o |»riivo iliiit tlm iih44*rif'«o| ciotitaoli, 

I ' wdiofi not fittiliitd, iiri* iriviiriiilily iillltotigfi not a, niri^lo 

liiw iw yi*i bran addiiord of an iirnbiiibltal fipofiliyi^i^, A grtml tliiftl 
riiora utiifiy wit! Iw^ mmmury Indorir wr c?iiri niurli m iiml niinidiiiioii. 
Ynt,. wii mis Iiiriiiiid III ttdiiiii lliiit o¥i*r mmn, titniifninililfi iii 
to tliii nmn m m Knroptom Sliilfn itm f.>iibfr TrAttiitioii if 

mliibit III tliifir tinmil niitliiioi, n rngtilarly ilofiiird nfiil t!itl 

m iinoiriiibly rril on ilio griiiiitio gnowi* Wr nfinriol* 
iiviiifi tlir c‘iiiii!lii^ioti lliiit Ihfi rmiirt^ Iniiiiiii rf*#ti iip#ii n 

«*oittjiiiiiii:i« Ifiyor of graniby and thut^ wliiiti. tti« graiiilir lixpiiittft# «mfi 
bo foliowiid tiiiititurriiplticllf , in mmy diiwtioii, for of IW 

Id tmi «il«a m in ilit Hytlambiwl |ilat#tii, what wo is# l« tfiilf 111 © 
liriiaitivff r«M*k iti ito origlnnl poniticiti* witlicMil- stiy wholiiitl® 
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expressed any decided opinion on this subject, have asserted that the 
granite is newer than the synclinal patches which it carries. We might 
as well try to prove that a ship is older than the ocean on which it floats. 

The oldest strata that rest upon the granitic gneiss contain many 
rocks, such as sandstones and slates which do not seem to differ from 
normal aqueous sediments. It is worth enquiring therefore into the possi- 
bility of these sediments having been deposited on the floor of an ocean 
similar to that of the present day_, or whether they may be partly anterior 
to the period of condensation of the aqueous ocean^ and formed perhaps 
in seas or lakes of molten chloride of sodium. The available detailed 
studies are at present insufficient for definitely answering this question. 
Certain observations^ nevertheless, may afford useful data. The pre-cam- 
brian of peninsular India includes two groups, which are usually sharply 
distinguished from one another, the “Older Transition/’ including the 
great majority of metalliferous mineral deposits, whether as strata or 
as veins, and the “Newer Transition.” The rocks of the older group 
are almost invariably strongly folded, sometimes thoroughly metamor- 
phosed, though there are local exceptions. Those of the newer group 
are generally very feebly disturbed , and are mostly quite unaltered ; 
thougli here again, there are occasional instances in which they are excep- 
tionally altered along certain lines of erogenic disturbance. 

Though there is no necessity to exclude the possibility that the 
sediments of the older group were formed under water, yet the ocean 
in which they were deposited was evidently at a relatively high tem- 
perature. This conclusion seems necessary to account for the vast deve- 
lopment of the stratified beds of banded haematite or magnetite accom- 
panied by jasper intercalated amidst those ancient formations. The 
recurrence, in the “Newer Transition/’ of these very peculiar banded 
haematiteq'aspers, much less abundantly, it is true, though with iden~ 
tical characters, is of great interest. Indications of the existence of 
organic life in the Older Transition” rocks have never been discovered, 
but undoubted organic remains are known from the “ Newer Transition,” 
The presence of Cry^tozoon in the “Newer Transition” rocks has been 
ascertained at three spots in the Peninsula, in the Kudapah region, in 
Chhatisgarh, and in Grwalior. In the latter locality, the limestones con- 
taining Oryyiozoon clearly belong to the same sequence as the banded 
haematite jaspers from which they are separated by a moderate thick- 
ness of strata. Whatever may have been the nature of the ocean in* 
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w!iic‘ii wiTr* t h?’ h, :413d***'! 'f r**i-l%nui tlir- “I lld^-r *rr;iii-i 

Ilf lh«’ l^rmrnlum'* ri^ii^uiilv funjii-fi mii ilii^ 

f!t«ir i»f ru'i o***Mi'u th«^ I «’iii|i*’rat iir** *'4 whi^'-h ^*riifi^ i*-iitly 

ri'iilir'rd t*i iili*nv tli** d-.*vr!-;ijiiiiri|t iif ii!tliMti;di flu-t l*‘iii' 

I'liiiy }i:n*<» iu t-if tlnf. iil tlir*- ;if ih** 

flay. If, tmi'lf*r Ihm*!! 

fiiriiitnl iiri4**r \v?if*’r in S^*w*'r 'f'l an-dti-un i •:• f«'ii^r*ii 

III liidir’Vf fliiif tlii* Wittier cif fli** hml airr^idy v .n*h'n^^i-4 i'vlii*ii tint 

Ari’finliiig t^i 4^rii|ilrinjil iiliw^rvatn^iiH iiiii«l^^ iii AiiP"'ri*^fi itfii} 

Aii?*tralin, f *ri/|#fp.s#»4#w. fr*Pii ih** tf» I In* r*ri!«iviriiiii. 

I1ip jin* piiiiiltrinii iiPi* »4 tin* * ' Xi'^wnr 'fraimti in ' * el Iiifl*ii. iihh'* fi*giirr|* 

'♦fl i|H m*iirpty Utt tlip r«r»k^ t*f tluii gj*-mp m** irii«’»tiifiiritP'- 

lllily t'»y lint’ll* *4 thn Vitidliraii .«y‘drfii ivlii' l'i lit* 

iipwpr ibitii riMiiliriiui, if it ti-ui iri4«**-d ‘*titirrly j'li#** 

W«* I'trivp i'iPtir,-ii in i!ii- fipliiin }Vriiiii*iilii..„ 'dllilpr Triiiiiii- 

liciii*’ rnrk^ ar^.* iiliim.d nlwir'^ "flipy -tf*:* ii"<tially IfA* 

vi'^rmni }iv iiPtwiirk «if in a fnipt-iiiii 

nf II r^pi'iliiiipirp Ip a luifidrrd nr iwi$ Inififlrnd iiipl.rri*. jirgnifilile 

v*nm mipi4y flm nf llii't r*niiitrf * Tlmy piliiliit Iwci 

tif ill** nrpiiip^i iriijPirlAitiA* fnitii a t|ii-f.*n*tirfil |iiiifit wf viitnf* 

Firil!>% l!i«*y gtpipmlj^t i|n n*9l ili** #ln 4 lilp»l iiitlipiili«iii nf i!htiirtiAttf?r 
fiiitMttfjii«*iii tn thnir ■wili4ili*ta.li«in Tli*''y nip «tl«lt!r t■llilfl tl't»*^ 

"rrnii'^iiinii ** r-’^n-'^kn r^'ii nti tlnnr itrptl#vl tiiii lliny itr-t wi* 

rliftit.ly Imtpr iliAii ilir filial f'lriiiripal |iliiif*r «#f pfirriigAlK'Wi *'»t tlm ptitiiti- 

lilllll.. 

iisA*PtiiHy% timn* iilMPtiiA* til m-tf nllrriA #if iiitdA 

iti«ir|iliii^iti tijififi ili«* iinitltifiiitg rvctn wIpai IIip^ h # in^rr Iriiilili^ 

ulalf? wliinti III© mm% ifiwgiiifiiiAiii lia^allin mUmHmt infiiilil ti«%tif fiiilwi, 
Ty^m ik«r*4«rr tt a i miptfrtiiifp fur 
tfifi Iciif i4i ptmMm miy ilinritiiil alirrAiinn m tin* « a triii* 
{i«riitiirp firnlMlily infprkir U$ llnii *4 m r^il. Iiipit w-fipit 

m$mmhr llip fmjiipiiily gigiMiyi? mm rif tlinr rry^lniliiir iittl^* 

tmlftin grriit mcilpistiliir frcsiAliiin uf lli© laifi^wil iPiiiititiiriit# , nrr piiiif 
| i©lli^l l€» aclitiil tlisl ih# unliilinfii fmiti wlitli ihmm ©ry «!%!« wtrt itpti- 
ilifri iini?ii hmm hmn c*xtf»w#ly initl:, immtmpmmbly mmm iiiid tl»fi thit 
fr^m vhtoli tJi© gmmimn knm 
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'I’vvo widi-ly popular notions aro negatived by the characters of 
these pegmatite veins; firstly, the pegmatHos aro not granitic apo- 
physes; secondly, the rock, which contains no hydrated minerals, does 
not represent an aqueous solution.* 

The pegrnatite.s are not only newer than the “Older Transition” 
strata, hut an*, even posterior to the period of thoii final diaturbaiico. 
'fhey are a fortiori incomparably newer than the granite on which the 
“ Older 'IVansition” rocks rest, unless we admit tho totally inexplicable 
notion that tln^ granite is newer than the rooks which it supports. In 
any case, tho notion that substancoH chornioally so intensely active as 
fiuorini! anti boron, such as abound in many pegmatites could have 
become concentrated in tlui end-products of solidificatioa of an alkaline 
granitic “magma” is as ahsiiril as tlie popular theories that derive 
tin, copper, antimony, lead, or gold, by “ leaching out ” of a previously 
Holidilied granite or bas.alt in which they exist in infinitesimal quanti- 
ties or not at all. In India, tho typical pegmatite veins invariably 
contain fluorino-boaring minerals: muscovite, apatite, sometimes even 
flour-spar. When we remember that, even under the ordinary atmos- 
pheric pressure, at ordinary tomperatuies, a very small quantity of 
fluorine is auffioiont to lower considerably the temperatures of solubility 
of most substances, we may reasonably conclude that tho condition of 
extreme original fluidity indicated by tho characters of the pegmatites, 
is largely due to the presence of that clement. 

The available data seem to indicate that tho pegrnatite.s have ori- 
ginated in an upward direction. So far as I can gather, the solvents 
have originated at great depths (why or how, I cannot tell, I am merely 
stating what appears to be a fact), below the granite layer, and already 
contained, in solution, tho lieavy metals, before traversing the granite. 
While traversing tho fissures through the granite which already, for a 
long time previous, had been solidified, they borrowed the elements of 
those substances (quartz, felspar, mica) which cause them to resemble 
granites. On nearing the surface, the lowering of temperature pro- 

* Th© hycirc^en of iioaltored does not appear to b© pregeat fn th© form of 

water, but in a itat© Bn&logam to timt of tha ©orabinod alkali m©talg» Th© many praeti- 
<eal ttiiis. In the arts or mdimtnm, in whiah mmoovita is e^pos#d, wifebont alteration, to 
lil^ temperatures, iiiHetenfely show that it does not belong to tim class of tho genuine 
hydrated substaneos, tho combined water of which, under such cireumstances, would be 
e^ipoll^ Even if that hydrogen derived from water, there is nothing to show that 
its original hom© wm in th# granite* 
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moted the crystallisation, first of the relatively less soluble metallic com- 
pounds, such as cassiterite, columbite and tantalite, pitchblende, in a 
ground-mass of mica, felspar, and quartz; probably at a slightly inferior 
depth may. have been the main zone of crystallisation of ilmenite, 
monazite, beryl, etc. Nearer the surface, mica and felspar become less 
abundant, tourmaline often extremely abundant; then we have veins 
consisting principally of quartz. This appears to be the level at which 
gold and iron pyrites were mainly deposited. At a higher level, the 
quartz becomes accompanied by calcite; ores of lead, antimony and 
copper are deposited , as well as barytes. Gradually gypsum appears; 
we find mixtures of calcite and gypsum, and finally gypsum alone. 

I do not claim that this succession represents a general rule, but it 
merely indicates the main plan according to which many veined mineral 
deposits seem to have originated. If we could follow a gypsum vein 
downwards through a depth of a few thousand feet, I feel persuaded 
that, in many cases, we would eventually be led to a vein of pegma- 
tite. 

In conclusion, I wish to say that, in spite of the conjectural char- 
acter of this note, I have considered that it would be worth publishing 
if only for the sake of suggesting fresh lines of useful enquiry. 





Diffraction of Lfght by Apertures having tho form of a Sugnriofit of & 

Fig. I with aperture greater than a semi-cirele, and Figfi. 2 and 3 with Api*rt:irr« 

than a seini-cirele). 





ON THE DIFFRACTION OF LIGHT BY APERTUREvS 
HAVING THE FORM OP A SEGMENT OF A 

CIRCLE. 


Dr. Sisir Kumar Mitra^ D.Sc., 

Lecturer on Optics ^ University of Calcutta, 

lntroductio7i . 

la a receat paper * the author ha^ developed a simple geometrical 
method of treating diffraction problems and has applied it successfully 
to find out the form and intensity at any point of the diffraction 
pattern produced by a semi -circular aperture. In the present com- 
munication the same method will be applied to find out the general 
configuration of the diffraction figures due to a segment of a circle 
(greater or less than a semicircle). This method has the advantage 
of enabling the form of the pattern to be deduced readily for a 
region of any desired area round the focus (which would be a very 
laborious task if attempted by the ordinary analytical theory) and, 
even the theoretical determination of intensity can be carried out 
without any appreciable loss of accuracy and with far less labour ; 
moreover it helps to make a mental picture of how precisely the 
peculiar configuration of the pattern is related to the particular shape 
of the diffracting aperture. Figs. 4 and 5 show the geometrical pattern 
(for segments less and greater than a semicircle respectively) as 
deduced from the geometrical theory and figs, 1, 2 and 3 are reproduc- 
tions of photographs of the actual diffraction patterns. Figs. 2 and 3 
are due to a segment less than and fig. 1 due to a segment greater than 
a semicircle. The remarkable similarity between the drawings and the 
photographs is at once evident. 

The Geometrical Theory 

The principle of the Geometrical Theory which is discussed in full 
detail in the paper already referred to can bo briefly summarised 

* S. K. Mifcra, Froomdinga of the Indian Aasooiation for the Cultivation of Science ^ 
Vol, vi, pt. i. 
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JIB follows: iiiRtBad of procpodini^ an in tlio oriliiinry t o%*it.nii*iit nf 
diffraction phenomena, !>y i^xprvmim, tlio clTrt*i nt any poiiif in tli** 
fiold in tHrms of a nurfaese intc^^ral takini over Iho aroM nl th** ^iprr 
tnro^ a conBidcrablo Hitnjffificaii-iofi liy Irriiofffniiiiiiv 

Hurface integral into aline integral taken round tie* liuiiiiditriv lj\ In 
regarding the effect at any point in the field iib fliit* to n litieiir fli-tiihii- 
tion of Bourees of light Hiluaiecl along the hoiiridary. t linear i«*.oiircr 


in its turn is rt^placanl hy a finite ntnnher of point ^onreeHtil lielil geise- 
rally two, sornotimcH threr* or ?nop* haviiej; appropriiitf* |iliii*o*-» :Miiiiritrd. 
at certain pointn on the bouiHlary ddir^ pf^-^ilion and ifit*u'iHity of IheM* 


point Bourcc‘.H in genc‘rally not fixed hut viiricB willi Idle dirm*! ion iif llie 
diffracted light. In other wordn, eorrespondiug lo: o'edi point' in tJie 
focal plane at which the diflrae tion pattern informed, tliere lire eer* 
tain poini'H on tlu? hotindary which principiilly eoiifrihiite to llie ltr 
minouB cdTeet at the point of ohBervaiion,, aiul tdic* wlioh'* of tin* rliflriie* 
tion pattern m Biniply regarded a^ an jinitmi diic to ft 

fmito number of liglit soiirceK of wiriahk po^iilmi Bifentictl on flic hoiiii- 
dirry. So far* from lieing merely a eonveriieiit ftialtieiiiiili«*al tielioii, 
the existence^ of KfJurecH of lights Bitaiated nl B|if-»cdfie riri ii coirid* 

linear diffnicdlng boundary may bt! directly verified liy rir 

photogi'aphy. For lliiB purpone the dilfracddiig iijiertiire may lie 
viewed by thcj aid of ilie diffracted light only inlrtiitied into nil iilif^erv, 
ing tcdencope tlirough a «inall hole in a McriifTi ollicrwNi* ouriijiletrly 
cutting off the light reiudiing the focal filarie (fiB m cloite in flic w#!!- 
known method of Fommlt tcBt). The ptMiliciri of ilio Iiiiiiitioii^ lioiiit 
in general conform to the? following rub : th© ptrileiilnf fmrt of the 
boundary appearing Itiminotii }%m it^ mnm%l parallel In ttit^ nidiiifi \n*e* 
tor drawn from the centra of the fociil plane In lisfi nrifltwi in tlia mmm 
through which the diffraoting apertura U viaiffid* When ajiertiircii im 
of the forms as under diiousaion in the praiint piper, are vbwcfl in flic 
foregoing manner the following phanomena are tiolieeci : 

(a) For the ease of less than a Sfimlelrole in general tliriii* fitiiiif « 
the boundary are seen to ba luminems: two of iiiiall inlmmif are 
situated at the two corners and a third and more iiitewe title oi llie ewr Vf*d 
part of the boundary. The position of tha latter alwiiy« cniifiirifii to 
* tha above mentioned rule namely, tha line Joining tlci oriftea filifoiigl 
which the aperture is viewed) in the focal plane to eentre of tb« fisltem ii 
parallel to the normal drawn to the lumlnotii p ortiott of the hotiitfia^i 
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If h»)vvcv<*r the orifico Lh plaml such that 0 lies b(3tweon </) and ^ — f or 
ir p r> and -'P, i n. b(!twcon 0/J and OM or 0!V and 0/i\ (fig. 1, 
wlicn^ /I is th(^ apcTture <lrawn in the focal plaru;, ^ is the angular 
c'oordinatf of the radius vector OB with reference to the line 00 
drawn perpendicular to DM and 2P is the angle of the arc) only 
tin* two c.r)nierH appear lutninous, because* as will bo evident from 
tin* livure, that for these* particular directions no e,orrcsponding part 
on tin* curved boundary nan be found which conforms to the above 
rule. In the direction (or «), i.c. when the orifice lies in a 



dire(!tion perpendicular to the chord DM, the whole of the latter 
becomes luminous together with a luminous point on the corresponding 



part O of the boundary. 
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(b) Ifor tlio cane of a HpgiiKMii tiiiiii ii. *4(*iiiii»irf.||. in* 

might; an hefon*. cliBtinguish tavo regic^ri’^. \Viir»ii thi* firilti’f* iii*M matliifi ■ - ?* 
and > 2>r-'p and < wiliuii iiini -- 4 - ' 9.....y mifi 

< TT + ‘!j tliree luminouH pointn, two nf thn lam rurniTN iitifl ^ip* at 
the? corrcBpomling point on iho nw of tin* fdrrli* Hi*rii, iv^f*p|it t*f 
courHo at —0 (or*-) vvhtm iriHt<*ad r»f tiin f ivn i-MrniTB tJn* iijriif* of 
the ohord D/C in Been to nhiiie up Hi«i. 2 ^. Fm’ tilliiT part-^ f»f 
thc^ field, viz. /flying he‘tween and m* |^|•f|rr‘rll r ' ami - 1 % 
four luminouK points, two at tire two ooriit^rs ami two on llie eireiilir 
boundary are Hoon, lH‘cauBe a little erinMifii*riil 4 r}ii id' fig. 2 will sliciw 
that in tfiese directions two points <liametriei.i.!ly rijijiosilc* tf> iniiMificilher 
(eg. B and If in the fig.) ean 1 h‘ found eoiiforinifig ft* the f«»ri*goirig riih:-, 

(kneml Vonfiffumium of the PmlP^ru. 

We (?an now prooecKl e»5ciiet4y as has been done few iln* mm* tif a 
Homi-ciroular apc*rture in the papm’ alreaily rpfnnotl to, luid iwo're timt 
th© whole ©fleet of the aprwture uiiglil lie fi^giircli^d iis it iiuiiitM^ir 
of sourceg of approfiria-te jihase ami intemiity siluntial at eerlmiii 
points on the boiindiiry. Thin, taking tfie eiwe of llie aeginetil Ii»m 
than a somieircle, let uh divirle it into riiirriHv alrlfiii tiiiriiHid in flit* liii#» 


0"' 

\ D 



Flo, 3, 

joining the point of obserration to th# €i®ntr# iif th» pAlterii tfi tti# foctil 

plane as for instance parallel to OB (%. 3 ). Thn effwt of oacii atrip 
being reduoable to two sonroee of light at the two ©xtremiti©* that of 
Hie whole apertnre oan be reduced to a linwir distributlim of wap^ 
situated on the boundarjr of ^e apertum. The distribulion nf source* on 
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the Hfcriiii^Iit portion 1>K might be replaced by two HOurccB at its two 
extremities while that on the curved portion might be reduced to a 
Houree situat ed at the point where the phase variation of the contribu- 
tions to tht^ pf)int under observation is leaat^ i.c. at B. Wo might 
ri‘gard the amplitude of this latter to bo constant for all possible values 
of 0 feeing, always due to a hmgth of the arc equal to DBIi ^ the effect 
of the residual and additional portions l)eing replacc^d by two sources 
at the tw o (‘orners. ''riiat is, the effect due to DEE (in the direction 
B) ecjuivalent to the effect of the arc [0* B' E')-\-n,vci {EE') --mo (1>Z)'), 
Tlie cdlect of IT BE' is replaced by a source at /?, those of EE' and 
Diy by two sources at E and 1) respectively. The phases of the con- 
trihuti(»nH from tlutsr* sources are (iasily seen to be^ (with referenc3e to 













r: V 

'\. ''' v ' 


rio. 4. 


the centre of the pattern in the focal plane) ~ d cos {f ~ 0) for I) and 

2 ^ r 

-Bernik + 6) torB, and- <5+ |>rfori?. [8» — r=: length of the radius 

A / 

vector drawn from the centre of the pattern to the point of observa- 
tion, /*«=fooaI length of the lens, and jf2»»radiuB of the circular arc.] 

For S, |r is the correction due to the curvature of the boundary 
which can be easily deduced from the case of a circular boundary. 

The diffraction pattern can now be considered as due to the 
mutual interference of these three sources taken two and two together. 
Thus, in the portion of the field where all the three sources are operat- 
ing, we have for maximum of illumination due to sources D and B 

' S — S cos (^ — tf)=a|ir, |jr + 2jr, fr + ^T, etc., 

whidh, within the specified region gives us a set of branches of parabo- 
Iwi. Similarly B and B gives another set represented by 



n — rt cos ' /■ ^ t count . 

Sourcos I> and A' topethor jtivc iis a n«ml>ct of 'traitihf ini< * 
represented by 

rt |<'08 (■/) + ij) — cos (/)-- ") j— coiist. 

For the porfcioMH of the field wliere t%vo sources alom* arc operatjUi/ 
the sot of straight linos due 1) and K only sire |iresenf. VVhctj ' o, *I»c 
sources D and K aro replacahle l)y a sinttle source at the centre of the 


cliord DK which together with a souroo at tlie midpoint »>f the are 
gives US the bright fiuotu iting horixonta! ray seen in the photograph 
(plate, fig. 2). B’ig. 4 is a diagram of tite “ interfereneo" pattern drawn 
from the above considerations and it can be soon how closely the draw* 
ing reproduces the foattires appearing in the photograph. Figs. 2 
and :} in the plate are due to segments htss than n Neraioirclo, 
Fig. 3, shows the central portion magnified. For the ease of a seg- 
ment greater than a somi-eircle, we can proceed cxa(;tly in the same 
manner and obtain exactly similar results except fc»r the region he- 
tween OM and OD (or botwcisn OE and ON see fig, 2^, wo get, over and 
above the sets of branches of parabolas and straight lines, a sot of cir- 
cular arcs due to the interference of B and B'. A drawing of the pat- 
ern is shown in fig, /$ and the actual photograph in the plate (fig. I). 


Nummary and Gmdusion. 

Diffraction F’igures (of the B’rautihofer class) duo to aportttiw 
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foiiuiiiiint‘HticjiL TheHt‘ clrawin^^s show rcmarkahlo ftimilarity to the 
art ual photonrapiiH of the diffrnctioti pattern. 

The experiments aiKl observations recorded in this t)ap0r were 
erirried out in the* I^nlit Laboratory of Physics 




NOTES ON THE PANCHET REPTILE. 


Hkm Chandra T)as-Odpta, M.A., F.G.S., 

Prafrxmr of Geology, Presidency College, Calcutta. 

Introduction. 

The first description of the Panchot reptiles including a labyrintho- 
d«mt fauna was by the late Prof. Huxley who, in 1866, described a 
dicynodont reptile from tlio Panchot beds and named it Dicynodon 
orientalis.* Huxley was followed by Lydekker who, in 1879, pointed out 
its affinities with Plychognaihm, Owen,f but as the name Ptychognathv.fi 
ha<i been previously applied to a crustacean genus by Simpson, the 
name Plychosmgum was proposed by Lydekker in 1889. J Cope, 
however, had in 1870 established the generic name Lyatroaaurua as 
flistinot from Ptyckognathw, Owen, the distinctions lying only in the 
manner of the application of the cutting edges of the mandible bo 
those of the upper jaw §. Subsequent studies have shown that there 
is no essential difference between Lyatroaaurua, Cope, and Plychogna- 
Ihua, Owen. Hence according to the rule of priority Cope’s name 
should l>e used in preference to that of Lydekker, and this method 
has been followed by Broom and other writers of South African palss- 
ontology, Lydekkar, however, stuck fast to the name proposed by him 
and in his Catalogue of the fossil Reptilia and Amphibia in the British 
(Museum pt. iv) no mention has been made of the generic name, 
Lyatroaaurua. 

In the year 1916, I had an opportunity of visiting Deoli, near 
Asansol, in charge of a party of students from the Presidency College, 
Calcutta, It was from this locality that most of the specimens de- 
scribed by Huxley and Lydekker were obtained. A few reptilian fossils 
were collected by the party and this paper contains a description of 
some of them and of a tibia collected by Mr. B. N, Saha many years 

* P(d. Ini., Ser. iv, Vol. I. pt. I (T865), pp, 8-21. 

t PaL Ini. Ser. iv, Vol. 1, pt. 3 (1879), p. 5. 

X Manml of PeUmoneology, Vol. 11, (1889), p. 1068. 

S Proo. Amer. Phil. Soe., Vol. XI (1870), p. 419. 
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ago and now prtsscj’VHl in the IVosidniii^y To flii^ 

description a few notoH havo lieen inlded mid tliin inlilitioii Inei hmn 
Hindered possible chicdly by two rcKjeiifc inililieaiiom^ oit 
In one of them Van Hoepen * deHCiribed ii erimpleto skull of 

latirostria, Owon, and in th«'i othe>,r a rHimpli'tc Kk<-I<’1<m of <hc -mm> 
speoies was dpa(iril>cd by Watson, f 

Dcacrifdion of Fomiln. 

Humerus. H nxloy pstablisliocl tho dioyiKMiojjl natun- of tlo* Paiiohff 
roptilo mainly from th(! nature of the hiitnoruH. Thi* Prositlmify f 
collection includes two humeri belonging to the Kenu«. One of them 
shows only the distal end with the bridge and the ent (-ijjicamdykr 
foramen well preserved. The sp 0 <jimen is snore perfect than any of 
the humeri of the species hitherto ttgurefl. Lyflekkor stsggcstetl tho 
('xistonco of two species of the genus ehisdiy osi the evithmee of tho 

humeri. But the humerus on which ho relied kr his soeond spuoii** 

was evidently a broktm oni* and the Prcsitloncy tJolh^go collection 

includes the proximal end of a largo hdt hmnorsis, the form of which 

presents no difference whatever with the similar ports of the Nmalt 
humeri and identified by him as l^lffchosiairitm oruntats. The ' nenriy 
straight border ’ of the delto-pcctoml crest as ohservwl by Lydekker J 
is owing to the bone having been fractiireil along the ecto-tubercwiity 
and I think that there is no reason to fustify the presence of two 
species of the genus at Deoil, The proximal part of tho large left 
liumerus is figured In the plate (figs. 2a, 2f>). 

Tibia. — The Presidency College ooSleotion inciudm a complete tibia 
collected by Saha and no complete tibia of the Fanchel reptile ha* m 
yet been described. The distal end of a tibia of the Panohet reptile 
was figured by Lydekker § and Broom deaeribed the tibia of FfpsAo* 
aiagum Mwrayi\\. It is clear that both Broom and Lydekker hat! 
the same orientation for the bone, namely, the lower end more ex- 
panded than the upper ono while the tibia descritewl l»y Wateon la 
otdy a fragmentary ono. Two complete skeletons of dioynodont reptilw* 

• Med. v.h. Tran*. Mm.. Vol, IV, pfc. I (ISIS), 
t «*»• Albanv Mu*., Vol H {)0IS). pp. 287-m 
J PaL Ind.,8er. iv, Vol. 1, pt. 3 (1879), p. 11. 

§ Op. olt. (1879), p. 14. 

It Trm*. Stnah Afr. PhU. Soe„ Tdi. Xt (1990), p S$S 
^ 0«ot Mag. V, Vol. X (1913), p.m. 
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ive been described showing, among other features, the position of the 
g~bones; one of them is the skeleton of Lystrosaurns described by 
''atson * and the other the skeleton of Oudenodon gracilis described 
T Broom •)*. An examination of both these skeletons shows that the 
id supposed to be distal by Lydekker is, in all probability, the proximal 
id and vice versa. The distal end is provided with a very small 
otuberance, the median shaft is cylindrical . and curved, while the 
oximal end has a faint division into two as in the specimen described 
Watson. The median shallow groove, mentioned by Lydekker, is 
m.m. in length and is situated at an almost equal distance from the 
ends (Plate figs. 1, la, lb). 

Bib. — The College collection contains an incomplete rib of the 
ptile. The portion of the rib preserved is laterally compressed and 
ghtly curved, and bears a thin ridge on its concave side, the ridge 
coming more and more indistinct towards the vertebral extremity, 
-dekker { compared the ribs of the Panchet fossil with the dicyno- 
nt ribs figured by Owen§, but the position of the ridge is quite 
ferent. This rib can very well be compared with the post-cervical 
IS described by Watson ||. The rib is hollow^. 

Systematic Position of the Panchet Reptile. 

An identity of the Panchet reptilian cranium with that of Gordonia 
3 been suggested by Newton **, but a careful comparison of 
wton’s figures with the Panchet fossils leads one to doubt 
s identity. The species of Gordonia that have been described 
agree with the Panchet cranium in haying an oval pariatal 
amen with an interparietal bone in front, but the foramen is 
ced within a spindle-shaped area and is wedged in betw^on 
parieto-squamosal crests posteriorly. The Panchet reptilian 
nium, though incomplete, does not appear to show the existence 
such a spindle-shaped area, while it also lacks the two prominent 

^ Rec. Albany Mus., VoL II (1912), p. 292. 
t Prac. Zool. Soc , Vol. TI (1901), p. 177. 

I Fid. Ind., Ser. iv, Vol I, pt. 3, p. 16. 

I Oid. Fossil RepL South Africd (1876), p. 53.- These tibs have been subs 0 <|a 0 iitly 
ribed as belonging to Euryoarpur Oweni^ Seel^ {Fhih ^rams. BM., Vol. ISOB., 
p. 259>. ' ■ 

t| Bee. Vol. n (1912), PL 

^ I am thankful to Mr. Cotter for ha^hg drawn iny attention to the hollownei^ of 
db. 

* PM. Traw. B.a, Vol. 1S4B (1893), p. 444. . 



iii tf iiinv li«' fiir||i»‘r 
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llfiirim .ii tlwilit if iji^* fipiiiiri ji Ly'^'tro*<iiiiriig 

lit iili ♦. At4piitii»ii !iii^ iilrpiniy ilrfiwii In tlir |i4|i* «»f Vim 

iiiifl Ilf Wntmn piiWi^hfpl tt’itli A 

141 111 Ilf fill* hifiirrl-ii i|p^rr‘li^4 with fipHi* fifu 

^ImwH thill iliP Ihiiic4$i^t. t4*jm4v i%itlt tli#" lifjiiPti 

iinil fhiit tip* mily «l|irr rr|ilih-* witii iijiirfi finiii#*- rtf 
tlif‘ iiiiiy H** pniiijifiri**! Ifriiiiii I iiiiti O... 

bill llit^ |iri«4i»npo I'lf imk^ ^Imwn llr$l Fiiiirlirl rr|»til«s cmniifit In* 
Iti ihiil gt*nii«. Tlii<^ liiin 1»^I iti»’ l« tliiiik lliil 

tilt* limn* m itn* rntiiii^ tif tin* F»iiir4i*4 rpftfilp m it# 

fitmiE mill tliil m il^ fitiiilii li ifn rml m*Mm. A mnnimfim$M 
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described Lydekker * and the following observation has been 
recorded by Broili : — 

“Ganz genau die namlichen Verhaltnisse treflfen wir auch bei dem 
gleichfalls zu den Dicynodontieren gehorigon Ptychosiagum arientale^ 
Huxley, aus den unteren Gondwana-Schichten von Panchet bei Rani- 
ganj, Bengalen, von dem Lydekker uns ebenso eine Rekonstruktion 
gibt.’' The skeleton described by Watson also shows the ilium f which 
is also anterio-posteriorly elongated. The anterio-posteriorly elongated 
ilium recalls prominently that of the terrestrial dinosaurian reptiles 
The ischium of the Lystrosaurus is, however, quite different from that 
of the dinosaur, as the latter is long and thin. The following remark 
of Watson is also interesting in this connection : — 

1?he extremely long and powerful sacrum is also a surprise in an 
aquatic animal but it may have served as the insertion of strong 
longissimi dorsi and sacrolumbar muscles ' ’ . J 

♦ Rec. Qeol. Surv, Ind., Vol. XXIII, pp. 17 ei seq. 

t Rec. Albany Mus., Vol. TT (1912), p. 291. 

} Ibid., p. 292. 
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F«rtn<*r!y Indian opium had no market in the Western countries. 
'I’luj entire production of the country was consumed by India or by 
countries to its east. The chi'mistry of opium and its alkaloids as 
worked out by the Western Ohemiats was based mainly on opium 
Krown outside India. There are reasons for getting somewhat different 
results in experimenting with Indian opium ; since the growth, and 
collcotion of the different varieties of opium take place under different 
conditions. The variety of seeds, composition of soil, conditions of 
weather and methods of cultivation and collection have considerable 
influence on the chemical constituents of the opium. 

Tho bulk of the Indian opium is produced in the United Provinces. 
Here the poppy is generally sown from the middle of October to the 
middle of November. A few days before the drying of the plant- only 
the properly matured capsules containing seeds are given three vertical 
incisions by the cultivator. Next morning the pinkish white milky 
sap exuded from the incised places is collected. The process of inci- 
sion is repeated on the third day to those of the previously incised 
capsule* which are likely to give out any further quantity of the sub- 
stance. All ooilectionsare stored together. This opium passing through 
different obannele comes to the market. 

Previous analytical reports regarding the morphine content of 
Indian opium are not at all favourable. In Allen’s Commercial Organic 
Analysis (4th edition, Vol. VI, p. 408), we find “East Indian opium is, 
as a rule, remarkably weak in morphine, tibe proportion being sometimes 
as low a* 2'6 p.o, “ more commonly between 3*6 and 6 and occasionally 
as high as 8 or 9 p.o.”. On the next page occurs the following table 
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above, the more so because the time taken for filtration is never 
uniform. 

(3) The filtrates sometimes do not collect up to 51 c.c. and to get 
the required quantity the residue has got to be pressed out. This 
deviation is unavoidable and the liquid thus pressed out is seldom as 
clear as the first portion. This difficulty can, however, be obviated by 
taking double the quantities of opium, lime, etc., and then only 
accepting 51 c.c. for precipitation of morphine. 

(4) When ether is transferred on filter paper during filtration a 
part of it rapidly evaporates leaving a yellowish resinous deposit of 
alkaloids on the top portion of the upper filter paper and seldom 
any on the counterpoised lower one. The 10 c.c. of ether recommended 
by B.P. for washing the filter paper does not completely wash this 
deposit nor does it make the deposit uniform on two papers. Besides 
this, the small quantity of ether left on the filter paper after the 
aqueous mother liquor has passed through, always leaves a residue on 
the upper filter paper only. The substance deposited by the evapora- 
tion of ether is never removed by the subsequent washing with mor- 
phinated water. Such residues, however, are always found to be solu- 
ble in ether or acid. 

(5) Michael Conroy, the discoverer of the method, found that a 
certain quantity of morphine remains insolation and .does not preci- 
pitate or crystallise out. To rectify this error he recommended the 
addition of 0T04 gm. to the actual weight of morphine obtained 
from 104 c.c. of lime solution of opium. The solubility of the al- 
kaloid in the mother liquor depends upon the temperature and on the 
other ingredients present there. The above quantity of morphine 
is supposed to be kept in solution in 104 c.o. of mother liquor at the 
temperature of cold countries, but where the temperature sometimes 
rises to more than llO^^F. it should retain quite different quantity 
Michael Conroy got a deficit of 0*104 gm. of morphine in estimating 
1*00 gm. of pure morphine and from a mother liquor which unlike that 
from opium did not contain much organic matters in solution. 

(6) The time recommended for the separation and formation of 
crystals is 12 hours, but in practice it is kept much longer, generally 
overnight. There lire very few laboratories with more than 12 hours 
working time. Hence this statement needs modification. 

In some laboratories the method of 'the United States Pharma- 
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0-6 gm. of the sample of morphine obtained by U.S.P. process were 
titrated with N/lO sulphuric acid using litmus indicator ; and the 
iKUitral or slightly acid solutions were made up to 60 c.c., filtered and 
examined in 200 mm, tube. The specific rotation was calculated 
by taking the gross weight to be all morphine and by taking what 
neutralised acid to be all morphine. 
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0*6 gm. of morphine obtained by the U.S.P. process was taken in a 
2.'50 c.c. Erlenraayer flask shaken with 50 c.c. of freshly made lime water 
filtered through tared double filter washed with lime water till the 
filtrate on acidification ceased to give any precipitate with Meyer’s 
reagent. The amounts dissolved and undissolved by lime water were 
usually determined gravimetrioally. The lime water solution was 
made up to 260 c.c. with lime water and examined in 200 mm. tube 
and specific rotation was calculated taking the weight of morphine to 
be what vm dissolved by lime water. The following results show that 
the matters dissolved hy lime water are not all morphine : — 
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Among the opium alkaloids codeine ig next in importance to 
morphine, so ite determination require some consideration. The com- 
mon method now adopted for this purpose is the one described by 
Andrews* which is not only a very lengthy process, but also is not free 
from defects. The resinous mass separating on the addition of sodium 
salicylate solution, which has been said to contain thebaine, is practi 
caUy free from any alkaloid and consist chiefly of salicylic acid and 


* AncHytt, 36, 480, 19U. 
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colouring matter. The nhtiiinrci nrr iii»ver eoiictiriiiifii iii«| tie-' 

codeine iBoIaOul in nclclom froe from other iilkiiloiri^ ; f tp^ | rmiifl 
ascertained hy poIariim‘tri«’ vxnmlmfhm. Ijid**ifi** olCaiienl l#f ii|i^ 
proocsH has })ccn titrated with N/IO siilfihiirie tiiinh up to 50 e e 

examined in 200 mm. tahi* and Hpeeific roinfioii i^- enleiiinti^ii 
the corrected wciglit obtained from tiinitioii. 
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Consequently an attempt han hiuni mailt* ti> work out « plati for tin* 
estimation of eodtnno whieh ttotiUI kivo mui* r<diaHii* rt»*»nlta lli%n thn 
above. Aihoiim: the opium alknloirP that are tnon* or leaa in 

ammonia, morphintt, punuilo-morphitio. thefjaine, raetsmiirlirie, eridlantlfw, 
laudanine, laudanidtni}, prof-opine, nareeine, an<l pttrphvroxifit* ritqiiirf* 
consideration. Tlio rest howtiver may be praetioally reR^wi**** ** l«“ 
soluble. Of these morphine, pmiulo iiiorpliitie, lantlanidinn mnd nar- 
ceine are practically insohibln in ether, and the remainitiK tliebaine. 
meconidine, codamine, laudanine, pmtopineand porphyroxine are roach 
loss soluble in ether than eotleine ; with the exeeptittn of the last one 
these are pre.scnt only in a vttry small qnantily in Indian npiatn 
Porphyroxine and thobaine are, among tho’«i that are more or !«»*« 
soluble in ether and optically Mtive ; but the lattiw is either pruweid 
in a small quantity or almost antirely abaent in Indian «»pi«m 

An aqueous extract of opium was prwtpitatcf! with atrcrog am- 
monia (sp. gr. O’SSO), Altered, shaken ap three lime* sueoeislvely with 
ether, the etheriat extract shaken up with l%«olut(on of acetic acid 
and the acid solution of the alkaloids separated and neutralised with 
oaloium carbonate. Porphyroxine waa not ebroinateij by this pruoai* 
and when the alkaloid was re-extractedi with other after inakiog the 
solution alkaline with oauatto soda the roiiidue loft on evaporation of 
the ether did not orystallwe like oodeine and on warming with a li^!# 
dilate hydfoohlorio acid gave the ueual red colour of porphyroxine. 
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It was then observed that when porphyroxine was heated with 
dilute hydrochloric acid on steam-bath, it rapidly changed into a red 
colouring matter and this on again treating with caustic alkalies gave 
a precipitate which remained undissolved by ether. Under such con- 
ditions codeine did not undergo any change. After numerous trial 
experiments depending on this process of eleminating porphyroxine 
from codeine the following scheme has been found to give considerable 
satisfaction. 

Twenty grams of opium and 200 c.c.’s of water are taken in 
an Erlenmeyer’sflask^ shaken for 3 hours and filtered^ 100 c.c. of the fil- 
trate are added to 20 c.c. of strong ammonia contained in a similar 
conical flask, shaken for one hour and filtered. One hundred c.cs. of 
this filtrate are taken in a 500 c.c. stoppered separator, thrice extracted 
with ether using 100 c.c. each time. The etherial extracts were fil- 
tered into another 500 c.c. separator, the separator and the filter paper 
was rinsed with 200 c.c. of other. The etherial extract is twice shaken 
for 10 minutes with 10% solution of hydrochloric acid using 25 c.c. at 
a time. The two acid extracts are taken in a basin and evaporated 
to dryness on steam-bath. The residue thus obtained is generally 
dark-pink coloured ; it is dissolved in 30 c.c. of distilled water by 
warming a little on steam-bath, transferred into a separator, 50 c.c. 
of ether and 10 c.c. of 10% solution of caustic soda are then intro- 
duced, and shaken for 10 minutes. The aqueous layer is taken oujj 
into another separator and the extraction is repeated twice more with 
similar quantities of ether. The etherial extracts are dried over cal- 
cium chloride, filtered, evaporated to dryness and dissolved in 10 c.c. 
N/10 sulphuric acid. It is then filtered, made up to 50 c.c. and ex- 
amined in 200 mm. tube. 

Percentage of codeine in opium 

Reading in Ventzke scale X 100 X 0*3468 X 1*2 X 10 
^ 2^ (-137*5) 

The following are the results by the above process : — 


Percentage of 

Sample, Codeine. 

1. Using 2 gms. of codeine instead of 20 gms. of opium . . • 99*6 

2. Ghazipur opium ... .... 1 *63 

3. ,, ,, (duplicate) ... ... 1*84 

4. GwaKor „ .... ... 1 *62 

5. liUoknoW „ . . . ' ... 0*88 

6. „ (duplicate) — .. 0*79 
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* OoHMMWMirf Orfaale Jaelymi, 4fb adl,. Vet. vl, p* 401. 

t ftalwhb. im$, m. 


MORPHtNK^ OOBEnSfE AND NARCOTINE IN OPIUM. 


253 


minutes. The extraction with benzene was repeated using 50 c.c. 
The benzene extracts were filtered, dried and weighed. 


10 gms. pure opium (Benares) 

Narcofcine. 

. . 3*G gm. 

,, ,, ,, + 5 gms. slaked lime 

.. 3-3 ,, 

M »» Am^COfi 

.. 4*6 ,, 

,, ,, ,, (Gwalior) 

.. 2*7 „ 

,, ,, ,, + f) gms. ed lime lake.. 

.. 2*8 „ 

,, ,, +5 „ Am^jCOg 

.. 3-8 „ 


The aqueous solutions after extractions with benzene were further 
acidulated with dilute hydrochloric acid and treated with Meyer’s 
reagent and tested for optical activity. Only that from the ammonium 
carbonate gave a good precipitate with Meyer’s reagent but did not 
rotate the plane of polarisation. 

These results clearly proves how much work is still left to l)e don(3 
to reveal the true chemistry of Indian opium. 
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SOME EXPERIMENTS ON RIPPLE MOTION. 



Goverdhan Lal Datta, M.A., 

Palit Research Scholar^ Calcutta University. 

1 . Introduction. 

Ripples on mercury were produced and photographed by Vincent 
as early as 1897 and 1898 ; in his experiments he tried various forms 
of sources and obtained very beautiful and instructive results. The 
subject has continued to attract the attention of other physicists, who 
have worked on the same or different lines. A fairly comprehensive 
bibliography of the literature on ripple-motion will be found in the 
paper by F. R. Watson in the Physical Review for February 1916. 
Various analogies with optical phenomena have already been illustrated 
by the results obtained by these experimenters, but there are some of 
special interest^ which have not yet been studied, and it was with a 
view to study them, that the present experiments were undertaken. 
In this paper, one of the experiments described deals with the analogy 
of the problem of the effect of groove-form on grating spectra, and of 
the theory of R. W. Wood^s Echelette Grating, There is also one as- 
pect of even the simplest interference experiments with ripples which 
has not received attention so far. The experimenters have generally, 
confined their attention to what happens at fairly considerable distances 
from the sources. It has appeared to the present author that a close 
study of the phenomena observed in the immediate neighbourhood of 
the sources would be of interest. This has been done for simple cases. 
The paper also describes the phenomenon of the surface movement ot 
the water in the ripple tank which has been observed in the course of 
the experiments. 

The apparatus used for the production of ripples is an eleotric- 
motor- vibrator similar to that described by Prof. Raman in the Physi- 
cal Review for November 1919. The rotation of the shaft of the motor 
causes a horizontal beam to vibrate up and down. A dipper of the 
desired form can be attached to the beam, exciting ripples on the sur- 
face of the water in a tank with glass-bottom. Instantaneous photo- 
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the left of the centre just as in Wood’s Echelette Grating (Fig. 4 in the 
Plate). 

If we look at a point just near the source in the lower edge of 
Fig. 4, we see the corrugated waves of Lord Rayleigh which however 
soon join up to form a plane, wave-front. To test that the spectrum 
obtained is a real one, the speed of the motor was changed thereby 
changing the wave-length. It was found that the angle of the spec- 
trum , became smaller or greater in accordance with the formula, 

'n.\ = K sin 0 

When X is made smaller, 0 becomes smaller. 

Now if the sideway movement is not suppressed and also the vib- 
ratory mention is vigorous (the amplitude groat), a faint spectrum 
appears on tin* oi.her side of the centre.. 

3. Eipple-forms in J'nterfei ence Experiments near the Sources, 

B^ig. 2 in the plate shows what happens when two sources move in 
the same phase, tlust around the two points tlie wave-fronts are prac- 
tically circles HiuToundirig the sources but are to some extent dotormod 
on account of the interference. As wo proceed further and further 
from the sources, it becomes less and less easy to distinguish the wave- 
fronts due to the two sources separately. It will be noticed that any 
maxirnum across the central line (bisecting the join of the sources and 
perpendicular to it) falls just against the minimum at the side or in 
other words midway the successive maxima on the two sides. But 
away from the central line that is no longer the case. Any one maxi- 
mum does not com© in midway l)etween the maxima on either side of 
it, !)ut is nearer to one than to the other, so much bo that in very ob- 
lique directions the Buccessive maxima very nearly join up. In addi- 
tion, the picture shows some disturbance even along the stationary 
lines and faint oblique lines connecting up the contiguous maxima. 

So far as the author is aware, the exact form of the wave-fronts in 
the neighbourhood of two interfering sources, has never been discussed, 
though the question of the form of the lines of energy-flow in this case 
has recently received some attention. It seems worthwhile to make 
an attempt to account mathematically for the features noted above, i.e. 
the maximum coming against the minimum in tn© central region and 

* R, W. Wood, PML m ; and Max Mason, PML Mag,, 20, 290 
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*one, for the distance between two such lines is extremely small. In 
the present case for which the calculations were made, the angular dis- 
tance between two such lines is of the order of one degree. The dis- 
placement being determined for points lying within an angular range of 
40® from the central line on either side, the contour lines of displace- 
ment for zero and other values were plotted. The zero lines as seen 
from the diagram curve upwards almost suddenly at a point near the 
line where the displacements become opposite on adjacent lines. The 
strip in the diagram where the zero-lines curve upwards gives the re- 
gion of minimum disturbance. Along this region at no point does the 
•displacement become great. Although the displacement is actually 
jzero at only a few points, it is very small all along in this region. 



Diagram 2. 

Form of the contour lines of equal disturbance in an 
interference field 


Thus it is seen that as the zero lines curve up, they enclose a re- 
gion of displacement of same sign. Within the zero-lines enclosing the 
positive displacements, the various contour lines are plotted. They 
are all closed curves ; very narrow and small for great displacement^ 
and sufficiently large for comparatively small displacements. As the 
diagram shows, near the central region one maximum just comes 
against the minimum at the side, but as the distance from the central 
line is increased, the distance between two maxima decreases and the 
maximum is no longer directly against the minimum (centre to centre) 
The diagram which has been drawn from the oalculated values is vary 
similar to the ripple-forms actually obtained (Fig. 2 in the Plate). Thus 
it is seen that by considering c/r, the amplitude due to the source, it can 
be explained why the maxima tend to fall in a line in oblique directions. 
Moreover it shows that the maximum is compressed in the centre and 
rather drawn out on the sides. It shows also that the smaller the 
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value of the wave-lengfcli, the nearer are the sa-called stationary lines 

to each other. 

Three Sources. 

Nearer the sources the phenomenon is similar to the one just con- 
sideroi in the case of two soarees, but at a distance there seems to be 
a tendency to form a spectrum which becomes very clear in the case of 
six sources. We have two sets of interferences— one lying midway 
between the others (Fm, I in the Plate). 


SiX Sources. 

Near the source (Fipj. 3 in the Plate) ordinary interference as in 
other cases happens, hot at a moderate distance the spectra became 
quite marked — three spectra separate out One in the middle, and two 
on the two sides; the ware-front becoming almost plane. 

4. Ciicuhtorij Motion on the Surface of Water, 

As has been remarked already in the beginning, an interesting sur- 
face movement of water was noticed. It is found that water is thrown 
into vortices , big and small, as Pigare 5 in the Plate shows. ISTear the 
ends of the dipper the movement becomes very vigorous as if the ends 
are, ‘ sucking in ’ the liquid. Whether this circulatory motion of water 
is due to the side way movement of the source producing ripples or whe- 
ther it is due to the terms of the second and higher order in the equa- 
tion for the propagation of wnves (as is shown by Lord Rayleigh in the 
case of circulatory motion produced in the air* pipes) is not yet known. 
To photograph this motion, the surface of water was sprinkled with 
lycopodium powder through a muslin piece to get rid of clusters of par- 
tioles. Light was coining as before through the bottom biit this time 
it was not into miitent. The surface of water was directly focussed 
and the photograph taken. 

_ In the twi, I cannot help expressing my d^p gratitude to Prof, 

■ Raman at whose’ hands I have received constant encouragememt and 
guidance in the study of Ihese ripples. 
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Dr. JisTA^TEii^BBA Chandra Ghosh, D.Sc., 

Lecturer in Chemistry^ Calcutta University, 

Van t-Hoff discovered that aqueous solutions of electrolytes show 
an abnormal osmotic pressure. As is well known, for these solutions 
the equation PF= % RT holds good, where P is the osmotic pressure 
and V the volume of solution containing a gram- molecule of the elec- 
trolyte. Now, there are two possible ways of explaining this abnor- 
mality. The one, that holds the field now is the theory of Arrhenius, 
according to which an electrolytic molecule dissociates into ions, and 
t=s{l~a) where a is the degree of dissociation and n the number 
of ions into which a molecule dissociates. He discovered an indepen- 
dent method of determining a the degree of dissociation based on. the 
observation that the molecular conductivity of a solution increases 
with dOution^ and attains a maximum at infinite dilution. Hence if 
the conductivity be due to ions only. 

The law of mass-action is evidently applicable to this case of chemical 
equilibrium and the following dilution law 

a^C 

(l-a)c 

should accordingly hold good. In the case of weak electrolytes, e.g. 
acetie acid, this equation holds good very well, but it breaks down 
hopelessly in the case of strong electrolytes -like KCl. This is quite- 

evident from tables 1 and 2, 

Various attempts have been made to explain this anomaly of strong- 
electrolytes but non© based on the idea of progressive dissociation 
with dOution has been in the least successful. 

An entirely different mode of explanation is however possible' 
similar to ,that adv&ncal for the deviations exhibited by actual gases 
from the theorelicid gw- law We may assume that -only 
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ions exist in solutions of strong electrolytes, and i A^ould have l3eeii 
at TOYS equal to n but for the inter-ionic forces in solution. 

Let be the work required to separate completely the ions consti- 
tuting a gram-molecule of sodium chloride when the dilution is V, The 
ions in the solution are of course endowed with a kinetic energy of trans- 
lation, the distribution of energy being governed by Maxwell’s Law. 
As the work done in escaping from the electrical field inside the solu- 
tion, must be derived from the kinetic energy of the ions, only those 
ior^ can escape which have a kinetic energy greater than the work 
to be done. These are the active ions, and they only conduct electri- 
city. The fraction of the total number of ions which are active at dilu- 
tion V is given by the expression 


Therefore, 


nN.e~‘'^*'/nBr. 

it^^ = nN and nN 


or 'l!£ = e^'’i or 4i-,- = log^^. 

Pt?! ^vi 

At infinite dilution, the ions are beyond one another’s sphere of attrac- 
tion, 

lieace = nRT log/j! = j- log, - (1) . 

I',, “ 

Here a may suitably be termed the activity-coefficient as in Arrhe- 
nius’s original memoir. 

The problem before us is to determine the value of Av , — the work 
required to separate the oppositely charged ions constituting a gram- 
ix> an infinite distance apart from their mean distance in the 
Bolutbn when the dilution is F. The existence of inter ionic force 
demands a regular arrangeiaent erf the ions in the solution. The dk- 
tribiition is not random m in the oa» of perf^t gases. The way in 
which this random distribution will be modifiwi is given by a theorem 
due to Boltonaaun. Let us take a large number say x of instantaneous 
views of a certain region of iim ■elution containing F‘dom, and in 
meh view, observe the petition and signs ot al the ions which are 
it* In a .oerWn nnmte xf of th«e « views, theiT ions will 
bs in WttrtI equal dvp • « df^sttiiat«i at the points 

^ I^t tods 1^ F* In number 
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of -views, these same N ions will be found in positions P'\^ . P'' x. 
let this be the P"' configuration. On a purely random distribution 
But if there be an interionic force 

x'=x." 

where A" and A " are the respective mutual potential energies of the 
ions in tlie two configurations P' and P" . We thus find that the 
configuration which will come into view the maximum number of 
times must be characterised by the minimum potential energy, the 
probability of th e other configurations containing greater energies falling 
off very rapidly. 

The question arises what is the most stable arrangement of ions 
in a solution of uni-univalent salts like potassium chloride. In nature, 
we find a ready illustration of this stable arrangement. The sylvine 
crystal which has been thoroughly investigated by Prof. Bragg, by 
his X-ray method of analysis, is the nearest analogue of an aqueous 
solution of potassium chloride. In the crystal of potassium chloride, 
molecules do not exist. The positively charged potassium ions and 
the negatively charged chlorine ions are arranged alternately in a 
cubic space lattice. We may assume that in a solution of uni-univa- 
lent salts, the arrangement of ions is similar to that in the sylvine 
crystal. The work required to separate the two nearest opposite 

ions in such a system to an infinite distance is equal to — as a first ap- 
proximation. We simply imagine that the two nearest opposite ioris 
form a completely saturated electrical doublet, r, the distance between 
the ions, can be easily obtained, for if there be 2N ions, in V c.c., the 
whole solution is made of 2N unit cubes, where r is the linear dimension 
of unit cube. 

2iVr8= Forr=y'^; 

E is of course the absolute electric charge 

4-7 X 10-“' E.S.IJ. 

I'? is Avogadro’s Nnmter 6-16 X 10’*, and i> the dielectric constarit of 
the solvent. There are N saeh donblets ; hence 

® ■ i>yv 
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Therefore 

loe I _ 1 

D.2Rr l/¥„ 

Thfs equation contains not a single arbitrary constant, and on substi- 
tuting the actual values, becomes 


log, 0 — =1-616 j— 

la uni-bivalent salts like the chlorides of calcium, barium and stron- 
I assume, an arrangement identical with the fluorspar crystal 
Aceordiing to Prof, Bragg, the calcium atoms are arranged in a faee-een- 
tered cubic lattice, vrhile the fluorine atoms occupy the centres of the 
small cubes. The equation for this type of salts in aqueous solutions 
becomes 


logio 




- = 2-97 




wv, 


1 

■‘T^i 


1 


where is the equivalent conductivity and V the equivalent dilution. 
The agreement between the observed and calculated values will be 
evident from table 3. 

It is interesting to note that equation ( 1) is the limiting case of 
Kohlrausch s empirical relation 




For log — where is nearly equal to / 

^ f*oc 

or 1— — =Ff/c, Qt — — A; t/c.. . . (la). 

00 

TAe infl'mnf e of temperature om tonimiim. 

In the equation for uui-univalent salts 

, 1 

i> . t/ F . 2i?r“ #-7 

the l«rft hand expr^sion contains in the denominator D and and 
they almost counteract each other’s influence. Acscording to Drude, 
the variation of the dielectric ccmstant of water with temperature 
ii given by the formula. 

a«i&niiiig to this formula' is Si*l, 


lOl^ISATION OT ELECTROLYTES IN SOLUTION. 


265 


EFem the slight dimirmtion in the value of the activity coeflScient 
w’ifch rise in temperature can be quantitatively predicted as is evident 
from table 4. 

Infl^uence of Solvent. 

The only property of the solvent which enters into the dilution 
law is its dielectric constant. It follows at once, that the activity- 
coefficient a of the same electrolyte in different solvents, at the same 
temperature are equal , when the dilutions satisfy the relation 
i)|l/F,=Z) 2 yF,=i) 3 t/F 3 .. , etc. 

Prof. Walden has investigated the electrical conductivity of 
tetraethylammonium iodide in some forty solvents, and deduced the 
above rule as an empirical generalisation from his exhaustive data. 
The degree of accuracy with which the above equation reproduces the 
conductivity at various dilutions for non-aqueous solutions will be 
evident from table 6. 


The electrical condvctivity of acids and bases i% aqueous solutions^ 
For aqueous solutions of strong acids like hydrochloric or nitric acids 


or for strong bases dike potassium or sodium hydroxides, the ratio — 

^oo 


actually observed is much greater than that derived from the equation 

l-blb ; ^00 1 1 

■ = logio-^ = log., 


yv 


=^10 a 


This irregularity however disappears as we pass from the aqueous to 
the non-aqueous solutions of strong acids. The variation of the mole- 
cular conductivity of HCl in methyl alcohol for example, as shown in 
the previous table, can be exactly calculated from equation (1). 

It has always appeared remarkable, that the conductivities of 
hydrogen and hydroxyl ions in water are not of the same order of 
magnitude as those of other ions. For example Mh‘ =^1^ ; ^ 

for other ions never exceed 70 at 18°. In non-aqueous solutions of 
acids again this abnormally high conductivity is not absorbed. It thus - 

' f' 

appears probable that the abnormally high value of fshe ratio — in 

f*0O 

this oas®, has something to do with the abnormal mobility of the hy- 
drogen ion in aqueohs solution. In faot^ is not, here, a real expression 

/'oc 
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for the activity-coefficient of the ions. Fortunately^ we have an 
indeiieiident method of determining a, uoder the condition that no elec- 
tric ciirrent should pass through the solution. Ellis has determined 
the electromotive force of cells of the type H., gas/ HCl/ Hg.^ CI,/Hg, and 
obtains the values of given in table 6 from the well-known e(|uatioia 

E.--E.=:2RT log, 

where the concentrations of the hydrochloric acids in the cells are 
and c,. respectively. He assumes that at exceedingly high dilutioui 

obtained from E.M.F. method is the same as — . 

The agreement between the values of « calculated from equation 

(1) , and those obtained from the measurements of Ellis are quite gaod^ 
and it thus appears probable that the real activity coefficient of hydro- 
chloric acid is the same as that of uni-univalent salts. Arrhenius 
suggests that the exceptionally great conductivity of hydrogen and 
hydroxyl ions in water, is due only to the fact, that these are the ions 
into which water is eiectrolytically decomposed. The observed con- 
ductivity of hydrogen and hydroxyl ions in water is the additive 
effect of two separate and independent processes namely : (1) the 
transference of electricity by the convection of charged bodies ; and 

(2) the transference of electric charge through molecules of water by 
the alternate processes of dissociation and recombination daring impact 
with hydrogen or hydroxyl ions. In the first process, only the free 
ions take part in the transference of electricity and their number is 
given by the equation 

The conception of the second process is similar to that imagined 
by. GIrofelhass. It appmrs probable that when a liydrogen ion strikes 
gainst a molecule of water the latter in some ca^s undergoes disso- 
ciation. It may well be, that the hydrogen atom of the water mole- 
cule whwk m farthest from the point of impact, shoots off as a charged 
particle, the hydroxyl residue combining with the impinging hydrogen 
ion to re-form water. If the proc-e^« of disBCN3iation and recombina- 
tion be instantaneaus, the el^tric charge appears to be oamed 
through m dtotonce which is proportional to the dia- 
melor -of the water molecule. 
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= ( 2 ), 

where a is the true activitv' coefficient at dilution V and the real 
mobility of the hydrogen ion, G is the conductivity due to the second 
process. 

Again, = (C7^+ +(7. . . . (3)^ 

0 has the same value in both these equations, for we are always dealing 
with a gram-molecule of the acid, and the number of impacts are the 
same, because all the hydrogen ions, both free and vibrating, are 
effective here. Equations (2) and (3) contain only two unknown terms 
Uj^r and C, and can therefore be easily solved. From the conductivity 
data of solutions of hydrochloric acid, Gjf comes out equal to 152*4 and 
C equal to 197*8 at 25°C. The values of and C having once been 
determined, it is possible to calculate the molecular conductivity of any 
strong acid at any dilution from equation (2). The agreement will be 
apparent from table 7. 

In the case of acids of intermediate strength- transition electro* 
lytes and weak acids, we have as in Arrhenius’s original theory both 
undissociated molecules and ions in solution. The law of mass action 
in its original form is not however applicable to charged bodies. It 
requires modification in the sense, that only the free ions take part 
in the equilibrium. They, only, are free to move, and hence have the 
chance of colliding with one another. Thus ii xloe the fraction of a 
gram-molecule of acid which has undergone dissociation, the law of 


mass action is not expressed by the equation 
equation 


(l-x)V 


- = but by the 


(axr 


(l-x)V 


.. 


(4), 


where a is the activity-coefficient at the ionic concentration ^ . In 
the case of very weak acids like acetic acid, x is generally very small, 
becomes always negligibly small, and a which is given by the equation 
(la) : 


a = 1 - A; y c = 1 ' 


■‘•y; 


is very nearly equal to one at all dilutions. For weak acids, therefore, 
Ostwald’s Dilution Law holds good. For transition electrolytes, 
is not always equal to 1, and here equation (4) must be applied as 
such. 


C 18 
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Here, /« j, = xC + a.r ( U + V j) 

= ^G+(l-fc. |):«-(C,,+ C/,.), 

only is unknown, and its Yalue can be easily found out by the 
method of successive approximation. Table 8 shows that the values 
of k obtained from equation 4 are fairly constant, and hence it truly 
represents the behaviour of transition electrolytes. 

This clear cut division of electrolytes into two classes appears 
unnatural, and it is probable that in the case of weak acids, we are 
dealing with a dynamic equilibrium between a non-polar compound 
which does not dissociate at all, and a polar compound which always 
dissociates completely. The tentative suggestion might be put forward, 
that even in carboxylic acids there is an equilibrium between the 
forms 

R-C = 0 = 0 ±5 R-C=0 

H (I.) OH (IJO 


On salt formation, only the polar form 11. exists, for a metal does not 
directly attach itself to a carbon atom. Hence salts of weak acids 
are also strong electrolytes. The generally rapid oxidation of the 
aldehydes and the existence of the peroxide of benzaldehyde point 
to the possibility of the existence of form I. Indeed, it is Hantzsch’s 
theory of pseudo- and acid-forms, pushed to its logical conclusion. 

The theory developed above, also accounts for the activity coeffi- 
cients of salts in mixed solutions in a satisfactory manner. Here we 
have the empirical rule of IN'oyes, that ‘‘ the conductivity and freezing 
point lowering of a mixture of salts having one ion in common, are 
those calculated on the assumption, that the activity-coefficient of 
each salt is the same as that of its solution where the concentration 
of either ion, is the sum of the equivalent concentrations of the posi 
Mve or negative ions present in the mixture.’* Let the equivalent 
dilutions of two irni-onivaleat salts be Y' and F". On mixing the 
volume becomes F'+ and there is a redistribution of ionic arrange- 
ment until the entire solution is uniform. The dilution is of course 

^«arily the aeMvity^TOcfficient of the ions in the mixture. 


m 
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Thiis is the rale of No.res. The condition of isohydry folloiYS at once 
for if V'=V" 




, • 1 , 1 , 


r 4 - 


Tho conditions of equilibrium in a salt solution in presence of a 
solid phase, supply further evidence against the validity of ATrlieiiiiis s 
theory of electrolytic dissociation, according to which there is an 
equilibrium between the solid salt and the unionised salt molecules in 
the dissolved state ; the latter in its turn are in equilibrium with the ions 
into which they dissociate. The law of mass action is thus applicable 
to these processes, and the following principles of solubility have been 
developed by Nernst and ISToyes respectively : — 

(1) The concentration of the undissociated portion of the salt, 
present as a solid phase, has the same value in dilute solutions of other 
salts, as it has when it is present alone. 

(2) The product of the concentrations of the ions of a salt 
present as a solid phase has the same value in the dilute solutions of 
other salts as it has when it is present alone. This is known as the 
constancy of the ionic solubility-product. 

From his investigations on the solubility of certain silver salts, 
Arrhenius himself concluded, that the first principle is not even ap- 
proximately true. It is remarkable however, that the ionic solubility 
product of these silver salts remains exactly constant over a large range 
of concentration of the added salts. The explanation is very simple. 
The first principle — ^eonstant concentration of the undissociated salt 
molecules — cannot be true, because they really do not exist. The 
second principle is true because only the active ions take part in this 
heterogeneous equilibrium. Of course^ in all those cases where the 
solubility increases in presence of a salt with a common ion, we gener- 
ally deal with a formation of complex ion,, and the phenomena is a 
complicated process of chemical equilibrium. 

We finally come to the question, with which we started, the 
significance of the Van ’t-HoS coefficient z\ If the osmotic pressure be 
due to the kinetic bombardment of the solute molecules^ th0 well- 
known Virial Theorem of Clausius becomes very suitable for application 
to salt solutions. Here the analogy with imperfect gases is complete 

we may write 
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kinetic energy potential energy. 

Tlie potential energy is^ of course, the work required to separate the 
ons of a gram-molecnle to infinite distance, 


or pr=«i?r-i J = a RT- 


-InRTlog^l 

3 a 




According to Arrhenius i=(l— . Both equations had to 
the same limiting value of i—n. 

In tables 9 and 10 the observed values of i are the weighted mean 
of the freezing point data of a large number of investigators for iinhuiii- 
valent and uni- bivalent salts respectively. They are taken from a 
paper by Noyes, It is evident that the equation 
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based on the Clausius Theorem, agrees best with experimental results. 
The Arrhenius equation fails conspicuously in the case of ternary 
electrolytes. Jones attempted to explain this anomaly on his hydrate 
theory according to which the efiective concentration is much greater 
than the apparent concentration because the water molecules combirte 
with the ions. There is no doubt that ions are hydrated, hut there is 
some inherent improbability in the fact that in dilute solutions, about 
150 water molecules must be made to combine with an ion, in order 
that the difiference between the observed values of i and those obtained 
from the Arrhenius Theory may be explained. It is simply unnecessary, 
in veiw of the validity of the Clausius Theorem for salt solutions. 
Indeed for uni-univalent salts, Noyes obtained the empirical law 

Now*=«.| =». =n-^n k.l/c = 2-bl/c. 

Thus the empirical law of Noyes follows at once from the V'irial Theorem. 
A eomplete quantitative theory of dilute electrolytic solutions can thus 
be developed by takk^ into consideration tdie inter-ionic forces in 
sclution. 
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RELATIVITY OF TIME AND SPACE. 

Dr. D. N. Mallik, B.A., Sc.D., P.R.S.E. 

Professor of Mathematics ^ Presidency College, Calcutta, 

1. It is necessary to preface this paper with a brief explanation ; 
Most of us have read Sir Oliver Lodge’s remark that the most surpris- 
ing thing in connection with the recent discussions on relativity was 
that any one should profess knowledge of what the Theory of Relativi- 
ty really means. In view of this remark, it might seem to be almost a 
work of super-erogation, for any one to come forward to give an account 
of that theory, which shall not appeal only to specialists. Nor shall 
I essay it, in its entirety. My purpose is rather to explain, so far as I 
can, what it is not, rather than what it is, and if I attempt anything 
further, it will be to state how I have tried to picture it to myself, rather 
than what the final pronouncement of Science on the Theory will be. 

2. I should like to premise further, that much of what has ap- 
peared on the subject, sometimes under sensational headlines is in news- 
papers altogether misleading. That quite a number of educated men 
should ask whether Newton’s Theory of the Universe” has been upset 
is perhaps natural in view of the comparative ignorance that prevails 
even among educated men as to what that theory or any other theory 
attempts to do, but it is necessary, at the outset for us to be assured 
that so far, none of the past achievements of Science has been rendered 
illusory, although we are beginning to regard the concepts of Space 
and Time in a some what changed aspect, the change being however, 
by no means, revolutionary. 

3. These concepts of time and space have been almost instinc- 
tively treated by Physical Science, as primordial — baffling all attempts 
at analysis or definition.' Metaphysicians have, no doubt found, in 
such attempts much scope for ingenuity but all such have proved 
wholly infructuous. 

In a sense, indeed, the views that have been held regarding Space 
and Time have had a remarkable tendency to persistence. All our 
knowledge,” says Maxwell, ‘^both of time and space is essentially 
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relative.” We canBot describe the time of an event except by refer- 
ence to some other event, or the place of a body except by a reference 
to some other body. He points out further that when a man has 
acquired the habit of putting words together, without troubling 
himself to form the thoughts which ought to correspond to them, it is 
easy for him to frame an antithesis between the relative knowledge 
and a so-called absolute knowledge and to point out our ignorance 
of the absolute position of a point, as an instance of the limitation of 
our faculties. But any one who will try to imagine the state of mind 
conscious of the absolute position of a point will, ever after, be content 
with our relative knowledge.” 

4. In order to have a clear view of what this means, it will be 
necessary to go into further details. 

We are accustomed to talk of a point of space^ marking position 
only. This position, however, is that of a small body^ which we 
imagine to be there and the position itself is defined by means of 
distances from three planes which are called planes of reference. We 
are thus led to the cognisance of Space, really through material objects, 
though there is little justification for the view held by Descartes that 
Space is the only form of substance and all existing things are affec- 
tions of Space or the still more subtle conclusion of his that if the 
matter within a vessel could be entirely removed, the space within the 
vessel would no longer exist. On the other hand, Leibnitz defines 
space as the ' ‘ order of possible co-existing phenomena.” In fact, when- 
ever we attempt to go behind the postulate that the notion of Space is 
primordial, we get lost in the mazes of metaphysical subtlety. 

5. Although, however, a cognition of space is necessarily asso- 
ciated with its material contents, we are able to make abstraction of 
the latter and to regard space, only in itB geometrical aspects, as posses- 
sing only the property of extension in three directions. And Phj^L 
cal Science is ooneerned with the mei^urement of this extension, although 
it will be perhaps almost impossible to detail further as to what 
extension is in KboM . Now, for the purposes of this measurement, we 
have to provide ourselves with a me^uring rcMi and fix upon the 
planes of reference from which directional extensions or distances are 
to be measured, called a Frame of Reference and it will be noticed 
tliat this frame of reference — for example, the two walls and the floor of 
a room— may be regarded as only spatial and not material, while the 
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leasuring rod itself may be regarded as having extension in one 
irection only. In both cases therefore, there is a double abstraction-— 
oth of their materiality and extensions in other directions. There are 
ther processes of abstraction, which we shall have consider in due 
Durse. In the meantime, it is obvious that the metrical properties of 
pace, obtained by comparison with the measuring rod are, to that 
xtent, valid. It is abundantly clear however that space thus con- 
eived is relative — not merely in the sense that it is relative to our own 
ower of. perception and comparison, but also in the sense that it is 
^lative to a given Frame of Reference. 

6. It is also relative in a third sense, which in its simpler aspect is 
Iso matter of common knowledge and to which a brief reference 
1 necessary. To a traveller in a Railway carriage, a point inside 
ppears to occupy the same position in space, or the same position re- 
itive to any chosen frame of reference (say, any two walls and the floor 
f the carriage, which in this case is in motion). If we are unconscious 
f our motion, it would be impossible to realise that the given point 
oes not occupy, as a matter of fact, the same point of space. In 
ther words, the motion of the observer and the frame of reference 
omplicate the phenomena and require to be taken into account in any 
^asonably accurate analysis of the result. 

7, Before we proceed to this discussion, it is necessary to note 
lat we may analyse the process associated with the concept of space, 
irther. The conception developed so far is statical, but only because 
e have unconsciously learned to overlook one essential feature connect- 
i with it. For it really involves the idea of transference— of motion, 
e. of change of position in time, so that the idea of time is intimately 
ssociated with that of space. And it will be seen that time enters so 
mdamentally into the measurement of space, that it may be regarded 
3 a characfeeristic property of space, in the same way as its extension, 
roper, in three directions. By an obvious extension of meaning of the 
ord dimensions therefore, we may regard time as a dimension of 
pace and since all physical phenomena are conditioned by space and 
me, we may describe these as occurring in four dimensional space, 
uch a statement may, at first sight, seem to be misleading but if we 
^member what it really means, there is no reason to be appre- 
ensive. Analytically, it amounts to the statement that if is any 
hysical quantity, conditioned by time and space or an event 


274 


RELATIVITY OF TIME AND SPACE. 



IS never zero, 


A further and stronger justification arises from the fact that all 
physical investigations ultimately lead to a difierential equation of the 
form, 

_ --2 

^ dy^ ^ dz^ dt^ ’ 

so that putting 


ic ' dt day ’ 

we get an equation in which any characteristic difference that may 
physically exist between z and lo is seen to be obliterated. 

It is easy to see also that 


is a line (^a world line’) representing the path of an event giving the his- 
tory of an event corresponding to a particular series of changes of y, 
z and L Now, this concept of time as we have seen is primordial. It 
is, however, relative in the sense that it was probably originally based 
on a recognition of an order of sequence in our own consciousness. By 
making abstraction of this, we arrive at the conception of ^‘absolute, 
true and mathematical ’ ’ time, as conceived by Newton, which is flow- 
ing at a constant rate, unaffected by the speed or slowness of motion 
of material things — the independent variable in all investigations of 
Newtonian Dynamics. Such a conception presents no practical diffi- 
culty, for any required interval, in terms of this absolute time, corres- 
ponding to any phenomena, that we deal with in science is taken to be 
equal to the interval measured in terms of what, by antithesis, may be 
call^ relative time. All that is necessary is that we should be able to 
estimate hy some mode of measurement an interval of time, relative or 
absolute. 

i. As this is a point that bears directly on our discussion, it is 
necessary to note the remarkable fact that though time (absolute or 
relative) is a quantity which we are unable to define but can only 
be conscious of, we ai^ able to mmmmm it. This, it should be remem- 
bered is a process we are continually resorting to in ordinary life. The 
quantity of electricity, for iiistance, that we consume from day to day 
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is being measured and charged for, though no one, certainly none even 
among those whose duty it is to measure and charge for it can tell what 
electricity is. Similarly, when a grocer measures out a quantity of sugars 
he follows a strictly scientific procedure, though he could not tell what 
sugar was. For the purposes of measurement, all that is necessary is 
that we should fix on a standard— a standard pound, for instance, in the 
case of the sugar, which must be an invariable quantity, and should 
know how to compare the quantity to be measured with the standard, on 
the assumption that neither the quantity to be measured nor the standard 
changes during the process of comparison— the measurement having re- 
ference to certain properties common to the two. The process in the 
case of the sugar is, as we all know, that of weighing and it is readily 
seen, that if we had any reasons to suppose that weighing is affected 
by any cause or circumstance, that cause or circumstance will vitiate 
the process and must he taken account of in rectifying it. Now it is 
known, that the weight of a body depends on its position on the 
surface of the earth, so that the weight as a measure is in that sense, 
only relative ; nor would it have been possible for us to detect its 
variation, if we had only marked weights with which to carry out the 
measurement, as marked weights change in the same ratio as the stuff to 
be weighed ; in order to detect this variation, therefore, it is necessary 
to devise a process of measurement (by means of a spring balan-ce, for 
instance), which is independent of the force of gravity. 

9. We, thus, observe that we habitually measure quantities, of 
the intimate nature of which we may be profoundly ignorant, provided 
we can fiLx on a unit of the same nature, of invariable magnitude 
and can compare it with the quantity itself, under circumstances which 
do not introduce an extraneous error. Time is dealt with by the 
Astronomer and the Physicist in this way. The unit of time chosen is 
the sidereal day, or the period of the earth’s rotation about its axis, 
which for most purposes may be taken to be a constant interval and 
measurement of any other interval (relative or absolute) in terms of 
this unit is to that extent valid. But relativity of time expends be- 
yond this in ordinary life. For the practical unit of time is different 
from the sidereal day— being dependent on the motion of the earth and 
the ol^rver round the sun. This unit is called the mean solar day. 
It is moreover conanionL practice, to use different kinds of time, e.g. 
the local time, the local standard time and a general standard time, 
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(sach as Greenwich or Paris time). This relativity may be said to 
arise from the position of the observer, or the frame of reference to- 
which that position is referred. Thus, if f/?=measure of a sidereal 
interval and /j„.=that of a mean solar day, 

= (1 + O)) 

where oj == the mean (daily) angular vdocity of the earth round the sun. 

Again, if T = local mean time. = Greenwich meantime. 

T=T,. + -. 

0 ) 

where ^ == longitude of the observer measured westward. 

It will be seen, presently^ that the form of this relation is similar 
to that necessitated in the theory of relativity. Another interesting 
point in die relativity of time, is also a matter of common knowledge^ 
namely the fact of dependence of time on the motion of the observer* 
In coming from the West, for instance, it is necessary to put on the 
clock hand as one moves further and farther away, the opposite being 
the case^ in going West. Moreover^ two ships starting from the same 
point and going in opposite directions will, when they meet, find a 
difference of 24 hours in their reckoning of time. The relativity of 
time is, thus, found to depend not merely on the unit chosen, but also 
on the place of the observer and his motion. There are other factors 
also associated with the new point of view, which we shall consider 
in due course. 

10. When we have learnt to measure space and time, change 
of position in time or motion can be determined And the question 
naturally arises — what is it that moves ? In ultimate resort, all move-, 
ments probably involve a transference of a ^material’ something, bmt in 
■some -oas^, at least, we are aware of a transferenoe but not that 
of anything which can be described as material. Moreover, a trans- 
ference may be a bodily transference or one caused by vibratory or 
rototionaJ movement. When sound is .emitted by a sounding body and 
m received by the ear, the transference involv-ed is not a bodily trans- 
ference of material particles but a transference of the vibratory motion 
of the sounding body to the ear, and it is wel known that, the 
interveniag ^ce is filled with a material medium — ^fche air for example 
which takes up the vibration and tnmsfers it at a rate, dependiiig 
on ite eltttio froperties. Further, the rate erf transfer wiE be ditfw- 
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tint, if tie sounding body or the ear or tie medium or all or some of 
them is in motion. It is well known, for instance, that the pitoh of tie 
whistle of an adYaneing train is raised and a similar effect is produced 
when the wind is blowing away from the observer. 

11. In this case, the medium (air, for instance), is a direct object 
of sense, whose properties are subjects of laboratory experiment, so that 
the mechanism of sound -propagation and the manner in which motion 
affects it are capable of adeq[iiate experimental test. When, however? 
we proceed to examine the mechanism of light-propagation in the same 
way, we are confronted with formidable difficulties, I'or the meoha- 
nism of the propagation of light cannot be subjected to direct experi- 
roi'ental test, as in the case of sound, since the propagation takes place 
through iiitersteller space, which certainly cannot be described as a 
material medium in the usual sense. 

The property of space as a vehicle of light is a new property, 
which has long engaged the attention of natural philosophers. Records 
of their speculations are available from the time of Aristotle and the 
Nyyaya Philosophy, downwards. Since the theory of corpuscles shot 
off from laminouLS bodies to produce the sensation of sight has been 
found incapable of giving an adeq[uate account of the various pheno- 
mena of light, space, regarded as the luminiferous medium has been 
held, to be a plenum, filled with a subtle fluid of some kind, which is 
capable of taking up and transferring the vibratory motion, of which 
light, for very cogent reasons, must be held to consist. This postulated 
fluid medium is the so-called ether of space. Adequate reasons are 
also forthcoming for the view that this medium is a receptacle of 
energy, of various kinds— nob merely the energy of light and electrical 
energy which is identical with, light energy but perhaps also that of 
gravitation . 

12. Since wireless messages began to be sent through space, it 
brought home to the lay mind, as much as to the scientist that the ether 
of space^ as a transmitter of vibratory motion of which these messages 
consist is identical with the medium which transmits light-signals 
to the observer from the remotest stars. As these messagas are 
prodaced by electrical means and passage of electricity is associated 
with magnetic efiects, the medium is also> fittingly, called the electro- 
mi^netio field. 

IS. ,3rd w, what is the efifect of motion, on these phenomena 
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of which thi! other of 8|moo i*! the wat ? in partioniiii , in what wav 
are t,he light HignalH from diHtant Hfarx affiTt«-tl hy motion f 

fraaginoa frame of rofereiiee «ituat"<l in fin- ether to vvhieh the mo- 
tion of transfer of light from a star to the ohserver may he ri feired. 
Let the frame he such that the sun and Hie stnrH may i»e reyardfil 
(as a first approximation) as at rest with referimee to jt. Tiieii tin* 
motion of the eartii with resjieet to ^iieh a frame Avtl! !»«• lliat relative 
to till) sun. In this ease, the direetioii in whii h light is reie iveil f*y 
the observer, moving with the earth will lie iiie!ine<i to the netnai 
ilireetioii, just as, to a person moving forward*, rain drops, falling 
vertically appear to come in a slanting direction, The result is that 
all stars would appear to move in similar ■ losed eiirA-es, paniUel to the 
earth’s path, oomploting a cycle, in the time that the ohserver takes 
to complete its path round the smi, i,e, a year And extended 
vations have shown that tliis is actuatiy the ease, 

14. The moaning of tlii.s agreement h*live»n th- fibservcil 
displacement and the. caleiiiatcd amount might at lirai sight appear to 
be simjily that our {instulatcd frame of referene** is fisisl in space. Itiit 
it appear.s that this is not justifuihle. For this effect is not ndated to 
the motion of the medium, hut only to the motion of the observer 
rplntiim to tlic metiittm supposed to be at rest. 

Direct experiment has shown, liow«‘vcr, that wlieii a material 
medium is in motion, the vclwity of fight through yuch u medium 
ia ther*?by increased, the effeclivw increase being less than tlu> aetiial 
velocity of such a medium by a small fraetion. This remarkabb 
result (which can be theoretically deduced on pertain assom|itions) leads 
to a serious difficulty of an iinf«resi*en kind. For, if we pass light 
through a tube full of air, oriented in the direction of the earth'* 
motion or porpendiouiar to that direotion, no ijet«ptabl» difference in 
it* velocity is observabb. This is the eelebrabal null-effect of Miehal- 
and Morion I«y’* experiment. But the motion of th« materia! modium 
fthe air in the tube) in the first eas® is Idiat of the earth relative to the 
ether, as measured in the direction of tight propagation, whereas in 
the second ease, it i« nit, measured in the same way. Hinee then , no 
difference I* detectable, the conolnsion is either that the motion of 
the earth reiaMve to the ether la nU — which i« the exact opjmsite iff 
the former eonclmion (art. Iff) or that the tube oi»otracts, automati- 
cally when oiriehted in the ditecUon of the earth’s motion, ff the 
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liitiiT m it HumFwliiit rriiuirkalilis that no nx|inriiiii*iit 

hii!i«*rffi la-’fii uhh* to fii*t<*-ri thin mintmc^f iort. It wan, in fiiot, rt^aMciii- 
lihla to iiiat ilii'H pmxtvmdUm vv<iul<! la* aHHtKnfit4al witJi 

««rrf‘SfioiMlifi|C, i*liH*trirah nH'a*}mnit‘ii.l or optical liut- noiio hiioIi, 

IifiH.Hofiir ficitiiiilly clairatial., Wt* muni (‘onohnla tharoforo, that tlii« 
aoiitraatioii ■ ‘Jf it iiiiHt ha ml mi t tad toaxinf (iiial it lum to fm adniittia!, 
ill orclar t-o ax}iliiiri flii* iitiil afhai, nhovp rafiTrad to) in ooiiifianMiitari 
for by idfoatii, m dri*j)-Hoiti»4l nn tht^ I'liad-rioa! anci otliar projiarttoH of 
bodiat^. But aincia thvm* |iro|mriioH liavo haiai lifialyHiKl into tlictm* 
of iliair nltra-iit'Oiiiio i4lriic?tiiri% if olaar thiit- tht»Ha roninintioiw iriiwt 
lia hold to fiiliai.. tliiit Htriirtiira in a inannar, Hnah nn priadiidon tin* 
lilting ofiHorvad by iiriy known daviaa 
15. Wo may* infiioi, ragnrd tlia fmnn* of rafaronaa to iiiova with 
any iirbitrary voloaity Hint wa ahoo'-if*, Thi^ wonbi naain at lirai Might 
to land to ilia orimdiiMinii iliiii wp nra praahnbal from diHao%a'*»riii|| iiny 
jihy.Hiaiil liiwn, wdiiilimavtw* Wa sm% bow*avar. mivial from f4iin iritallaa=* 
tiiid by tfia ntiW' priindfdo of raliitivity, Thin i» bunad on 

KirHiiiia^M jiriftltiliila wliicsti admits l{i#it tlia taw# of pliyniafi! |iticilic>nititw 
ni't* till! iwitria irtialliar iliana {ilii^ririiiionw itra rafarrad to iiity frutiia of 
raff*raiira or to iiiiy otiiar frfiiiia moving niiiforiiity wiili raMpaat lo ti 
witli liny arliilffiry %odoaity %fliritavar» If, tio%vaviii% jifiarioiiiarni 

iiH aotiililioitiMi by tirtia arifl iijiiioa ri^ra to ba i!ii|iiib|a fif #aiarit4fbi 
rnarii* iliara- irni.*it miiria aiirina,a,liiiii link liaiiraati iiriy two 
of rafariniritM* nifiviiifi willy iiii Iirbitrary ¥#*lotiity, ifitli ra#|iatit to loiali 
ritliar. Tbi# i# ioi}i|i!ia4 by tliif mittilitmfil **«' 




^80 


RELATIVITY OE TIME AND SPACE. 


is automatic, it necessarily follows that it will not be possible to detect 
this contraction except as a matter of indirect deduction, as set forth 
here. We have already seen that gravity as an universal property 
of matter is not detectable directly, as all bodies are equally affected, 
except by a special device. Here, the effect is more deep-seated still 
for we fail to detect it by any device whatever. And this stands to 
reason, as it depends on the relative velocity of the earth to the alb 
pervading ether. Admitting, then, the existence of this contraction, 
we have the remarkable result that the length of a body depends on 
the velocity of the body, relative to the frame of reference, which we 
have assumed and that this relative velocity is a quantity that can- 
not be directly measured. 

17. The formulae of transformation as we pass from one frame 
of reference to any other frame of reference, moving with any arbitrary 
velocity whatever in relation to the other have been derived in various 
ways. I have investigated them on the single postulate that the 
electric charge is an invariant for all such transformation. 

In a paper in the Phil, Mag, (Apr. 19le5) I have shown that Max- 
welFs eqn. 

21 ^ 

(Ix^ Sy^ dz ^ 


can be interpreted in terms of the electron theory by supposing 

dA 


dx 


+ - = - p, 


where I (A,B,C) is the coeff. of electrification giving rise to electric 
moment 

dM = Ida {da == element of volume) 

And the electron theory of dispersion gives 

0 = Co v/ ifcb 

>vvhe) — velocity of light in free space, where the medium is fixed. 

That is, ’ 0=C„e &c. (1) 

rel. to the moving observer, moving with the medium (vel, 0 

while, . ' = (2) 

relative to the fixed ohaerver 

Also, 

where, (1) is the solution of eq^uations of the type, 
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nd 


C' + p,*^7 = c„A. 
A + p/A - aj 


and (2) is the solution the same eqn. where 

d 
dt 

whenever it operates on G and there is an additional term due to 
motion of electrons 


is changed into f ^ ^ 

\dt az/ 


4c7r 




where /3 is the magnetic force due to this motion 

In this way it can be shown (Poincare, Electricite et O'ptigue) that 
up to the first order 


W'-i') 


But 


z' ' 

dy ^dy' 


n n 

BA clA 
since « " = 
ax ax 


/ 

— ^ , from the geometry of relative motion, 


and 


pdxdydz^ f)' dxf dy' dz\ 


we must have 


Bz'^J. dz' 


, so that 





This shows that the above equations (1) and (2) require further 
modification, viz., if 

relative to the moving observer in the moving medium, 

we must put G = 

relative to the fixed observer 

and t being the velocity of medium referred to the second observer 

2; = X (z'-^t') 

t:=zp {t' ^vz'), where /u, v have to be determined 

therefore, ■ (7 = 0^ 

Now, comparing coeff. of z\ and 
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We have accordingly :: = A (z' -it), (5) 

V c*an(l/'«-\* c* /’ 


whcr<^ 


A-J: 
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IH, Th«‘ form of tho 2nd oxprossion is, as wt* havo already indicated 
similar to the relation between local time and standard time, while A 
introduotis a change in the unit. The eqn. (5) is an extension of the 
usual formula of transformation 

z^z'-Cl'. 

which is eharaeteristic of the new theory. 

The generalizations open out a wider purview to the physical 
enquirer in a manner, which is not, however, altogether, new to science. 

19. As a simple example, it may be noticed that the science of 
qnateraions was developed by a process of extension, aa soon as it was 
recognised that the commutation law was only of limited application. 

20. The result of the modem theory is remarkable, neverthe- 
less, but the interest is entirely scientific, so that there is nothing in 
it that is likely to affect our everyday experience. As this is a point, 
which has been much misunderstood, it would be worth while pausing 
for a «i«tn«at to consider in detail its practical significance. 

21. According to old (Newtonian) dynamics, a body does not 

change its shaf>e and size because of its motion. On the view, 
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It does. But to what extent? fn the firat place, every phyaioal 
property of a l>CHly and t!iat of all bodien (diango Himultaneooaly^ it 
would he irn})08sihl('» to detect it. And evtui if we (‘.ould detect it, it 
will he only appreciable^, if the velocity of the body relative to the 
observer is coniparablf* to the v(dooity of light, which in 186^000 miles 
per second. Similar remark appli<‘8 to the cliango in rt^gard to time, 
HO tlnit it appemrs tliiit t!ie man in the ntrecd, as well an nnm in higher 
places may wrdl gf^ about their usual avocations without fear and 
trembling, for any cdianga that tho “ new theory of the universe,” (to 
c|Uote the popular doHe.rifition of Einstein meclianicH), involves. 

22. We may regard the infeerc^sting feature of the present view 
in another manner, 8iippf>sf* we assume tln^ cairtlds velocity relative 
to the fdlier to be ns much as lJU,0b0 miles per hckk)ii( 1 in a vertical 
direction. Then * a ro1 six feet long, when horixorifcal cjontnuds to 3 
feet when phieed vertimilly. But the standard yard-rncasun* will 
change in tin* siirrie way, so that it will md be possilile to notices tlm 
change. Mor will mny cdiaiige im observable, ai the rod is rotated from 
the liorivamtal to tlie vertical |i 0 sition, if we admit that the image in 
the rcitinii dmngm fmri-pamu, whtcdi is apparently the ease. W© 
may apply other tests, olocdrioal, optical, etc. But they all fail, as 
we have alrancty .seen. Thus one is dkposiai to reiterate the oonoluibn 
that the prmelieal position is unetiaiiged, in spite of Einstien's theory. 
What 18 eliaiigcMii however, is the point of view— the aspect of things 
in II broadtir senii* itian lieraioftire. 

2!l. I'll deiilitig with motion, iic.i long as we confine ourselveH to 
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tivity iu oniinary moclianics, but it will bo acen that tho peculiar kind 
of relativity that we are now considoriiif!: is of an extended scope anfl 
significance. 

We naay analyse this aspect further. When a rod is set moving 
uniformly, we say, according to the pre.sent view, that it contracts, 
but the contraction is only a %vay of describing the new spatial relation 
that comes to subsist Ijetween tlu^ rod and the ob8tM'v<>r, the contrac- 
tion being only relative to f lu; particular observer being dilTfirent for 
different obsmvers. If, then, the spatial relations are different for 
(lifferi'iit olmervers, we reach the remarkable conclusion that each 
observer carries his own (four dimensional) s[)ace witli him, *so that 
the distinction between the perceptual and the conceptual on the one 
hand and between the subjective and the objc*ctive on the other seem 
to tend to be obliterated. 

24, Prof, Karl Pearson speaks of a cheap and unfortunately 
common form of emotioiml science which revels in contrasting the 
infinites of space with the finite capacities of man." He argues that 
" the spac<« of our perception, the space in which we discriminate phe- 
nomena, is exactly coramcnsurablo with the contents of that finite 
capacity, which we term our perceptive faculty, so that the only in- 
finite space, wit know of is a product of our own reasoning faculty." 
“The mystery of space," according to Karl Pcaraon, “ whether it be 
the finite space of perception or the infinite space of conception, lies in 
and not outside each human consciousness." The theory of relativity 
suggests, however, that space possesws properties which are neither en- 
tirely perceptual nor entirely conceptual but which partakes of both 
at the same time. In the same way, the old formula that the property 
of a body, extension for instance, is cither in the body or in the con- 
sciousness of the observer is seen to be inadequate. For, after all, it 
appean that it depends on both in a more emphatic sense than, wc 
have been used to, so far. The other consequences of such a scheme 
ar® naturally far-reaching, but only for the purposes of scientifie 
exactitude. Thus, just the size and shape of a body are dependoni 
on the velocity of the body, its ma® also is found to he dependent on 
|t. But it is dependent in so minute a met^ure that we need not 

• Th* illuitniiiofl of rwhtbow hao boan twed by Joam, whioh seems to be very 
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trouble about it (until, perhaps, we have occasion to exchange com- 
modities with Jupiter). 

25. Again, for establishing communication between different 
systems, the sole constant involved is the velocity of light in vacuo. 
With regard to this point, it will be remembered that practically all 
our observations are based on an optical method and all our standards 
depend on this velocity. Since, therefore, any uncertainty in this would 
introduce a complete uncertainty into the entire range of our expe- 
rience, the postulate of constant velocity of light is apriori justified. 

26. The justification of a theory is best measured by its power to 
explain outstanding problems and, accordingly, an attempt has been 
made to apply the theory of Relativity or a modification of it to ex- 
plain the most celebrated of these, viz. the intimate nature and Law of 
Gravitation. This has led to a ‘ generalised ’ theory of Relativity as 
distinguished from the ‘ restricted ’ theory, which we have been con- 
sidering, so far. 

For it should not be forgotten that the so-called gravitational 
law itself requires explanation. There is, in fact, nothing fundamental 
in the law that bodies attract each other, and that the attraction varies 
inversely as the square of the distance^ and as the product of their 
masses. It does really nothing more than supply a hypothesis — an 
artificial hypothesis at that — on which the motion of the solar system 
can be explained in a tentative manner, as a first approximation. 
The intimate mechanism of the processes which actually yield the 
result summarised under the law have accordingly awaited discovery 
since the time of Newton, who himself attempted it. And now that 
masses are found to depend on the velocities of bodies — and space and 
Ijim© are held to have new attributes, the law has come naturally to 
be under careful scrutiny, on the new principle of relativity. This 
has been done by Einstein himself and it appears that a modification 
of the Newtonian theory is called for. And it is moreover found that 
when this modified theory is applied to specific problems, the results 
are singularly satisfactory. 

27. It is difficult, if not impossible to give ah account of the 
manner in which the so-called Law of Gravitation has been analysed and 
modffied, on the Relativity Theory. Without attempting to repro- 
duce the soimewbat complicated mathematical analysis, I propose only 
to indicate the general line of thought. 
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28 . Whon n top is sot spinning, it can bo made to .stand but only 
whiio spinning not othorwise. This may bi* taken as an illuHtration 
of a ‘field of force, ’ apparently brought into play — the Ho-callecl centri- 
fugal force -as the effect of a change of a frame of reference in the 
four demenKional, spatu- of the restricted theory. For in this ease, 
when the top is not spinning, wo may take^ for the frame of reference 
the axis of th<* top ami two lines at right angles to each other (pro- 
visionally fixt*d in space). 

This field of force, tlnui, may be fiescril»ed. as arising from a change 
in spatial relations in the spinning top from those that obtain in tho 
stationary top. Now this change is independent of tin* nature of the 
body, and is dependejit only on a geonudrical deformation -with re- 
feronoo to tho room, as a frame of reftsrence. Whon it is .spinning, thi« 
frame changes its positirm continuously. Himilarly, when a stone is 
whirled round, at tho end of a rope hold in the hand, the pull at the 
hand may be said to evirlence the {)lay of a field of force, which, al- 
tliough we may otherwise explain it, undoiddedly repre.sen(s a real 
property of Tirno and Space. These illustrations ar»» noeessarily crude, 
hut they enable us to make a mental picture of the principle laid down 
by Kinstein and called by him the I’rineiple of Equivalence d—ot*. 
a gravitational field of force is exactly equivalent to a field of force 
introduced by a transformation of tho co ordinates of refenmeo, al- 
though thf»ro may be no means ot distinguishing between them experi- 
mentally; only, their equivalence is to extend merely to the w^ions, 
over which tho transformation is po^dble. 

20. An illustration of a different kind from those already given 
though still somewhat crude, may also be given, doing up in a lift, 
one fwls tho prewiure between tho feet and the lift increasing with 
increased acceleration. When the lift descenda, the pressure decreases, 
till, if the lift falls freely, the pressure becomes nil. With reference 
to the frame of reference rigidly fixed to the lift, which is moving with 
an aooeleration, the foroos operating (In this cose the pressure) aoquir© 
values depending on the motion of the frame of reference. Tho result- 
ing field of force Is entirely due to transformation of ax^ from those 
fixed to the earth to those fixed to the lift. Xn the particular case, in 
which the effMts of the gravitational field are neutmlised, tihe prinoiplb 
of equivalenoe telto us, all otibter effete wiU be neutralised also. 

80. In fact, tiie motion disou»»«l in Elgid Dynami<», of bod^ 
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nn«i<i' rill frn'f'f'H Hiipjili'f.H aiiipli*. illiHtratioii of foroon ariHiog from ohangon 
ill Hpnliiil rvhtlam \nci. 4iitu* hih^-U ohmigoH aro thi* fiiridairiantal 
poHfyliiti'H of t!p‘ fti^vory ndativaty, it was natural to inc|uiro jib 
dicl^ if -tiiilahlo fy|H*i uf ilii*si* (diatigos in jaHi'-d 
Hpaiia! ri*!:if iotn roiilil muMmnt for gravitation^ also. This luis lad to 
tlii^ fit'Iativity tlifairy *sf gravitation and i<i a moflili<‘,ataoiii of t.lir! *Vnw- 
toriifiii laiiicdjilr*. UnMii.jiiiry lias, in fart, Iml to fho. rv.sult that dn* 
rnotiiiii of titalii*s in a graviialiorial Hold may hv oxplaimal, witlioiii 
invoking a gravitatifoial ftirca* following Xtnvttniian law^— wliicdi is now 
kriinvii to III* only a firsl afijiroximniioii and as arising from tlm ourvaitiro 
of Kpiieia fiiijiiHial hy fiodii^s Isindi as ftio oartfi or tlio hiuiI t-o wliioli thc^ 
fiaki wiiH siipjjos.al In b#* duo tho aotua! p-uJi lining fin* shortt»st in t!u* 
now foiiraiiiiiraisiioial Bpano of I’bnstoiii Kinmiiatirs, 

iSiioh n liypoitiosis fjtii only In’* jnsttfiial by iis appjic’iitioiH to 
iiotaiiil oiiSf»s. It iril! Iw iiOi.oosary tln^ridfiro to rabo* ii.* a, finv of ihoso. 

Duo of tlio nmsi ^an’oossfnt of tin*;#* ajiiiiinatioriH is to a woli-known 
problrrn in iiir iibiMrlnry llioory^ liaiiioly llio oolobnttorl disorf*piirioy 
'betwooii i!if‘ olisorvoil |iiiriiii| of roimiion of lhi» orbit of Moroury ffl74 
aocoticls jii»r csmitiiryi and iim oalmiliitiai aitioiitit on thn Ninvtoiiian 
llieory rif jiortiirbatiritis, dint to tho aoiiori of itto otimr jilitinds (abotit 
532 ii!*ooiit|s| 1liH oaii fio ooiiiplotidy ninfonnlod foiy on tlio Thtiory 
of lioliilivity, 11 - 0 * phifi 4 iit |iiirsniiig tint Hliortosi ooiirso throngli 
lliif <*tir%a!il foiiraliiiiioisioiifil s|ia.oi* round tiio siiri flnsaribos ilti* joitti m 
it is kiiowii io d*n riitlii;*r llniii tin* fialli iiiflioiiind by Ninvtwtiiifi ilioory. 
And iill.lioiiglt it fills argiiiai on liio otbor sidn tfiiii a siiitablo 

mcMlificmtitin of tin* Htnvbiiijaii llioriry k mmpHeitt to yiiild tfiti iumn 
rtsiiliy if nfipi^iirs tbat a fiiiiil iiroiiniiiinoftifOil ifiotifcl bo In fiivoitr of 
EifWteiiiX Tlicfiiry lint ii. iiiciro utrikiiig oonfiriaatiori of tlio iiiiw 
thfMiry of gratilAlioii kim^i on itio Principb of liidativily m now 
fortiieoiaiiig. Kiit^toin fiml prmimUui llml rays of liglii woiild, suffor 
dcwiiilion irt ii gimvitiilioiit! flidil and tlmfc if tbi# in tn bo tlio eiiit, rsyi 
from utars wiiiidi liavo lo pass ttirong ti wgioiif in tlm itiiigtiliotirhooi, 
of llto fiiin ill rriteliitig ttio olisrrwr •ihoiild iiiffor a kiifiwn d«vI»llon 
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on account of the sun’s gravitational field i.e. in following the shortest, 
path on the curved space round the sun. In fact for a star seen 
close to the limb of the sun the light ray should experience a total 
deflection of 1-774". This prediction of theory has been amply con- 
firmed from observations at the last total eclipse of the sun. Even 
the slight discrepancy that was noticed at the time has since been held 
to be due to instrumental distortion. 

31. The Theory of Relativity must, therefore, be held to give an 
insight into the nature of Space and Time, which is new to Science. 
If this be so, it suggests a difficulty which should be carefully consi- 
dered. For the Theory of Relativity leads to the conclusion that any 
frames of Reference are valid, no matter how they are moving rela.. 
tively to each other, provided the unique condition as to the constancy 
of the velocity of light is satisfied, with reference to them. If one of 
these frames of reference be situated in the ethereal medium—that all 
pervading medium through which light and electric disturbance are 
propagated (the so-called electro-magnetic field), this apparently leads 
to the conclusion, that the other may be supposed to be moving with 
any arbitrary velocity whatsoever, or, since each observer carries his 
own space with him, each observer will have his own ether.” This 
has sometimes been held to mean that there is no such medium, for, 
i t has been argued, that such a medium, if it existed must necessarily 
e inert; This view, however, does not seem to be, altogether, justi- 
fied. 

For various lines of argument seem to point to the conclusion that 
the ethereal medium, through which light is propagated cannot be held, 
altogether to be inert or immobile. Cogent reasotis can be advanced 
for the view that there is intrinsic — if concealed motion in the medium. 
If, furrher, the same medium takes part in the propagation of gravi- 
tation, the motion of the medium may be arbitrary in the sense that 
the actual energy of the gravitational field cannot be specified. It is, 
morever, admitted that absolute unit of eleetricity is a quantity which 
iS' independent of a frame of reference. But the most satisfactory view 
regarding the intimate nature of this quantity that has, so far, been put 
forward is that it is of the nature of a singularity in an all pervading 
medium arising from motion or disturbance of some kind. If that be 
so, we seem to come back to the postulate of a medium. It has indeed 
actually been shown by Wejd that the curvature of generalised space 
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postulated by Einstein to explain gravitation is due to a distortion 
which is a particular case of the most general distortion of which such 
a space is capable, and which will explain electrosnagretic phenomena 
as well, 

32. In fact, all our so-called explanations of Physical phenomena 
reduce themselves to the preparing of models that shall represent the 
actual as nearly as possible, but can never be the actual itself. It 
does not appear therefore that the theory of Relativity will dispose of 
the physical existence of the ethereal model, until a better one can be 
found which shall explain the intimate nature of the various concepts 
of modern physics, corpuscles and material particles, electric charge 
and magentic force, gross matter and gravitation in one comprehen- 
sive scheme. 



A HTUDY OF FATIGUE AND ENDURANCE 


Haripada Maity, M,A., 

Lecturer in Experimental Psychology ^ University of Galciitta. 

Materials for this paper were gathered in course of the Health 
Examination of the students of the Scottish Churches College, Calcutta, 
in April last. The immediate aim of the examiner was to make a 
comparative study of physical fatigue and endurance in certain stan- 
dard conditions of work. Naturally, with the time at his disposal, he 
cared more for convenience than for scientific precision. The materials 
are not, therefore, what an exact scientist would like them to be. 
They are under the influence of a large number of chance and systemat- 
ic errors, many of which can with difficulty be controlled. Yet they 
are useful in their own ways for the scientific study of fatigue. Allow- 
ances may be made for known errors ; and by mathematical treatments 
of the results, the influence of some errors may be minimised, while 
that of others may at least be indicated. 

In the present paper, I shall discuss certain preliminary results 
which I cannot presume to present as final in any sense, but which 
would give us some idea of our problem. The number of measure- 
ments upon which the results of this paper are based is small and hence 
much of what has been written in it may have to be corrected in fu- 
ture. I wish to discuss the problem more fully in future when a large 
number of measurements are obtained. 

§ F 
Method, 

The degree of fatigue that a living tissue or organism has under- 
gone in consequence of continuous work for a length of time under cer- 
tain conditions is measured by the amount of its loss in efficiency for 
that time. Provided the conditions of work remain the same ahd the 
organ or organism continues to do the same work, we can compute the 
loss in efficiency by comparing its rate of work at any particular mo- 
mcnt of fatigue with that at the beginning or any other period of effi- 
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ciency. For this we require a series of records of work done in a 
certain period of time under certain uniform conditions. 

Mosso’s Ergograph is ordinarily used. Though it has the advant- 
age of studying fatigue of a single muscle and thus under simple con- 
ditions, it is a rather complex apparatus and cannot conveniently used 
for securing materials from a large number of subjects. We chose 
therefore, the dynamometer (Smedley type). It is convenient to 
handle and we hoped that, as in the dynamometer test the subject is 
required to work at his best, without being restricted to a particular 
resistance, it would indicate more correctly^ than the Ergograph, the 
general working power of the subject. Also an ergogram with a 
variable load, according to certain, authorities, ‘Ogives a truer picture 
of the course of muscular fatigue”, than an ergogram with a constant 
load. And as the curve of work from a series of grips, as well as from 
a single continuous grip, with the dynamometer corresponds to this er- 
goram with a variable load, we thought it to be better suited to our 
purpose than the cumbrous Ergograph. 

Records with the Dynamometer can be secured by two different 
methods. In the first method, called the method of continuous con- 
traction, records are taken by the examiner at the interval of 3 or 4 
secs, while the subject continues pulling the inner stirrup of the Dyna. 
mometer with his maximal effort, say, for 1 mt. In the second meth- 
od, called the method of separate contractions, the subject pulls with 
his maximal effort only at the interval of 3 or 4 secs, and the exa- 
miner takes record of every maximal grip. 

The second method was adopted here. I tried the two methods 
separately upon the same individual^ at the interval of half an hour. 
The two series of records were substantially identical. Farther, the 
second method is more convenient to apply. In it ohanoe of error du® 
to the examiner is small as less strain is put upon him. In the third 
place, in the first method the sub] eet has to maintain his maximal atten- 
tion for more than 1 mt. But attention is naturally rhythmic and our 
maximal efforts are also rhythmic in character. The second method 
follows this natural tendency of attention. 

We have followed the instruotions given in Whipple’s Manual of 
Mental and Physical Teats, Vol. I, except that they were slightly modi* 
fied. 

Care was taken tka^ the adjustment of the inner stirrup fitted the 
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hand of the .Hiibjeet. I'ho recordinj? pointer on the dial was moved 
away to tlie riglit . The Bu})jeet and tlie examiner sat on the oppoeite 
sides of a low tal}lc\ subject holding the dynamometer before him 
so tliat the* record could bf*; easily taken by tlie examiner. The inner 
stirrup presseci against tlie second row of phalanges. Whipple instruetB 
that a. metronoiiu^ is t ea 1 h^ set hf‘ating once per bcc., the examiner is to 
call '‘Now” lit (‘Very fourth bt^at of the metronome whereupon the 
sul)ject is to I Dili as forc^iidy as he c;an. W(^ hav(^ Bubstituted the met- 
ronome by a HecoTurs ixmdultnn H(*i upon ih(^ tal>le just before the eyes 
of tin? subject, Tlie sub jtHdms trainiHl at first to count the oscillationB 
and flow at (*very third move ment of tlu^ boh towards him he is to grip 
with is maximfil eflerl . H(» in not to look to t.lie r<u!ording of the gripB 

but to keep liiiiiself oeeupical with tln^ counting of the oscnllationB. ThiB 
arrangement lessens the labour of t4ie examiner and also b(wv( 3B as a con- 
dition for testing the Co'Ordinating^ ’ ability of thesubjc^ct. The sight 
of the oscillatifig bob often induces a rhythmic KinacisthesiB in the sub- 
ject and thi«, no dmilit, helps him in keeping up the attention. After 
the subject hais learnt to count the oscillationB and understood how to gril 
at every thiffl fmeillation with Ids maximal effort, the examiner calls 
Ready ” ami the iiu!>jiH?fc begins pulling every third second with Ms 
maximal effort till he wiis told to stop at the end of 1 mt. The exam- 
iner in the memtitiirici takes note of records. We cliose the interval of 3 
secs, instead rtf 4, as it induces fatigue more readily and gives large 
number of records wdtliiii the Bmm time. The right hand was first 
examined and then the lifft. 

I 2. 

Trmimmi of Results. 

A sample record : 

Tabe 1. 

Name 

R%l»l Imiwi L#f t hand . 


m 

Bt 

47 

47 

m 

51 

m 

4i 

m 

m 

m 

m 

m 

47 

m 

40 

m 

m 

Ml 

m 


m 

m 

49 

m 

Sf| 

m 

m 


m 

47 

47 


(The fignreii indioate strength of grip in k.g,) 

TSie Fat%no index is obtained by the formula x -p , where 
X es. the required fatigue index, r, •»> the mean of the first four 
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roaditiKH, and r^~= th« moan of the, last four roarlings. In tho record 
given above, r, 5:i-25 and 47-75, Micrc-fore, In.’J . . . for 

the right hand. (Though we liave tiHiially taken 20 readingH in 1 mt, 
each at tho inhirval of 5 secM., \v(» hav<^ computed the fatigue index 
fron; 10 readings in order that we may coinjiare onr results with 
tlioso of wt^storn invisHtigators.) Th<‘ mean of the first four readings 
would fairly represent tlie working capacuty of the individual at the 
time of the examination in its best phase of efiicioncy. 'Piio moan of 
the last four readings woidd siinilarly represent th<i .sanm (mpacity 
impaired by fatigm*. Tho ratio which the lo.ss of the working capaci- 
ty would bear to the original capacity gives an index of fatigue for the 
individual and this index can be trusted if we (jan admit that the sub- 
ject has gripped with his maximal elTort everytime and no irrelevant 
factor has disturbed th<* record, fn certain oases the {)ha8o of offi- 
oienoy is not rea< 5 hed in tho fir.st grouj) of four n?adinga, but only in the 
second, so that the mean of the second four n-adings is higher than 
that of tho first four. In such eases maximal efforts are exerted only 
gradually and hence the inde.x is itakmlated by the same formula from 
the last I« readings insfciid of from the first HI readings, as ordina- 
rily. 


In our meuMurement fatigue wo need not take into consideration 
tho intermediate readings between the first four and the last four. 
But they are valuable in indicating tho eourso of fatigue or in other 
words, they show whether fatigue has set in gradually or abruptly, 
etc. If the readings in the above record bo plotted in a graph. We can 
got an endurance curve, like that shown here. 
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Along the abscissa x are plotted the time intervals of 3 secs, each 
and along the ordinates y are plotted the grip readings in k.g. No. 8 
indicates the serial number of the subject. The black heavy line indi 
cates for the right hand and the red line for the left. Endurance 
curves are made up of all sorts of zigzag lines^ so that if we are to 
classify them into types w.e should first smooth them. The small rises 
and falls t^ at are present in most of the endurance curves are due to : 
(1) chance errors arising from holding the instrument in a slightly wrong 
position ; (2) momentary flashes of enthusiasm and depressions of the 
subjects; (3) parallax error, and also to other unknown causes. The 
smoothing would to some extent minimise the influence of these slight 
errors and yet represent the general tendency of the curve. 

T adopted the ordinary simple method of smoothing, viz. by draw- 
ing a smooth line, by the eye, through the curve so that it passes 
through the largest possible number of the plotted points. For the 
determination of the different types of endurance curves, I used the 
method of plotting the “ moving averages. 

Binet and Vaschide divided their subjects into three groups : (1) 
strong; (2) medium; (3) weak, according to their maximum grips, in 
order to examine the manner of distribution of endurance types in 
the several groups. I also divided our subjects into the same three 
groups and worked out the average fatigue index of each of them. 

§ 3 . 

Results. 

(Altogether ICO college students ranging in age from 17 to 23 were 
examined. Of 100 records 10 were rejected as unsatisfactory. In 
the calculation of certain results age differences were not taken into ac- 
count. Other results were limited to particular age groups.) 




BiimM 


ber of the etudonts. d is deviation of a student from tlie avern; 


average deviation of the group. 8.D. or standard deviation of the 
group is the sq. root of the averi^e of the square of the separate 
deviations and has be^ obtained by the formula 
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xy m prodpct of x, an inclividuur h deviation from tlieavcira^e of tlie series 
witli t!ic3 right hand, a^nd //, his (h^viation from the* avf^rage of the 
left hanci. r is coefficient of correlation hetw(*eu the two nen'icH of fatigue 
indc^x, and has beem obtained by tlH‘ Pi*arson formula 


in which n is the nniiilmr of studemts in both Heries, the of the 

first Hcries, and tike B. 1), c^f th<5 second Herien). 

2. It would bf^ iriferc»Bting to eoin|)are fatigtu^ indivx figures of 
stuclenf'B of particular ages with thcjne of all the students iak(»n toge- 
ther irrcjspeciive of their age cliffereneeH, 
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probable error of th(.‘ diflorenct^ betwc»en the averagcsn, and hiin beea 
ol>taiaed by tlie formula 

...>745 

V n 

!i indicates tlic Bignificjaut or chance nature of tie* diflereiico between 
thf" avorage.s, PJC. staufis for probable error of thf* coeflicient of cirir- 
relation and lias been obtained bv^ tlie formula 

1 % 

(>-(S74r) 

.fiidp'd by fcho various moasunsH of variability, tha firat aerlw of 
moasurotnonts is comparatively trustworthy. There is more uniform 
distribution in it than in the other two. The left hand aeries for th© 
age group 19 is relatively more variable (of. /’.A’.,4„,=«:t’912l and 
0aEa*5Id) than th(i other aeries. The figurea for age group 20 approxi- 
mate those of all the ages groups, taken together, and tliis representa- 
tive character f»f its figures agrei^s with the fact that p.o. of the 
students (sxamined belongs to this group alone. Wo cannot, however, 
draw the conclusion that the fatigue index of age 19 is really lower 
than fcliat of ago 20. That it appears so from table 2 may be due to th© 
fact that the number of students examined under each of the groups 
19 and 20 is very small. The low figurea for the age group 19 are pro- 
bably duo to the absence of very high fatigue index values in it. 

2. The fifty students under the age groups 19 and 20 were olassi- 
lied into three groups according to tlu3 strength of their maximal grips 
( I ) strong (2) medium (H) weak. A man was considered to bn of medium 
or normal strength of grip if he fell within the normal limits of the aver- 
age of his group (the normal limits being here defined by the average 
ileviatbn of the group). The average strength for tlm right hand of th© 
90 students is 40' k.g. and the AM. is 4*8 k.g. Therefore those, whose 
strength of grip is within th© limits of 40*4±4-S k g, were classed under 
“ medium” and those above th© upper limit were classed under “strong” 
and those under the lower limit were classed under the “ weak, ” In 
this oiassifieation the strength of the loft hand grip wm not taken into 
consideration. This has, no doubt, caused a slight error m the Wt 
handed persons should be judged by their left hands. 

The fatigue figures for students of thm three ^oups are givmi in 
Table 8 a, 
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Tuhh> :5 a. 

Fatigue Ittfh'r. Figu.rv.ft for "’ulroti.ij", “ rtwm.f/e ” and “ weak " 

1 



iStrtiiig 

j Mediiint 

Weak 


Ml 

1 

^ 100 

177 


1. 192 I IH4 : ir>7 


{The figiiren imiiwati* tim aviTJis^*- f if.is'un iiulnx.) 'rtic 'I’ablo hIiowh 
that fch(3 weak jMsi'^ous ant iii<»r>* fatij^uabic in ) !n'ir harnl.M, Itut 

IOH« BO in tiioir hsffc halide and timt ha iln* fatigiu' indrx for the right 
hand dnnr»*aHO.B witlifho infii'f'aHi* of gcnor i! b( rongf.h, t hat for th« loft hand 
inonjaBDH. T!u» iiiviTHo isormlation Imtwia'ii fatigui* itaitsx for tho right 


hand and Htrongtfi of grip indicatod in Tafdo ^ in alBo supported 
by the cof'flliciient of oorrelation f«*twoon thtwe two traits in the 30 
students of the age group 20 was found to be 'lO with a P,E.r<^ fc.l. 
Tho r between the fatigue index and the strength of grip for the left 



index figures for th® left hand in 'I’abl^ I, 2 and 3. 

4. If a man eontinwea gripping with his maximum effort for a 
c«?rtain ioiigth of time, he gradually roaoltes a level from wiueh his 
pirwer rrf enduranoe does ni>t readily fall. There is in otiier words, 
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semble more or Iohh the. “ Bhort«tiin(» of fiirvi*M nf acrwio- 

mic and sociological phenomena. 

5. According to Bind anrl ViiHcIiidr W per rent of andtir- 
anoc corves can he ptit tmcler four types: ii siidfirii rlrop, tliiin 

fairly constant; (5) an apprcfKiiniitidy stfitioriiiry or enristiirit type; 
(c) a continumiH, Imt griuloa! drop; and pl| ii rnori' nr less dafiiiita 
rise/' They took five readings of grips wiili mcli ftiind iilleriiiitely. 
W(^ have generally tak<m 20 randinga, so thfit otir c*iirvr*s may lie 
expected to he more vidimhle tiian theirs. Bo fur m I eintnined 

the ourv(?B of 00 Htodents, I caincdiide tliiit most of tlieiii cmri he 
olassod under the above four typen of Bitn.d iiiiii Viiseliide. I wish 
only to add a fifth type, vh, (r) siiMidy and ilieri siiclcleii clrop. This 
type of endurance is not easily datocfcecl from eiirves plotted from live 
readings* The five types are shown below : — 




«. TnhW 4 Hlmw* th» iiwmwr of dl*tribntioni r»f ftvp » 
otirrw in III# tlir«» nf “•trniig** *' inndiuin” and •' wtnk 



9 

jwBI 

l^^nl 




ra 










Total 37 in m 2 4 | 

According to Binet and Vaschido, b tyj)C5 mms to bo tho ccna- ; 

mon form but from our table it is only the 8ubj«»ot« of aver»g»* atrerigth | 

whc» are more of the 6 type than others, Vigorous imlividtiale are ^ 

more commonly of the e type. The speeiho cbaracterei»tic* of the I 
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less uniform character of the left hand series is indicated by their 
large C. and P,E,A V, in Table 2. The frequency curves of the fatigue 
indices for the right hand and for the left also indicate this. The 
curve for the right hand shows a slight skewness on the left side, 
whereas the curve for the left hand shows skewness on the right. The 
latter also is more irregular and multimodal than the former. Table 
3 shows also that strong individuals have greater superiority of the 
right hand over the left, at least so far as fatigue index is concerned. 
The ^‘weak’’ individuals have an inferior right hand in that sense. 
Table 4 also supports this conclusion. The '^weak” individuals are 
more normal in their endurance curves with their left hands and less 
so with their right. Curves characterised by sudden initial drop are 
more common in their right hand. I conclude therefore, with Binet 
and Vaschide that physically feeble subjects have, as it were, “ twc 
left hands.’ ’ 

8. With a view to the analysis of the factors involved in fatigm^, 
certain correlations were worked out. But many of them are not 
satisfactory as the number of measurements is very small and the 
probable influence of chance and systematic errors was not eliminated. 
These correlation figures require to be checked* and corrected by 
further measurements in future. We may, however, note down the 
correlations (all worked out by the application of the ‘‘product mo- 
ments method” of Karl Pearson). Without at present drawing any 
hasty conclusion from them : (a) I found an inverse correlation of 
— T9 between absolute strength of the right hand and the fatigue 
index of the same hand in age group 20. As all the students cannot 
be assumed to have gripped with their maximal effort each time a 
large amount of chance errors must have entered into our calculation. 
I thought that a more satisfactory coefficient of correlation would 
be secured by substituting the working maximum grip (i.e. the maxi- 
mum grip recorded during 1 mt.’s work) for the absolute strength 
recorded separately and previously to the fatigue test. The two 
differ often by a large amount, as many subjects would not fully exert 
themselves during the work, though told to do so. The coefficient 
of correlation between this working maximal grip and fatigue index 
is —•25 for the right hand and* —(-21) for the left (the latter figure 
much higher than the corresponding figure in the first calculation, viz. 
—• 01 ), 
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{b) The work tfiat a Hubjc^ct did by grip** wan i Hloidated ami 
its relationship with his fatigue index was found by working out tin* 
coefficient of correlation between them. It i's -.'tH for Iho right 
hand of the ago grouj) 20. It woiibl be interesting to tunnjmn* this 
relationship with that found between work ilone ami abHoiuie Htrength 
as indicated by maximal grip.H of the right hand, 'I’lie em-nicient of 
correlation between work and strengtli of grip in the agm group 2b 
is -Tfl. It is evident that the degree of a faiiguahility of an individual 
lessons the total output of his work. But the positive influenee which 
muscular strength has over the working eapaeity sceins to he twice 
the negative influence which the degree of fatignaliility has over it, 

(c) I found a positive correlation of Itt between weight and 
strength of grip for right hand in the age group 2b whereas I found 
no correlation between weight and fatigue inde,x for the right hand, 
though a positive correlation of '12 for the left iiand. In extreme 
ranges of the series there was indication of greater positive corrolation 
than in the middle ranges, when* inverse correlations were rather con- 
spicuous. 

(d) The coefficients of correlation between fatigue index of the 
right hand and that of the left have been shown in table 2. Of the 
three r's, r for tho age group 17 -23 in reliable, for it has a p.e. rwhich 
is about ^th times the r. As we have indicated above, sub|ect» 
markedly differ among themselves as to the amount of fatigue effect 
induced from tho right hand to the left in conscqtienee of continuous 
exercise of the first while the second lies inactive. This unequal 
amount of induced fatigue effect introduces chance error in tho mea- 
surements, The effect of this chance eiror has been probably minimised 
by counter balancing of opposite errors in the large series of @b students 
of age groups 17-23 and hence the coefficient of correlation is greater 
amoi^ them. Besides this we may also note that as all the atudente 
share more or less in this induced fatigue effect it has acted as a con- 
stant error “ constricting ” the coefficient. Wc may, therefore, expect 
the r to be greater than even '36. 

I 4. 

Oonclu»im$. 

Before any definite oonoluelon can be drawn with regard to ^ 
general nature and conditions of fatigue, we must secure greater uni- 
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continuouH inatiinT jiH w<* pnarowi up tin- hIiuu from . J tu //. '{’lie Htf.m 
is frcD from cusps ami nodes. 

If the two points ,-l and H (■oinoi<lo, iho ."ti'm is rU)<t>ti nrul the 
point where the two ends meet is tiie o/ rltmux . 

An oval is a oloscd stem of which eviTv point may he hK)ki‘ I up- 
on as the point of <;Iosure. The positive «lir<*etion nhuig llu* oval will 
ho taken to bo counter-clockwise. 

2. Oonsider a mrinhUt (survey T which crosses the stem A* at n lim- 
it(sl number of points /*, , J ’^, . . ., /’^. {’all it the UrntriL 

Wo will suppose /'^ are arranged in ascending order 

along the stem, so that is above. A, I*, is above /', and B is 

iihovo Wo may also say ,1 is htimv I’ , /', is below /* , . . , is 

b(dow B. 

We will say that the tendril is intimatr with the stem at /*,, f*f, . . 
P,, or that, P,, P ,^, . . />* is the ramjr «/ ivUmacij of the *endril with 

the stem. Two points ^ , bc'tween whh'h n«> other point of inti- 

macy lies will he called conmeutivf points of intimiiey. 

In certain cases a selected number of eonsccutive points of inti- 
macy P^, p^^^ will he gpeoiaily called the ptinh of intimacy 

and tho remaining points of intimiujy %vhieh lit* aiiovn* or below these 
special points of intimacy will bo called the points of Mub iniimaey. 

Wv. will suppose the tendril to b® a dom'd branch or a bmnoh ex- 
tending to infinity on both sidea of some well-known algebraic curve 
of kind K of which tho coefficients are freely t»r eonditianally vari- 
able and which does not possess a node or a cusp. Tho order » of this 
curve as well as the assigned conditions to which the coettioienta may 
be subjected will determine tho kind K of tho tendril. 

The tendril of kind K will have index r If r arintrary points of 
intimacy of the tendril with the stem suftioe to dotormino the tendril 
uniquely. 

The tendril may however be defined to pass through a certain 
number of fixed points in the plane besides the r variable pointi on 
stem. In general any r arbitrary pointe lying on the plane in adilitioji 
to these fixed points, if they exist, wUl determine tim tendril uniquely* 

8, The following condUiom of intimmif of the temiMl with the 
stem will be supposed to hold. When these conditions hold the stew 
will be called emgevial to the tendril. 
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(ii) T!i«* tPiittiil prii-HMifH tin* Htmii silirriiiti<4> Iruin l*4t In iiial 

right in lafL 

Ah wv |iriiiw»I iiji Ilia from A in H w will m^mm^ iliiii tln^rn 

in n ccintiiiiiniH rrgi«»ii In tin* riglit iiii4 li riirilitiiiiiii-H rnginii In tlp' 
Ht cif ivhicili tliii Mifiii iH Ilia MPjiiiriiiiiig Ihia. Ttir Irwiril ilip 

Hiam fr«ei h*ft In r$M.ht wh**n it |i4hhp>i frniii ihr Ipft In f!ip liglii 

rngMiii itiid it nriiHHr-^ frniii rigtii in hdt %vhpii it fr<iin ilia right i*"- 

gioii tr> iJiP lt*fi rngiiiii, l|i*lwi*'Pii Iwn tli«^ lim<l 

ril^ we will linn rtlinlly in llm nf’iiin rngmii, 

A erniwiiig nl IIp* Hiiiiii by lti»* linidrit Irnin li*ft iri rigid wilt 
cidl II |ifiiitl nf iiiliifiiipy. And ii tntiftniiig frniti riiilit tn l*di wp 

will eiil! II mef/mif’m {mint »f iiiltiiintiy, Uniinp w»« may my 



tending •imnhamsott»jy to v«ni#b. Th» Idm «f continuity of vitrieti oi 
tn'ToIw the idea that th® ktndrii doe* not split tip or degoiirrat*- «»r 
detrelope nodiw or eomjoi, 

(v; The ouwher of A' |»int« on lli© slew is limited. 
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A K point will ho (iotincd in tlio next .'irtielf. 

'I’ho Ht(!in will contain citlior no A’ points or a iiinitiHj nunihfr of 
K points, sopurak'd by finite intervals, if fli» re were ini unlimited 
number of K points on tlio Ht<on there would exist lirniliud points of 
of K pointe on tho Btem. The existenee of these limiting is 

imposRibleaB tho number of K point. s is biniletl 

4. A range of r-f-l points of intimae-y of tho tendril of kind K 
with the Htein, taken in order with alternately oMotr iry siuns wil* bo 
called a K m«(/e. The points of tho K range* are its •Aokh;*, 

If there be other points of intiniHoy lying belivei-n the extreme 
points of the K rango Imshh'S those which belong t<» the K rang® 
they will be called erlra points of the K range. These extra points 
will neees.sarily occur in pairs of elements of contrary signs lying 
between pairs of oonsecutive elements of the K range, for two eon- 
secutive elements of the K range are of contrary signs !»y defiiiitlnn 
and <!on»eeutive elements of the entire range of intimai’y of the 
tendril with the stem are also of contrary signs, A A' range which 
does not possess extra points will l«* calletl dear. 

If there be other points of inlimaey above or below the extreiito 
points of the K range, they will be called ttuh t^xlra points. 

The r-f- 1 elemeritB of the K range together with tho extra points 
when they exist constitute tlie set of points of intimacy of the K 
range. The sub-extra points, when they exist, constitute the sot of 
points of sub-intimaey of the K range. The set of points of intimacy of 
the K range together with the set of points of subontimacy constitiifc# 
tho entire range of intimacy of the tendril with the stem. 

The interval of the stem, lying liet ween two extreme elements of 
the K range is called tho interml of the K range. 

A part of the tendril lying between two oonseeiilive points of the 
range of intimacy will be called a loop of intimacy. L»)aps of intimacy 
will be alternately on the right and left or left and right sides of the 
stem. A loop lying on the right will be called positive »n»l a loop lying 
on the left will be negative. 

A neighbourhood of a point 0 of the stem will f«» called app^t, 
lower or double according as the neighbourhood extends to the upjwr, 
lower &e both side* of O, The unqualified exprwslon $t€t‘jhfionrko&l 
of 0 Aatt always mean a doable imighbowbood of O. 

A |x>inl O of the stem will be called a K jiolnt if every ntdghboar^ 
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hood of 0 contains a K range of given sign. The K point would be 
positive or negative according as the corresponding K range is positive 
or negative. A positive K point will be written as -{-K point and a 
negative K point will be written as — K point. 

A tendril is said to have contact of order p with the stem at 0, if 
in every neighbourhood of 0 there are p-f- 1 consecutive points of inti- 
macy of the tendril with the stem. Thus at a Z point, the tendril has 
contact of order r with the stem. 

Imaginary points and so-called coincident points of intimacy do 
not count in our investigations. Whenever we say that a tendril has 
contact of order p with the stem at 0 we imply the actual existence 
of the set of p-4-l real and distinct consecutive points of intimacy in 
every arbitrary neighbourhood of 0, The contact position of the ten- 
dril is derived as a limit. It does not pre-exist in the logical order of 
thought. In the contact position, the tendril may be said to have just 
left intimacy with the stem rather than just gained, or we may say 
that in the contact position the tendril is just on the point of gaining 
intimacy with the stem. By adopting this point of view we shall avoid 
saying in any case that a number of points of intimacy of the tendril 
with the stem has coincided. 

5. One K range is said to be higher than another K range if the 
elements of the former are higher than the corresponding elements of 
the latter. with possibly some coinciding. 

A continuous variation of the elements of a range will be called 
a proper variation if — 

(i) during the variation, the elements of the K range remain 
within the stem ; 

(ii) the elements of the K range as well as the extra elements of 
the K range when they exist or are developed maintain their relative 
order. Any consecutive two may come into as close a neighbourhood as 
one wishes but do not coincide with or cross each other. Extra elements 
when they exist or are developed do not disappear ; 

(hi) sub-extra elements of the K range when they exist ot are 
developed may afterwards disappear, but do not coincide with or cross 
the extreme elements of the K range. 

A proper variation of a K range will be called ciemen^ary if during 
the variation r — ^1 elements of t\xe^ K range remains invariable and the 
other two elements vary. 


An oloinfnfcary variation will bo callod an obonontary nmtmction if 
<inrin/^ tho variation, tlie two variable ob-rnon*** enntiinially approach 
each otfier. 

A K range will bo said to nndorgo a profjrrmiw contraction if it 
vindcrgocH a series of olcmontary contrnctit)nM in which each clement 
moves in a constant direction or n'mnins stationary during cju‘h con- 
traction of the scries. 

If a set of consecutive elements of n K range arc hrougiit together 
by a proper variation within any nrl»itrarily sinall ncightmiirhood of 0, 
they are said to congrcgnlc at O. A K point, for exainplc, is a point at 
which all tho r-l- 1 elements of a K range eongregatc. 

A set of eonsecutivo elements are said to congregate O if they 
are brought into an arbitrarily small upper or lo%ver neighbourhood of 0, 
In the former case we will say they eongregate tipntln- O and in the 
latter case doimmle 0. 

A progressive contraction of a clear K range will be called mmplg 
if the elements of the K range divide into two grotips, a lower and an 
upper which continually approacdi each other. The last two elements 
I\ and P,,, are the first to nrulcrgo an elemimtarv contraction till P 
(or congregates hesMlo P^ (or P^). Tho congregation P^P^ 

and the element P^^i arc then made tc» approach each other by 
alternate simple contractions of P , j and till the congrega- 

tion P,/\ comes beside P^ or P^ ^ , comes beside P^. The process Is 
continued in this manner. It will result in congrogation of ell tho ele- 
ments at a point unless stopped at some stage. As soon as extra points 
are developed the process must stop or it may stop when all theoiements 
on one side of an arbitrary fixetl point O within tho interval has congre- 
gated beside O. 

One K range is said to cross another A' range, which is either 
higher or lower, if the interval of each contains in its interior an ex- 
treme element of the other. 

Two cross ranges are said to have exkrnal cross mmel if the 
elements of each range which lie in the common interval of the two 
cross ranges oongr^ate beside each other, so that the common interval 
is arbitrarily small. 

The cross ranges are said to have intmuiU mnm eonktftt it tim ele- 
ments of one range which lie in a i^n-overlapping j^rt of It# interval 
coi^pregate beside tlm neai^t extreme element of the other range, so 
that this non-overiapping part is arbitrarily small. 
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An interval of the stem will be called free if it does not contain 
any K point in its interior . 

An interval of the stem will be called prime if it contains in its 
interior only one K point. 

An interval of the stem will be called composite if it contains in its 
interior more than one K point. 

A K range will be called prime if it does not possess any extra ele- 
ments, neither does it develop any extra elements during any proper 
variation in its interval. A K range in a prime interval will be prime 
but the interval of a prime K range is not necessarily prime. 

A K range which is not prime will be called composite. 

Suppose a K range initially clear developes during a simple pro- 
gressive contraction a pair of extra points. We can now reduce the 
range by considering the two highest or two lowest points of the range 
as sub-extra or by considering each of the extreme points of the range 
as sub-extra. In the fisrt case, the reduction is unilateral and in the 
second case the reduction is hilateral. A unilateral reduction is infra- 
lateral or supra-lateral according as the two lowest or the two highest 
elements of the range are reduced. 

6. We will now establish some elementary theorems. The stem 
will be supposed to be congenial to the tendril. 

Theorem I . — The sign of each element of a range as well as of 
each extra element remains invariable during a proper variation. 

If any element of the range of intimacy of the tendril with the 
stem change sign, then every element must change sign at the same time 
as consecutive elements of the range of intimacy are of contrary signs. 
This is impossible as the elements of a range as well as the extra 
elements of the K range maintain their relative order during a proper 
variation and do not cross or coincide with each other. If all the ele- 
ments of a range of intimacy change sign, then all the loops of intimacy 
change sign and in doing so must coincide with the stem at some stage. 
But a loop of intimacy cannot coincide with the stem as the number of 
points common to the tendril and the stem is always limited. 

The onky conceivable way in which an element P of a JT range 
may change sign is when two extra elements are developed indefinitely 
close to P on either side. This case will be dealt with in the course of 
demonstration of the next theorem. 
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Theorem //. — ^Extra elements of a jK” range are developed 
between consecutive elements of the range. 

Consider a K range initially clear of extra elements. Tb* 
lopment of an extra element is preceded by the bending dowr^ 
of the loops of intimacy on the corresponding interval of the 
ing rise to a contact of the order of the tendril with the st* 
point 0 which is either an interior point or an end point of the ^ 

First suppose 0 is an interior point of Thei> 

arbitrary neighbourhood of 0 falling within P^ there aP* 

oped p+l extra points of intimacy. Now as the signs of P| 
originally contrary continue to be so after the development 
extra points of intimacy by proper variation and as the extrii 
mast.^obey the law of alternately contrary signs with the eleiti 
the K range, they must be even in number. 

Now suppose 0 is an end-point of P^ ^ ^ 

Then in an arbitrarily small neighbourhood of there are de^ 
p-(- I points of intimacy of which one is P^ and the others af^ 
points. These p+l points lie between P^_i and P^^i which ar< 
same sign. Consequently p-fl must be an odd number. Han 
number of extra points of intimacy developed will be even. T 
of p 4-1 points of intimacy will be of alternately contrary sign^ 
can identify any of these of a sign contrary to that of P^_ ^ or F 
the point P^, so that between P^ and Pj^_y as also between t 
P^^^ there will be an even number of extra points of intimw 
be the lowest element of the K range then we can choose as 
lowest possessing suitable sign of the set of p-f I points; so li 
new points of intimacy developed will consist of an even num 
extra elements and a single or no sub-extra element. The samt 
be said if the point 0 were at P^-j- 1- 

If the K range be not initiaEy clear then the new extra poir 
be developed in pairs faUing between pairs of consecutive el&mi 
the K range for the old extra points by definition exist in pairs 
consecutive points of the K range. 

If extra elements ace developed simultaneously at each of t|i 
points P^, ^ range and if the topmost and 

most points developed have the same signs as P^^^ and P^ resptj^ 
then we can identify them with P^ ^ ^ and P^ and with suitable 
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fications at all the other points of the K range, the K range will maintain 
the signs of its elements inviolate and consequently the number of extra 
points developed between any two consecutive points of the K range will 
be even. If however the topmost or bottommost extra point differ in 
sign from or P, then we can maintain the sign of or P, 

inviolate by considering this extra point as sub-extra. 

Theorem III . — In an elementary variation of a iC range the two 
variable elements of the K range move in opposite directions and in 
general any two ^^ariable elements in the whole range of intimacy of the 
tendril which have between them no other variable element always 
move in opposite directions. 

Firsts consider two variable consecutive ele Trents and 
of the range of intimacy of the tendril with the stem. If possible 
suppose in an elementary variation Pj^ and Py.j^i receive small dis- 
placements in the same direction, say upwards, to P'^^ and P\j^i 
where P'^ lies between P^ and Py.^y Then the loops P^ 
and are of the same sign and the intervals arid 

P'^ P\^i cross each other. Consequently the loops P^ 

^ Jb+i cross each other at some point. Thus two different 

tendrils of kind K having r - 1 points common have another point 
common which is impossible. 

Next, consider two variable elements P^, P^ of the range of inti- 
macy of the tendril with the stem which have between them only 
elements which are invariable. Suppose P^ and P^ are displaced to 
P'^ and P'l by an elementary variation. The loops P^ Pjc^i ^ i-i 
Pj where P^^^ and invariable elements must lie both within or 

both without the loops P'^^P^^^ and P^^j P'l for every pair of corres- 
ponding loops of two tendrils having r - 1 points common on the stem 
must possess this property. Hence if P'^ lie between Pj^ and Pjj.^j 
then will lie between P^_j and P^ and if P'^ be below P^ then P^ 
wiU lie above P^. Thus P^ and P^ will be displaced always in the same 
direction. 

lastly, suppose Pj^ and P^ are two variable elements of the K 
range which have between them no other element of the K range or 
invariable elements of the K range. If no extra elements of the K 
range lie between P^ and P^ then the proof already given holds. If 
any extra elements exist between P^ and P^, then they will exist in 
pairs. Suppose there is only one such pair PgPg^y Then if P^ move 
downwards P^ will move upwards and consequently P^ wiU move up- 

C 21 
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wards. Similarly if movt* upwards /'^ will u f>vr downwartlM. If 
thcra arc more than one pair of c.xtra poiiifs hidwct ti and P ^ 
similar proof will hold. 

Theorem. IV . — In any prop<‘r variation id a prime K raiijio it can- 
not happen that the elements of the K range are all displaeed in the 
same direction or some nr(' displn<*ed in the- same direction and th»*rest 
are invariable. 

Suppose Z'y + i ***'*''*‘^ positions of the elements 

of the K range. Suppose if possible all of them aredisphieed upwards 
by a proper variation to new positions /", . . ,, I' Some how- 

ever may be considc^red invariable. By ii series of elementary varia- 
tions of the range P ' tiring ilown down to /', while 
all the other elements move upwards. Again apply a similar method 
to bring .P'^ down to P., while P', remains invariable amt all the other 
elements move upwards. By repetitions of the methot! all the elements 
except P ^ ^V+i have been brought back to their original fiositlom 
and P'^ and will have both moved further upwards from P^ utd 

•^r+t *** impossible by Theorem II!, 

Theorem F.— -A prime A' range converges to a unique K point. 

By a simple progressive contraction the interv’al of a A range can 
evidently be made to aoqnire a aequenc© of diminishing values converging 
to zero, each interval lying within the preceding one. The Requence 
of intervals define a certain point 0 on the stem which is common to 
all the intervals. In every neighbourhood of this point O there is a A 
raiige. Therefore the point O is a A ptiint of the same sign as the 
gi ven A range for a A range maintains its sign during a proper variation. 

This A point 0 is unique. If possible suppose by some other 
method the A range converges to some other point (>' on the stem 
where O' is above O. Take two sufficiently small neighbourhoods about 
0 and 0' which do not overlap. Then there Is a A range in each of 
these neighbourhoods suoh that one is a proper variation of the otihmr. 
This is impossible by Theorem IV, as in that case all the elements of 
the K range about 0 will have moved upwa^ to Ae neighbourhood 
of O' by a proper variation. 

Theorem VI. —A K point oannot at the same time be both positive 
ml negative. 

In a positive A range the tendril crosses from left to right at the 
low!»t point of th« range. Hence in the limiting form to which the 
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tendril tends as the elements of the K range converge to the corres- 
ponding K point, the tendril approaches the stem from the left side. 
Similarly at a negative K point, the tendril approaches the stem from 
the right side. Now as the limiting form to which the tendril tends 
as the r — 1 determining points of intimacy approach each other is 
unique^ we see that the given K point cannot at the same time be 
positive as well as negative. 

But it may be argued that at a particular point 0, the tendril may 
have a contact with the stem of order r+1. In this case the tendril 
should hav-e in every arbitrary neighbourhood of 0, r + 2 points of 
intimacy with the stem. Of these r-f-2 points of intimacy if we take 
the first r + 1 we shall have a K range of a given sign, say positive. If 
we take the last 1 points we shall have a K range which is negative. 
Consequently it may be argued that at the point 0, there exists both a 
positive and a negative K point. But a little consideration will show 
that such a contingency is impossible. From a purely geometrical 
point of view a contact of the r-f-l order at 0 implies the existence 
of r^^al points of intimacy in every arbitrary neighbourhood of 0. 
Now if we try by a simple progressive contraction to make the first 
r+ 1 points to converge at 0^ the r+2^^ point will be continually mov- 
ing away from 0, so that if the interval in which the r-f-2 points 
existed at any moment was progressively contracted it would soon cease 
to hold the r+2^^ point. 

Again suppose we have an unlimited number of K points in the 
stem. These will be alternately positive and negative as we shall 
prove later on. Suppose 0 is a limiting point of these K points. Then 
in every neighbourhood of 0, there will be a positive K point as well 
as a negative K point and consequently a positive K range as well as a 
negative K range. In this case the point 0 might be called a positive 
as well as a negative K point. This contingency does not however 
arise as we have supposed the number of K points on a stem to be 
always limited. (Vide, condition V of congeniality.) 

This theorem is fundamental to our investigations. 

Theorem VII , — ^If a composite E range undergo a progressive con- 
traction with unilateral reductions it will ultimately converge to a Z 
point of the same sign as the original E range. 

Suppose we start with a E range initially clear of extra points and 
apply to it a simple progressive contraction with unilateral reductions 
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whenever a pair of extra points are (Ievel(»pc*(l. 'Hi is uniliitcra! reduc- 
tion will not alter the sign of the K range. Hept’iit this process con- 
tinually. Then a certain stage will he reached affer which simple pro- 
gressiv© contraction will no further develop extra points. 

For if the development of extra points contimusl imiefinitely 
while the interval of the K range converged to a point O, then in every 
neighbourhood of O there would ho a K range with extra points. This 
K range with extra points by unilateral and hiinteral reductions would 
give rise to two K ranges with diflerent signs. C'oeHecjiiently the point 
0 would be both a positive and a negative K pi>int which is impos- 
sible. 

Tims every K point converges by simple progressive eontractions 
with unilateral reductions to at least one K point of the same sign 
which is interior to is interval. The unilateral reductions vve will sup- 
pose always supra or always infra although the argument does not 
T-equire it. 

Theorem F///.-— Every K point has a neighbourhood in which the 
corresponding K range is prime. 

Take any prime neighbourhood of K ; there must exist a K range 
of the same sign as that of K in this noigltbourhodd. This K range 
will be prime for if by any proper variation in the prime interval, a 
pair of extra points are developed, then by bilateral reduetion we shall 
get a K range of the opposite sign whioh will converge to a correspond- 
ing K point. This latter K point being of a siijn different from that 
of the given K point must be a point different from it. Consequently 
there are two K points in the same prime neighbourhood which is 
impossible. 

Theorem IX . — ^Tho K points oi a stem are alternately positive and 
negative. 

Suppose O and 0' are two oonseoutive K points on a stem 8, O' 
being abore 0. Suppose O is a -\-K point. Take any prime neigh- 
bourhood of 0, this neighbourhood will not contain 0' as an interior 
point 0. Any K rimge F„ F„ . . . , ^ in the neighbourhood of 0' will 

^ P<muteve. ^ ^hat is tihe point P^ will bo positive. Some of the 
elements of this range will be above 0, others below 0. We can 
trammer iiie elemmtt near^t to 0 on the downside by a simple progres* 

2®®***®*^® the Arrange in which the remainlnf elements on 
the downside of O remains invariable. By repeating this process we 
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oan transfer all the elements on the downside of 0 except the last 
element to the upside of 0. 

Take any prime neighbourhood of 0' with corresponding K range 
P\, transfer all the elements P\^ P'.^, . . PV 

to the downside of O while remains on the upside of 0, Now 

the interval 00' is free. We can therefore transfer P,, P.., . . P ^ 
to P'^, . . P'^ respectively without development of any further 

points of intimacy, for in a prime interval there cannot exist more 
than r points of intimacy. Consequently P^, . . . P^^ will carry 

their signs with them when they are transferred to P\^ P'^, . . 

But the tendril is determined by the r points of intimacy. Therefore 
the signs of P\ and P\ are contrary. And hence the K points 0 and 0' 
are of contrary signs. 

Cor . — In an oval there are always an even number of K points for 
they are of alternately contrary signs. 

Theorem X . — If of two prime K ranges of opposite signs one be 
above the other, then the point of convergence of the first is above the 
point of convergence of the second. 

The two K ranges being prime and of opposite signs will converge 
to two distinct and unique K points of opposite signs. If the two K 
ranges be separate, that is if every element of the first be above every 
element of the second, with possibly the lowest element of the first 
coinciding with the highest element of the second, then evidently the 
K point to which the first converges is above the K point to which the 
second converges, as the K point corresponding to each K range is on 
interior point of its interval. 

It is only in the case where the two K ranges cross each other that 
the theorem requires proof. 

Suppose the first range is Pp P.^, . , above the 
second range Apply a simple progressive contraction 

to the range Pp Pg, . . P^^^ till the elements of the range below 
congregate on the downside of or the elements above con- 
gregate on the upside of It may be observed that during this 

simple progressive contraction of the first range, the first range con- 
tinues to be above the second range. 

In the first case the two ranges will have external cross contact 
and a progressive contraction applied to the second range will separate 
the two ranges and the theorem will follow. 
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In the Heoond case the two rangen will have interna! eruH^i eontaot. 
Now apply a Himplo progresaive conti-aetion lo the nceoiid range, till 
the oleincntH of the Hecond range above P, eongr<*gnle on th«‘ iipBide of 
/\ or the elements of the second range below /* (congregate on the 
downside of 

In the first case the two ranges will hav(‘ external cross eonfcmct 
and can bo separated by a further simple progn‘Ssive eontraetion given 
to the first range. 

In the S(;()ond case the two ranges will have internal (cros.H contact. 
By (jontinual application of simple progressive ccmtraetions alternately 
on the two ranges they will either separate or (rontinnally cont ract and 
converge to a common point O, which will be thus br>t.h a positive and 
a negative K point, which is impossible. 

Oor . — If P,, P^, . . Pf^p be r+p consecutive points of intimacy 
of the tendril with the stem and if the ranges P , . , . . 
Pp . . P^+p prime, they will converge to P unitjiie K points of 

alternately contrary signs. 

Theorem XL — A composite K range converges to a highest and a 
lowest K point which have the same sign as the original K range. 

Suppose we start with a K range Initially olear and apply to it 
progressive simple contraction. At some stage it will develop a pair 
of extra points. By infra and supra reductions we shall respectively 
get two K ranges of the same sign which cross each other, the first 
beir^ above the second. If wo go on applying progressive simple eon- 
tractions with infra reductions to the first rang© we shall get the 
highest K point of the range and if we go on applying progrewiv© 
simple contractions to the second range we shall get the lowest K point 
of the range. 

If we adopt the method of crow contact explained in Theorem X 
to the two cross ranges with infra reductions to the first and Bupra 
reductions to the second they would always continue to be oims, that 
is, the fimt will continue to be higher than the second with a common 
intero'fl.l between them or they w0I sepeuate. 

t separate at all then they will ultimately conviarge 
in every neighbourhood of which thw® will fee 
same si^ which ctma each other of which one 
M the other. This hnpo^ible f Theorem IWy m 
bonrhood will he prime. 
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Cor, 1 . — Every composite K range converges to at least three K 
points, as between the two extreme K points of the same sign there 
is a point of the opposite sign. Theorem IX. 

Cor. 2 . — If two composite K ranges of contrary signs cross each 
other, they will converge to at least four K points. 

We will now enunciate a general theorem of importance. 

Theorem XIL — If an oval tendril of kind K and index r, have 
(:^^+l) points of intimacy with an oval stem congenial to the 
tendril, then there will exist on the oval at least 2p distinct K points 
on the stem. 

Suppose P^^, . . ., P.^^ are the 2p points of intimacy. They 
form 2p successive K ranges P, P.^ . . . • • • ^r+2’ ' * * 

PgP Pj . . . Pr of which any two consecutive ones are of opposite sign 
and cross each other. 

If all the ranges be prime, then by Theorem X, they converge to 
2p unique K points of alternately contrary signs and the stem will 
contain exactly 2p distinct K points. 

If some or all ranges be composite, the number of K points to 
which they will converge will be generally greater.. A complete dis- 
cussion of this case is beyond the scope of this introductory paper. 



DIRECT REPLACEMENT OF NEGATIVE GROUPS 

BY HALOGEN. 


SxjRENDRA Chandra Dhar, M.Sc. 

There are numerous instances of replacement, elimination and migra- 
tion of different groups and atoms in aromatic series. Systematic 
study has been made in the Diazo compounds by a number of workers, of 
whom the most prominent are Meldola, Hantzsch, Orton and Morgan* 
and definite laws have been established with respect to such intramole- 
cular changes. Work^ though of much less comprehensive character, 
has also been done in connexion with migration and elimination of 
groups and atoms in acetylated and halogenated phenols f 

These are only generalized instances of the mobility of groups and 
atoms in aromatic series, but there is hardly any substituent group or 
element which is too strong to be replaced by an entrant group or ele- 
ment, or too weak to enter the ring by driving out other groups or 
elements. 

There are isolated instances of the direct replacement of negative 
groups by halogen ; and as it has been found to be of great practical 
and theoretical interest as well, it is proposed to study this reaction 
systematically. 

At present nitro compounds which form a very important class 
have been taken up and will be treated in some detail, but a fewTn- 
stances from previous work on the direct replacement of two other im- 
portant negative groups such as carboxyl and sulphonic acid, may 
not be out of place. 

Carboxyl (~COOH) group replaced by halogen. 

L Benzoic acid when heated with bromine and iron in a sealed 
tube gives hexabromobenzene. J 

* The OhenUatry of the Diazo Oompounda (J. C. Cain, pp. 63-69). 

t Ann. 364, 147-182 [1909] ; Ber. 47, 1297-1304, [1914] and T. 1908, 793 ; 1919, 1964 ; 
1914, 111 and 188S. 

t J. Amor. O. 8. 19, 366; T. 1914, 1887. 
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ll. In an ariic‘!c* cn) “ !lmniiimii«*ii iiinl tiilriitinii in tin* 

s” BlnnkHtna Iuik arrivi-«l at n ‘‘that a carboxyl 



group in uno- <jr p- poaition ” toNHCH, Kro»f> in thn b^nKPonneries “ m 
r<splao{*d by Ur or NO,^ with evolution of fO ,• 

Sulphonie mid { SO H) f/m«p rt}daicrd by htdayrn. 

1. In Bnt}iraquinon«» aorio* many halrjgpnatod compound* hav© 
tteon prepared by direct repiacement of aulphonie noid group by halo- 
.«en, e.g. 

*' ■ '“ ’ (a) I : H and 2 • 7 Dichloro anOiraqatnonea from oorreapond- 
ing diaulphonic compounds.t 

(6) I ; 5 Dibromo-anthraqiiinono from I : fi dwalplionic coni- 

pound4 

2. Sulphonic aotd group in aromatic compound* In general ha* been 
replaced by chlorine under the inStienoff of thionyloblorldo.f 

©.g. 

a* 

Cl. 

ca 0,H.S0,H--^CIC,H.C1. 

* Froe. M. Akad. WeMittek, Amiteniafn ISO*, MS-M, . 
t S0«»IM2887». 

t 2C«H4». 

I m7m, MmoM., MS, 7l»-7m t 8$, 7n~7m. 
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lifplacmirnf of nitm ( group by halogpu. 

1. fn ISHfl, Krkiili* hf‘iiii*rl nitrobcnv/Anp* in noaliui tnbc*H with hm» 
rriinp iiiid tri!iromo-» tAitrahroiiin'* ami pmitahnnnntntnzinin.* 

2. Mitn»!ii*rr/.prif'* iiiKii‘r tin* inflimmip of thionylnhloridf' 

pliloroliFiixmip.f 

3. .\lcd;ft4>iriitr<'dKnrzftrn* 'wit'li ohlnritio givon in. p!dorfndirolHnr/,c»m» 
and finally in dioliloro }M•lr/om^;|: 

4. Prof. A nil ’'Strong miyn f-iiat fiierin intid with hronuno giviM ilin 
Hamr diiiitroliromnidinrio! m diiiiiro|iIinnol ||ivpj4 with hrominoj 

5. Dinttro*- 0 “ iitid ciiriitro»p-aiiiaJ<Itni* on cliiiwittHrition in hydro- 

ehiorio iiidd ^iiilr^titnitod diaxoninm oonifHiiimh^ wlmro nno of tln^ 

two nitro itroiipM iian hoon roidiiood hy ohlorirnvl 

H, or /I Nilro-iiiilhriif|iiirioiio with nhlorino «ir fi ohlorrMin- 

1 : 5, I : II nrifi i : 7 Dinstroiyithrarjuiriono^ Mtiiiilarfy fhr oorroH- 
priiirl in g d ifdi loro « an ill rarj ii i n tmm . ♦ ♦ 

7. A fin¥ of llio of niiro grmip hy bromirio 

h&w boon foiiiifl in riilrntoci difiliofiyiaiiiiriiH^tt 







luto alcohol and potasHium acetate it given pontahromobeiiKyl alcohol. 
White needles from alcohol melting nt I7 ’> . Attcniptn have been made 
without HuocoRH to oxidise p(;ntabro!nobcnzylbromi*h‘ to pcnlabromo 
Ixiiizoic acid. Perliaps tlie same protective inllnetice wliieh prevents 2 : 
3 i r> tribornotoluene from Ix^itjg oxidi/.eti to the corriwp tiulini' tribro- 
mobenstoic acid* is working here. 


Sapthalfm Hhkh. 

/ ; (dj .• d H~Tplmi>ri>mnm i>hlhakm 

3, 1 ; 5 Diuitronaphthalone with two molecular proportions of bro- 
mine at 2(»0'’ for six hours gives ono b-trabromonaphthalene. White 
needles from benzene melting at 3()K 

4. 1:8 Dinitronaphthaicne under exactly the same conditions 
gives the same tetrahrorno fsomjjoiiml. The positions of three bromine 
atoms are 1 , S and 8 by replacement of nitro groups in those positions 
and perhaps tlie fourth l»romine atom is in position « 


Kanthone. Swim, 

■K a or /pDinitroxanthone with two moleeular proportions of 
bromine at 300'’ for ten hours gives tetrabromoxanthone f 

6. Diniirodibromomnlhom. -at Tetra-nitroxanlhone obtained by 
nitrating « — dinitroxanthone with four molecular proportions of bro- 
mine at 300” for twenty hours gives dibrotno iinitroxanthone White 
needles from benzene melting at 26.3®. 

fti Tetranitroxanthon© (from 0 clinitroxanthonei gives tlie same 
dinitrodibromo compound under same conditions, 

7. TetrabromoxarUhom.—n^ Tetrsnitroxanthone (from •* -dini- 
troxantbone) with four molcouiar proportions of bromine at SOO® for 
twenty hout^ gives tetrabromoxanthone Yellowish white stuff from 
benzene melting at 266®. 

8. EembromtmdUhone.—-^^ Tetranitroxanthon# (from fi dinitrox- 
anthone) with four moleenlar proportion# of bromine at SOO* for twenty 
hours givai hexabromoxanthone. White n^Ie# from benzene melting 
at 286®, 

9. (ktaltromoxaiOkme. — ^Tetntbromodinitroxanthon# wWn heated 
with excess of bromine in a sealed tube at 300® for twenty-ite horns 


t f. m*, 114. 


t T. tm, m 
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gives octabromoxanthone. White needles were obtained from benzene 
which do not melt up to 320°. 

Anthmquinone Series. 

10. I : 3 Dinitroantliraquinone with two molecular proportions of 
bromine at 300° for six hours gives 1 : 3 dibromoanthraquinone. 

11. 1:5 Dinitroanthraquinone with two molecular proportions of 
bromine under same conditions gives 1 : 5 dibromoanthraquinone. 

Ooumarin Series. 

12. 6-Nitro coumarin with bromine at 130° for six hours gives 3 
bromo* 6 nitro coumarin. 

13. 3:6 Dinitro coumarin with bromine at 130° for six hours 
gives 3 bromo — 6 nitro coumarin. 

14. .6 Nitro— 3 : 2 : 2 tribromo coumarin. — 3 : 6 Dinitro coumarin 
with bromine at 200° for six hours gives mononitro — tribromo coumarin. 
Greyish white needles from alcohol melting at 180°. As this compound 
is obtained at a higher temperature from 3 : 6 dinitro coumarin which 
at a lower temperature gives 3 bromo — 6 — nitro coumarin, most pro- 
bably the nitro ^oup is in position 6 and one of the three bromine 
atoms is in position 3. This supposition is further strengthened by the 
fact that this compound is different from mononitro 3:6:8 tribromo 
coumarin. t 

15. 6 Nitro 3 : 2 : 2 : 2 tetrahromo coumarin. — 3 : 6 : 8 Trinitro 
ooumarin when heated with bromine at 200° for six hours gives one 
mononitrotetrabromocoumarin. Greyish white substance from benzene 
melting at 260°, This is different from mononitro 3 : 6 : 8 : 2 tetra- 
btomo coumarin. 

A trace of iodine has all throughout been used as a catalyser and 
the experiments have been conducted in sealed tubes. Three molecular 
proportions of bromine have been taken throughout. 

The results are tabulated below. 

* This is the mean percent ige. 
t Die coumarim, H. Sinaonis. p. 171. 
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The first and the most important point to note is the oct)nomy of 
bromine whenever both replacement and broraination have taken place. 
In none of the instances cited from previous work excepting the first 
one^ both replacement and bromination have taken place. So vve shall 
•discuss the first instance only, because the rest has no bearing on the 
present topic. 

Kekule took 17 grams of nitrobenzene and 55 grams of bromine 
and got tribromobenzene, tetrabromobenzone and pentabromobonzene 
floe. cit). Some nitrobenzene is loft unacted ; and nitrogen and a 
very small amount of hydrogen bromide were found along with the 
products of reaction. The presence of nitrogen led him to explain the 
reaction thus : — 

2 0,H,No, + 6 Br,=.2 C,H[Br,+ 4 H, O + N,. 

But neither the whole of nitrobenzene was found to bo (jonverted 
into pentabromobonzene as it is represented by the e<{uatioii nor wore 
the respective yields of the throe brorao compounds stated which 
might have to a certain extent given an idea with rospeot to the course 
of reaction. 

Experiments are being conducted to follow the course of reaction 
by studying it quantitatively, by the isolation of intermediate products 
and by the employment of probable intermediate brominating agents. 
So it is quite premature to attempt to explain it on one supposi- 
tion or another. Bub one thing is quite clear. Ifrom the first five 
instances (chart) where both replacement and bromination have been 
complete, it can safely be assumed that at least more than half the 
number of bromine atoms used, have been utilised to form the products 
of reaction. 

In the case of picric acid (1) only six bromine atoms have been 
taken and one of the products of reaction is hexabromo benzene where 
all the six bromine atoms have entered into the ring. The yield is 
about 70 per cent of theory. In the usual process of bromination we 
require four bromine atoms to replace the two free hydrogen atoms in 
picric acid leaving only two bromine atoms for replacement of three 
nitro groups and one hydroxyl group. So it is clear that the reaction 
is quite different from the ordinary process of bromination. In the case 
of trinitro toluene (2) also, six bromine atoms have been taken and the 
product is pentabromo benzyl bromide, a hexabromo compound. In 
the case of dinitro-naphthalenes (3 and 4) four bromine atoms have been 
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taken and the product is a tetrabromo compound and the yield is about 
sixty per cent of theory. Tn the case of dinitroxanthones (5) four 
atoms of bromine have been taken and the product is a tetrabromo 
compound and the yield is almost quantitative. 

The second important point in is that none of the substances taken 
from benzene and.xanthone series can be brominated under ordinary 
conditions whereas it has been possible to get bromine atoms in all the 
possible positions in the rings and in the case of trinitrotoluene one 
atom has gone also to the methyl group which has been found to be 
most resistant to halogen.* 

Also the dinitroanthraquinones (10 and 11) cannot be brominated 
under ordinary conditions. But here the bromo compounds have been 
obtained almost quantitatively by replacement. No bromo derivatives 
of the naphthalene (3 and 4) and coumarin compounds (14 and 15) are 
known but each of them has given a polybromo compound by this 
reaction quite easily. 

Lastly comes the question of orientation. This reaction is expected 
to help orientation immensely even after making reasonable allowance 
for migration of groups and atoms. 

In the anthraquinone series (10 and IJ) the bromine atoms have 
gone to the positions previously occupied by nitro groups. Example 
13 is another clear proof in this line. In tetrabromophenol (1) one of 
the two free hydrogen atoms of the trinitro phenol is left, so bromine 
replaced the nitro groups from their real positions and not from the pos- 
sibly migrated ones. In naphthalene series the tetrabromo compound 
obtained is not known, so the positions 1 , 6 and 8 are probable and 
4 is only possible. In xanthone series the positions of the nitro groups 
are not definitely settled so the question of orientation does not arise 
there. , 

In the coumarin series it is remarkable to find that nitro group 
in position 6 is not replaced and bromine enters the position 3 first 
whether it Is free (or 12) or occupied by a nitro group (13, 14 and 16). 
This is however not unexpected as in nitration and bromination of 
coumarin. The positions attacked are 6 and 3 respectively f in pre- 
ference to other positions. 

Thanks of the writer are due to Prof. J. P. Thorpe and Dr. M. A. 


T. mo, 1388-1408. 
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Whiteley, for the interest they are taking in this investigation, and to 
the Chemical Society for a grant from their Research Fund which has 
met part of the expenses incurred in carrying out this piece of work. 
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INTRODUCTION. 

liliisii 

Le present travaU est un r^snimd syst6matique des traTanx q»e 

1? 1 i il l 

j’ai publics ou qui sont parvenus a‘ma connaissanoe depuis ma TMs© 

11 ' i ^ ^ i ' 

B' Il'iit i i »i. ■ 

Afin d’abi%er, je renvoie pour les demonstrations aux articles origi- 

i 1 t i ’ i/ ^ / i 

1 i > fl ■’, ,;!/ / ',: 

naiix. 


ii|ll 

Dans la premUre partie do ce memoire, nous avons cherche surtout 
k indiquer la geniae des Mies qui ont conduit aux definitions et aux 

ii,' 

generalisations auxquelles est oonsacree la seconde partie. Dans cette 

ijlii lllll 
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seconde partie, exposee de foQon synthdtique et classic dans I’ordre des 
complications croissantes, on trouvera done beaucoup de redites. Mais 
de cette fa^on, elle se auffit a elle meme et un leoteur qui ne desire que 
faire rapidement connaiasance avec los rosultats acquis pourra se dis- 
penser de lire la premiere. Si au contraire la secondc partio lui parait 
dispoa6e de fa(;;on un peu artificiello, si un aide-memoire no lui auffit 
pas, il pourra se rendre compte dans la premiere que cos doveloppe 
xnents ne sont pas le fruit do Tarbitraire, qu’ ils r6sultent du d6air 
collectif d’unifier et de coordonner un certain nombre de gdn^ralisationa 
faites dans des directions divorses, mais irnfoafes par les progrtis de 
r Analyse. 

Bemarque . — Ceux des lecteurs qui ont eu rocoasion de parcourir 
raa Thdse ou quelques autres de rnes publications dovront prendre 
garde qu’ 4 la suite des progrds effcctuds, j’ai etd ameno k modifier 
quelques unes des notations et des definitionn employees dans ma 
Thdse. 

PREMifORE PARTIE. 

L’ EVOLUTION DE LA NOTION DB LIMITE. 

1. Point-Umile . — Ija notion de liraite s’ est introduito do bonne 
heure dans les sciences math^jmatiques, 0’ est ainsi que sa considera- 
tion s’ impose dans la sommation des progressions g^omiitriques 
convergentes Iffie au faraeux paradoxe de Z6non. 

Si Ton utilise Tiraage g6om6trique qui fait correspondre h un 
nombre un point d’une droite ayant pour abscisse oe nombre, on 
pourra preciser ainsi cette notion, Uno suite infinie 8 de points d’une 
droite P„ P.^,. . . , P„. . . . est one suite convergente s’ il existe un point P 
de la droite tel que la distance PP„ derienne et reste k partir d’un 
rang n assez 61ev4 aussi petite que Ton veut. Le point P est alors dit 
le point-limite de la suite convergente. 

2. Pendant des sieoles une telle definition de la limite a suffit (\ 
tons les besoins des mathdmatiques. Elle s’ est 6tendu6 sans peine 
d^ classes d’^l^ments plus g^n^rales. C’est wnsi qu’on peut conserver 
exaotement la m3me definition dams les mSmes termes si I’on substitue 
aux mots points de la droite, les mots points du plan points de 
I’espaoe, etc... 

3- Point d’accumulation . — Le ddveloppoment de I’analyse dans le 
8i6cle pr^oMent a cepmidant ndcassitS I’Slargissement de la notion de 
point-Umite d’une suite convergente. 


L... 
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On pent dire qne Tune des raisons principales qui necessifeent 
Tintroduotion des limites est la suivante : une certaino propri6t6 ayant 

lieu pour une suite convergente de points P^, P.^, il arrive fr^quem- 

ment que le point limite P poss^de la meme propri6te. D’autre part il 
est souvent plus facile de prouver que P est point limite de la suite que 
de prouver qu’ il a la propriete consid^ree. 

Or il arrivera souvent que Tensemble E de points satisfaisant & 
une propriete determin6e ne forme pas une suite convergente. Si Ton 
veut cependant appliquer le precede que nous venons d’indiquer, on 
sera amen6 a considerer corome jouant vis a vis de T ensemble ^ d© 
points le meme role que le point P jouait relativement k la suite 8 d© 
points P^, tout point Q qui est point limite d’unesuit© conver- 
gent© de points distincts et extraits de E. Il 6tait asses 

naturel de dire que Q serait point-limite de rensemble E et e’est c© qui 
a 4t6 fait par la plupart des auteurs. Certains n^anmoins ont senti 1© 
besoin de marquer qu’il y avait l^i une id6e nouvelle et distinct©, et ont 
employe le mot de point accumulation d’un ensemble. C’est par 
exemple ce que fait Jules Tannery dans son Introduction d la Thiorie 
des fonctions d'une variable ; et bien qu’ayant jusqu’ici employ 4 moi-m&n© 
Texpression point limite, je me rallie Femploi de ce nouveau term©» 

C’est I’etude des di8Continuit6s des fonctions d’une variable 
reelle, institute a propos de la th4orie des series de Fourier qui sembl© 
avoir 6t6 la raison d’ etre d© Fintroduction des points d’accumulation 
des ensembles lineaires (e’est a dir© des ensembles d© points d’un© 
droite). Dans le plan, F etude des singularit^s des fonctions analytiquea 
a montr6 combien la notion de point d’ accumulation d’un ensemble 
plan 6tait indispensable : on sait ©n effet que tout point d’accumulation 
d’un ensemble connu de points singuliers est aussi un point singulier. 

4, Distance . — Mais le d6veloppement de I’analys© oonduisait aussi 
^ une extension de la notion de limite dans un© autr© direoMon. 
conception de classes d’616ment8 autres que les points de Fespac© a 
1, 2 ou 3 dimensions suscitait d’abord une extension de la notion de 
distance, C’ est ainsi qu’ on pent d6finir la distance de deux fonctions 
/(«), (p{x) dont les carr^s sont int^grables sur un meme intervall© 
comme la valeur de Fexpression 
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Cette definition ne se present© pas comm© tin© g6n6raIi8ation arbi- 
traire ; c’ est ell© qui fait oomprendr© I’importanco d© la scSri© do Fourier 
d’une fonction f{x) de carr6 int6grable. La aomme d’un nombre d^iter- 
inin6 de termea de oette si^rie so present© en ©ffot parmi los sommes 
analogues aveo des coefficients diffdrents comm© 6tanb cell© dont la 
distance f(x} est minimum. D’autro part, olio jouit dos proprt^'iWss 
essentielles do la distance euclidienne ; oat k dir© quo si Ton dfiaign© 
par (/, l>) la distance des fonotions (/, on a : 

1 ) 

quelloB que soient los fonotions /, /», Enfin on ©at am©n6 dans I© 
dl^veloppement de la thdorie des fonotions do carros int^grables h, n© pas 
oonsiddrer comm© distinotes deux fonotions dont la distaneto ©at ntillo. 
(En fait, si /(«) et 4 >{z) sont continues aur x,„ x^ , lour distanoo n© pout 
6tre nulles que si /(a;)=>p(.r) on tout point do x„ .r|.) 

Cette extension de la notion de distance permettait do g©n('»raliser 
imm^diatement la notion de point-limite ofc do point d’acoumulation. 

5. Classes (Z>), — Uno ©lasso d’dlbments de nature quelconqm sera 
dite classe (D) si k tout couple d’eb^raents a, b de la class© on pout fair© 
correspondre un nombre (o, J) que I’on appelle distance do oes deux 
(iil6ments et qui Jouit des propri^Ws suivantes : — 

I (a, a)^0 

II deux dMments dont la distaneo ost null© ne sotit pas oonsi* 
ddr^s corame distincts. 

III la, b)^(a, c) + (c, b) que les que soient les 61Aments o, 6, a 

de la classe. 

IV une suite infinie d'^Mments a,, a^,....m^ diim conmtgmde 

s’il existe un 616ment a dont la distance k o„ peut 
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Tantdt en effet comme dans le cas des fonctions de carr6s int^grab- 
les certaines analogies avec Tespace enclidien ont conduits introduire 
nn certain nombre appel6 distance de deux Elements et alors la condition 
IV constitue proprement une definition des elements limites. Tantdt 
au contraire certaines proprietes des elements d' une certaine nature 
ont conduit k adopter a priori une certaine definition de lalirnite et il 
80 trouve que cette definition est telle qu'on pent imaginer une definition 
de la distance sabisfaisant aux conditions 1, 11, III et telle que la defini- 
tion posee d'avance, des elements limites satisfait a la condition IV. 

Par exemple on a ete amene dans certaines recherches k considerer 
comme elements des suites infinies de nombres reels ; on pent ainsi 
appeler point de Fespace k une infinite de coordonnees une suite infinie 
X de nombres reels 

qu’on appellera les “ ooordoiin4e8 ” du point X. 

Suivant les questions trait6es, diff^rentes definitions des points- 
limites dans cet espace peuvent etre donn^es. On pent appeler espace 
(Ea), I’espaoe dans lequel une suite de points 

X<«. X(") 

est dite converger vers le point-limite X si, quel que soitjP lescoordon- 
n^es de rang P 

*Pj *P)- • • P> 

de ces points tendent vers la ooordonn6e Xp de mSme rang P du point X. 
C’ est la definitions de la limite qui s’ impose e. I’esprit la premiere et 
qui a ete par exemple consideree par Hilbert sous le nom de convergence 
faible. 

Or il est important de remarquer que I’espaoe est une olasse 
(jD), o’ est dire qu’on peut y definir une distance satisfaisant aux 
conditions I, II, III et telle que la definition des elements limites, po86e 
d’avanoe dans Eu verifie la condition IV. Il suffit en eflet, d’appeler 
distance de deux points X, 7 dont les coordonnees respectives sent 

• • . • • 

3 ® de la serie eonvergente 

| + |a:,-y,| 2l l+\x^-y^\ ' ' ' 1 +|a^,-y,i ' ‘ " 



ESQXJISSE D UNB THEORIE DBS ENSEMBLES ABSTRAITS. 


7. La possibilite d’une definition de la distance satisfaisant a ces 
-quatre conditions est, dans le cas actuiel, la seule chose interessante. 
L’ expression formelle de cette distance est tout a fait secondaire, 
puisqu’ une telle expression etant possible, on pent en deduire aussitdt 
une infinite d’autres qui n’ alterereraient ni la convergence des suites 
de points ni leurs limites eventuelles. (Par exemple {a, b) etant la 
distance de deux elements, on pent la remplacer par 2 (a, b) ou par 

(ciy h) \ 

i + (a, by) 

8. II faut bien insister sur ce que, ce qui caract^rise les classes (D) 
<3e n’est pas qu’on puisse y d^finir une distance satisfaisant aux condi- 
tions I, II, III^ IV ; c’est que, une definition des 614ments limites 
•4tant donn4e d’une part, une definition de la distance satisfaisant k I, 
II, IIL6tant donn^e d’ autre part, ces deux definitions soient entre 
olles dans une dependance exprim4e par IV. 

On pent ton jours en effet pour nHmporte quelle classe d'" elements 
d6finir de bien des fagons une distance satisfaisant ^ I, II, III et en 
d6dmre par IV une definition des elements limites. Par exemple, on 
pourrait prendre (a, &) = 1 si o, 6 sont distincts et (a, &)=0 dans le cas 
contraire. I, II, III seraient v^rifi^s et il n'y aurait aucune suite oon- 
vergente d’^14ments distincts. Ou on pourrait, pour introduire des 616- 
ments limites, 6tablir une correspondance quelconque entre une partie 
des 616ments de la classe et les points (ou des points) d’une intervalle, 
et appeler distance de deux 616ments la distance des deux points cor- 
respondants lorsqu’il y en a deux et la longueur de Tintervalle dans le 
cas contraire. En somme pour des 616ments de nature d6termin6e et 
daus une th6orie d6termin6e, les d6finition8 de la distance et des 616- 
ments-limites, quoique th6oriquement arbitraires, doivent, pour etre 
utiles, etre choisies convenablement, correspondre k la nature des 
choses. Et alors savoir si ces deux d6finition8 sont li6es par la rela- 
tion IV constitue un renseignement pr6cieux. 

9- II faut en effet bien remarquer qu’il n* est pas toujours possible 
pour une d6finition donn6e des 616ments limites de choisir une d6finition 
de la distance li6e h la pr6c6dente par la condition IV. Et ceci memo 
sans forger artificiellement la d6finition des 616ments-limites. Par 
exemple si Ton considdre la classe des fonctions d’une variable r6elle 
et si on y d6finit la limite d’une suite de fonctions (a?), • • 

sur un meme intervalle a 6, de la fagon ordinaire, on pent prouver 
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(XXIX)* qu’il n’existe aucune definition de 'la distance satisfaisant 
dans cette classe aux conditions I, II, III, IV. C’ est probablement 
I’impossibilite de donner une telle definition de la distance qui est la 
vraie raison du pen d*utilite de cette definition de la limite et qui expli- 
que pourquoi Ton doit toiijours substituer dans la pratique a la conver- 
gence ordinaire, la convergence uniforme ou toute autre espece compar- 
able de convergence. 

10. Glasses (D) completes . — Remar quons que dans toute classe (D) 
si mm suite d’elements . .est convergente, on a en appelant a 

Telement-limite : 

u,i ^ p)^{au, 

Or k partir d’un certain rang a) pent etre rendu aussi petit que Ton 
veut. Done pour n assez grand, on a, auelque soit p 

€ 6tant un nombre positif donne d’avance. C'est la une propri6t6 d’une 
suite convergente qui ne fait intervenir que ses propres Elements. In- 
versement si une suite d’elements d’une classe {D) possede cette pro- 
priety et si cette suite a au moins un eiyment d’accumulation, la suite 
est convergente et a pour yi^ment limite cet yi^ment d’accumulation. 

On voit que la ryciproque comporte une restriction. Et en eflPet on 
peut citer des classes pour lesquelles une suite d’elements pent possyder 
la meme propriyty sans etre convergente. Et memo, e'est le cas dela 
classe qui s’est prysentye la premiere dans Tordre historique. Lora 
que la notion de nombre a commency se pryciser, les seuls nombres 
considyres ytaient les nombres rationnels. Dans la classe (D) formee 
par les nombres rationnels consideres exclusivement et ou Ton appelle dis- 
tance de deux de ces nombres la valeur absolue de leur difference, la 

suite des nombres formee par les racines carrys de 2 approchees a 

n’est pas convergente et pourtant elle possede la propriyte mentionnye 
si-dessus- 

O’est seulement paroe que cette classe a yte compiytye par Tad* 
jonction d’yiyments “ impropres ” on ideaux ” a savoir les nombres 
irrationnels, que Cauchy a pu dymontrer sou thyoreme bien connu sur 
la convergence, pour la classe oonstituye par tons les nombres r6els. 

D^aflleurs remarquons bien que dans une classe (D) , une meme 
dyfinition des dl6jnents d’aJccumulation peut etre obtenue par Tin ter 
: , mydiaire 4® deux ^fiul^ions de la distance, Tune admettant une 
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generalisation du theoreme de Caucliy eb I’autre non. Par exemple^ 
considerons la classe formee de tons les points d’une droite. On ob- 
tiendra la meme definition de ses elements d’accumulation si Ton passe 
par I’intermediaire d’une distance (a, 6)^ qu’on prenne pour (a, h) le 
segment {a^ i) en valeur absoliie ou qn’on prenne pour (a, 6) Fare (en 
valeur a’osolne) correspondant k a h dans une inversion determinee. 
La seconde definition n’est pas propre a la generalisation du theoreme 
do Cauchy (quand on prend une suite de points s’eloignant k I’infini), 
la premiere Test. 

Nous appellerons classe (D) complete ou classe (i),.), une classe {D) 
ou Tune au moins des definitions de la distance qui n’alterent pas la 
definition des elements d’accumulation^ admet une generalisation du 
theoreme de Cauchy. 

L’ exemple donne plus haut, de la classe des nombres rationnels, 
montre qu’on peut parfois rendre une classe complete par I’adjonction 
d’eiements nouveaux (ici les nombres irrationnels). Le second exemple 
le montre aussi (par la notion du point k I’infini) mais il montre egalc- 
ment que cela n’est pas indispensable et qu’ un simple changement 
de definition de la distance^ changement qui n’altere ni I’etendue de la 
classe, ni la definition de ses elements d’accumulation peut suffire. Or 
si I’adjonction des elements impropres permet souvent de simplifier 
certains enonces, certaines demonstrations, il eioigne g6neralement des 
applications. Oonsiderer par exemple un prisme comme une pyramidc 
(dont le sommet est k I’infini) a certainement quelques avantages theo^ 
riques mais e’est aussi ignorer une distinction essentielle dans le manic- 
ment des instruments employes k repr6senter graphiquement ces deux 
surfaces. Il ne faut introduire et surtout utiliser les elements impro- 
pres qu’avec discretion. 

IL Ecart . — Bien que pour certaines definitions tres classiques de 
la limite, il soit impossible de verifier k la fois les conditions I, II, III, 
IV, e’est k dire de d6finir les ei6ment8-limites par I’introduction d’une 
definition convenable de la "‘distance” il peut arriver qu’on ne soit 
pas oblige de renoncer k la fois k ces quatre conditions. 

C’est en particulier ce qui a lieu quand on peut definir les eid-* 
monts-limites par Fintermediaire d’un “6cart,” e’est 4 dire en attachant 
tout couple a, b d’eMments un nombre {a, b) appeM icart de a et de b^ 
qui sans necessairement satisfaire quels que soient a, 6, c i la condition 
III (a,&)4(a,r) + (c,6) 
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satisfasse a la fois aux conditions I, II, IV, du no. 5. Dans ce cas nous 
appelleros la classe %me classe L’introduction d’un terme special 

est justifie par ^existence de certaines classes (voir par exempie le 
paragraphe suivant) ou la definition de la limite est compatible avec 
une definition d’un ecart satisfaisant aux conditions I, II, IV sans 
qu’il soit possible de modifier la definition de cet ecart de fagon^ le 
faire verifier la condition III sans alterer la convergence de ses suites 
d’el6ments ou leurs limites. La notion d ’ecart est done plus g4n6rale 
que cebe de distance. 11 serait d’ailleurs interessant de donner un 
exempie moins artificiel que celui du paragraphe suivant. 

Glasses — On pent definir les classes {E) completes ou classes 

{E^) de la meme fagon que nons avons d^fini les classes (D) compl6tes 
(A)* Seulement, dans ce cas, la condition de Cauchy non seule- 
ment n’est pas suflisante pour assurer la convergence, mais onne pent 
plus s’appuyer sur la condition III pour montrer qu’elle est necessaire. 
On pourrait se demander s’il existe des classes {E) qui soient completes 
sans etre des classes (D). La reponse est affirmative comme le montre 
I’exemple suivant. 

Considerons la classe formee des points du plan 

^0 de coordonn6es (0, 0) 

a de coordonnees / ^ 0^ ; 7 i = 1, 2, 


d© coordonnees 


Et definissons y pour ecart de deux de ces points leur distance geo- 
m6trique qiiand il» sont tons deux sur ox ou to us deux sur une menoie 
parallele a oy et un 6cart egal h. Tunite dans le cas contraire. D6finis- 
sons-y les suites convergentes et leurs 616ments limites par Tinter- 
mediaire de cet 6cart. Alors une suite convergente devra k parfcir d’un 
certain rang ne contenir que des points ou seulement des points 
correspondant k une memo valeur de p. Alors on voit bien que la 
classe sera une classe (E) complete. Cependant on ne pent d’aucune 
maniere y definir une distance satisfaisant k la condition III. XI, page 
- 55 , § ( 6 ).* 

Anciennes classes (F). — Les classes (D) sont des classes (E) 
dans lesquelles, en particulier, la condition (voir § 18). 

♦ Les chiffifesromains renvoieiitj h la lisfee bibliographique placAe i la Un d© ce 
m^oire (§ 65). ^ 
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5° Tout ensemblo d6rivo e.st forme' 

esfc v6rifiee. Si on aait seulemout d’uno claaso (A/) eju’ollo v6rific la con- 
dition 6°, on peut ddraontrer (XI, page 63) qu’ k tout dldment 6 et & 
tout nombre positif 8 on peut faire correspondro un nombrti tel que Hi 
c est un 616ment ddtermim' dont I’Aeart avoc b Hoit moindro quo r/ ot si 
a, est un nombre convonablement ohoisi une fois connus 8, h, a, alors 
pour tout dldinent d dont I’Acart avoc c ost moindro ((ue on aura 
{h, d) z S. 

Dans le eas ou en outre m no depend pas dej h, il existe une fonotion 
+ <1®® {b, c) + (c, d), b) 

{^, h) tendant en ddcroiasant vers r-dro ejuand le nombre $ tend on 
d^croissant vers zdro Dans le cas oii en outre ^ {0, h) est indiifxjndant 
de I’AlAment h, on voit qu’cn posant <j) («)=-. ,(,(2 *), los inAgalitAs 

(1) {b, r,)^t, {c, d) /.t, 

entrafnent (2) (b, (*) 

tp {() 4tant uno fonotion qui tend vers z6ro avoc « 

J’avaia 6t6 amend dans ma Thdso k introduire h c5td dew {dasHes (D> 
(quo j’appeiais alors classes (E) ), les classes que j’appelais alors 
classes (F) et o*« un doart (que I’appelais alors voisinage) peut se ddfinir 
do fa^on k satisfaire k la dernifiro condition exprimdo par (2) quand (1) 
ost vdrifid. J’avais cru alors gdndralisor utiloment la notion de 
classe (D). Mais jVuH bientot la perception <iu<* cctt<} gdndralitd 
dtait plus apparento que rdelle (XIX, § 33, p, 22). Cette conviction a 
dtd justifidc par B.W. Chittenden qui a dcmontrd (XXIII) que dans 
toutes les classes quo j‘appe!ui ( F) dans ma Thdse, on peut sans changer 
les dldments d’accumulation ddflnir une distanec? satisfaisant k la condi- 
tion IV du § S : autrement dit ces anciennes classes ( V) mmt toutes des 
classes (D). 11 n'y a done plus lieu de leur fair© un sort k partet o’est 

pourquoi on n© les trouvera pas mentionndes dans la Second© Partie de 
oe mdmoirc. 

12. Classe {£), — Mais si I’on veut rdduir© la notion do limit© k nm 
dldments essentiels, on doit encore aller plus loin. En ©ffet, nous avons 

— ... » A ... . <!/.».•> 1 M 
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11 y a done lieu de conaid6rer d’une mani6re g6n6rale les claaseH (L) 
od. la d6finition des suites convergentes est donn6e a priori ind6pendam- 
ment de toute notion d’6cart entre deux 6MmentB do la classe. Maia 
pour nous conformer k Tintuition quo nous avons de la notion de limite 
et en particulier pour adopter des conditions verifii^es par la conver- 
gence ordinaire des suites de fonctions, qui soient inddpendantes de la 
nature des 616ments considdr^s, nous supposerons quo les deux condi- 
tions suivantes soient remplies. 

Nous avons admis que pour toute suite donn6e d'avance a, , a .^ , . . . . 

d’6Mments de la classe la definition de la limite (que nous n’avons pas 
k pr^ciser) aie pour effet de classer cette suite comma divergente ou 
eomme convergente et dans ce second cas de lui attacher un 614ment 
unique bien d6termin6 appel6 616ment-limite de la suite. Mais cette 
definition doie tre telle que : 

1° si les 616ments . . . . sont identiques au premier la suite 
eet classic comme convergente et a, est son dl6ment-limite. 

2° les 616ments aj, a.^,. . . .6tant distincts ou non si leur suite 
est convergente, toute suite infinie extraite de calla ei est aussi 
convergente et a le mSrne 414ment«limite. 

Ce sont 1^ les deux conditions essentielles. Mais il faut remar- 
<iuer que si Ton n’a en vue que la determination des elements d’ accu- 
mulation, on pourrait (X, page 11, § XIII) sans changer ceux-ci 
modifier au besoin une definition donnee des suites convergentes at des 
elements limites satisfaisant aux deux conditions precedentes, de sori^ 
quo la nouvelle definition satisfasse encore It cos deux conditions et en 
outre aux suivantes : 

3° si une suite S converge vers un element a, il en est de 
m%me de toute suite obtenuo en ajoutant k 8 nn nombre fin* 
d’eiements (distincts ou non). 

4® si un nombre fini de suites 8^^, 8^, • • • - ^,1 convergent vers a il 
en est de m§me de toute suite obtenue en rangeant en une seule 
suite les elements (distincts ou non) de 8^, . . . . 8^, 

Bien entendu, toute classe (D) et memo toute classe (^ est une 
classe (jD). Il sujBSlt d^y d6finir une suite oonvergcmte U|, * .et 

son element limite a comme 1^11^ que recart a) tend vers %eto 

I ■ ■ ■ ' ■ 

n ■ . ’ . ■ ' ^ ' 
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13. Nouvelle extension de la notion de limite . — Mais la considera- 
tion des classes {L) ne pent etre consider^e comme le dernier terme de 
revolution de la notion d’eiement d’accumulation. C’est ainsi que pour 
donner une demontration plus simple du theoreme de Cantor-Bendixson 
Lindelof a 6te amene a introduire la notion de point de condensation 
d’un ensemble lineaire E. II appelle ainsi tout point x tel qu’il existe 
une infinite non denombrable de points de E dans tout intervalle de 
centre x. Or rien ne nous empeche de considerer une classe nouvelle 
formee des points d’une droite, mais ou tout point d’accumulation 
serait d6fini comme Lindelof definit les points de condensation. La 
correspondancfe qui determine les elements d’accumulation, au sens 
nouveau, d’un ensemble pneaire est parfaitement definie. Cependant 
elle est d6finie sans passer par Tintermediaire de la definition des suites 
denombrables convergentes. II est meme impossible dans le cas actuel 
de passer par cet interrnediaire ; en d’autres termes^ on ne pent trouver 
aucune definition equivalente de ces points d’ accumulation qui permette 
de considerer cette nouvelle classe comme une classe (L). En effet 
dans cette nouvelle classe aucun ensemble denombrable ne saurait avoir 
d’eiement d’accumulation au sens nouveau, (Nous verrons pourtant 
plus loin que cette classe satisfait aux conditions 1®^ 2®, 3®, 4®, 5®, 7® 
des § 15, 16). 

14. Introduction du voisinage . — En introduisant la consideration 
des elements d’accumulation comme dependant essentiellement des 
notions de suites convergentes et d’6iements-limites nous avons suivi 
Tordre historique. Mais la notion d’eiement d’ accumulation a d6ja 
deborde son cadre original. Tel que nous I’avons d’abord defini, un 
element . d’accumulation d’un ensemble doit etre en mSme temps 
element d’accumulafcion d’une suite d6nombrable particuliere d’eiements 
de I’ensemble. Les progres de I’analyse ont conduit h une conception 
plus generale de la limite, comme nous venons de le voir. Avant 
d’arriver au cas g6n6ral, I’exemple suivant nous feu francbir un 
nouv^u stade. 

Considerons par exemple une suite ordonnee d’6iements, c’est k 
dire une ensemble d’eiements tels que deux d’entre eux etant donnes’ 
une loi determinee fixe oelui des deux qui est dit d’un rang inf6rieur 
k Tautre ce qu’on exprime par la notation 


a Z 6 
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avec la condition que a^Lh eb h£.c donnent aZc. On pourra 
alors appeler segment a h Tensemble des Elements a tels qne 
Et on dira qu’an Element a est un 616ment d’ accumulation d’un certain 
ensemble E d’616ments de cette suite ordonn6e si tout segment auquel 
appartient a a aussi un 616ment on commun autre qua a a^ec E, Dans 
le cas ou la suite ordonn6e est compos^e des points d’une droite ranges 
dans leur ordre g6om6trique cette d^jfinition est 6quivalente k la defini- 
tion par rinterm6diaire des suites d6nombrables convergentes. Mais 
dans le cas g6n4ral, il pent tr6s bien arriver qu’ aucune suite d6 nombra- 
ble n’ait d’616ments limites. 

15. Classes (F). — Cette definition attribue un r61e fondamental 
dans la determination des 616ment8 d’accumulation k des ensembles 
partiels attaches k chaque 616ment de la classe et qui jouent le rdle de 
voisinages de cet 616ment. 

Mais rien n’oblige a limiter la conception de voisinage k Fexemple 
pr4c6dent. C’est ainsi qu’en 1911, Ralph Root (XII) oonsiddre le cas 
de voisinages quelconques assujettis seulement k quelques conditions 
qui n'en d^terminent pas la nature ^t qu’il pr4cise dans un mSmoke 
de 1914. C’est ainsi qu’en 1912, F. Hausdorff d6reloppe oralament 
dans son cours et qu’en 1914, il expose dans son livre Grundzuge der 
Mengenlehre” (XXV, pages 211, 213) la thdorie de V espace topohgiqm 
fond4e sur des considerations analogues. Mais je ne donnerai pas ici la 
definition de cet espace que nous retrouverons plus loin oorame oas 
partioulier de considerations plus g4n6rales. 

Rien n’em];)eche en effet de partir de la notion la plus g4n6rale de 
voisinage et de ne lui imposer des conditions restrictives qu’en vue 
d’applications ddtermindes. O’est apr4s avoir prdsentd dans oe sens 
deux generalisations de plus en plus etendues parues m 1906 {XVIII, 
pages 17, IS) et en janvier 1918 (XI, page 57), que j’ai publie en mai 
1918 au moyen de notes esquissees depuis longtemps et mises an point 
au front, un memoire ou j ’expose ce point de vue (X, page 3). 

On pent done presenter la notion d^eiement d’ accumulation de la 
fa 9 on suivante, A chaque element a d’une certain© class©, on attache 
une certain© famille.^d’ensembles appeies de a. On dit 

alors que a est element d’accumulation d’un ensemble E Bi E comprend 
des elements aussi voisins que I’on veut de a, c’est ^ dird si tout voisin- 
ag© F„ de a, a avec E un ei6ment au moins, autre que a, en commun. 

Nous appellerons classe (F; tout© classe d’6iements ot, les elements 
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d’accumiilation sont definis par I’interm^diaire de voisinages de la 
maniere que nous venons d’indiquer. 

II est Evident que les seuls elements des voisinages qui inter- 
viennent dins cette definition sont distincts de a ; il est done indifferent 
d’ajonter a a V,, on de Ten retrancher. Pour eviter toute confusion, 
nous supposerons toujours sauf mention du con traire que F„contient a. 

II est evident egalement que si Ton remplace une famille de vois- 
inages de a par une autre on n’altere pas necessairement la collection 
des ensembles dont a est element d’accumulation. II est alors utile de 
preoiser h quelles conditions deux families [FJ, de voisinages de 

a sont equivalentes k ce point de vue : II faub et il suffit que tout 
voisinage F,, contienne Tun des voisinages W„ et reciproquement (X, 
page 5, § VIII). 

Exemples declasses (F). Toute classe (D) et meme toute classe (E) 
pent etre consideree comme une classe (V). Il suffit de choisir comme 
voisinage d’un element a, les spheroides de centre a et de rayous 
quelconques, en appelant spherolde de centre a et de rayon ^), Ten- 
semble des elements 6 tels que (a, 6)4 p. On obtient une famille 
equivalente en ne prenant pour p que les iirverses des nombres entiers. 

Une classe (L) pent etre atissi consid^ree comme une classe (V). 
Il suffit de prendre comme voisinages d'un element a les ensembles 
auxquels a eat interieur. 

Meme la classe consideree au § 13, ou aucune suite denombrable 
n’a d’6iement d’accumu^ation pent etre consideree comme une classp (V). 
O’est alors la classe formee des points d’une droite ou I’on consid6re 
comme voisinag^^s d'un point a les intervalles de centre a desquels on 
retire une suite denombrable quelconque de points distincts de a. 

16 Mais les considerations pr4c6denteB montrent que e’est la 
notion d’616mcnt d’accumulation qui doit Stre primordiale. Il y a done 
lieu de n*en limiter en rien la port6e. 

Nous pourrons alors gineraliser encore une fois la notion de point 
limite de la fa<^on suivante. 

Nous supposerons donn^e une certaines classe d' ^Mm^nts de nature 
quelconque et une certaine loi de correspondance K qui attacherad'une 
maniere d ailleurs tout k fait quelconque k tout ensemble E d'el6ments 
de la clause un certain ensemble jS' d’^l^ments de la mSme classe, en- 
semble qu’on appellera Mtivi de M. Le fait que W est le 

d4riv6 de E pourra s^exprimer par la relation E K S', 

C 23 
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On appellera alors ilement d' accumulation do W tout 616ment de son 
ensemble d6riv6 E' *. 

17. Les quatre conditions de F. Riesz.— Suivant la nature de la 
question oii intervient la classe consid4r6e la relation K aura telle ou 
telle forme. Si Ton examine les diff^rentes definitions des 616ments 
d’accumulation qui ont pas86es en revue jusqu’ici, on voit qu’elles 
satisfont quatre conditions qui ont dt6 explicitement 4nonc^es pour 
la premiere fois par F. Riesz. (XXV, pages 19, 20). 

Ces conditions sont les auivantes. 

1° Tout Element d’accumulation d’un ensemble est aussi 
416ment d’acoumulation des ensembles dont le premier fait 
partie. 

2° Si Ton partage un ensemble en deux parties, tout 616ment 
d’accumulation de I’ensemble est 614ment d’accumulation de 
I’une an moins de ces deux parties. 

3° Un ensemble compost d’un seul ^16ment, n’a auoun^M- 
ment d’accumulation. 

4° Un 616ment d’accuraulation d’un ensemble E est d6tennin6 
par I’ensemble des sous-ensembles de E dont il est 414ment 
d’acou mulation . 

Ces conditions sont ind6pendantes entre elles. Si on en suppose 
plusieurs v6rifi6es en mSme temps, on pout les formulerd’une manidre 
xm peu diff^rente. 

1° et 2°: L’ operation de la ddrivation d’un ensemble estune 
operation distributive ; ce qui s’exprime par ia notation symboli- 
que 

{E^F)'^E'-\-F' 

appliqu6e deux ensembles quelconque E,F. 

3° (en tenant compte de 2“) : Un ensemble ne pent avoir 

♦ Dans un m^moire sons presse (XXXVJII) N, Wioner part d’nn antt© point de vue 
©t qui pent fitre f^cond. 11 s© donne un ensembl© d© transformations d© ia elasw 
©|lom§m 0 ©t d4dnit Un ^l^ment d* accamnlation A d© JE?, comm© ua ©Mmant invarlaiit 
dmis toute transformation de M am laisse invariant cbeun das ikmonts d© B sauf pear 
^tr© A. II y auraifc lieu d’6tudi©r direotement I© problem© qui ©it Torigin© ©t la raison 
d^ltr© de la definition pr4c4ddnte : 

On se donne un enaemble B de tranfformatl<ms de la ©laaie ; la relation E KM* sera 
telle qn© l&s transformations (suppos^os biunivoqaes) de iSeoientausM bloontinues; on 
demand© k quelles conditions doit satisfaire X pour que se probl^m4 soit pois^ible et quo 
la relation K soit d^termende. 
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d’el^menta d ’accumulation que s’il oomprend un nombro infini 
d’ elements. 

4° Ri a et & sont deux didments d'aceuinulation d(' K qui sont 
di«tinets, il existc un sous onsemblo d(( li dont. rensemblc ddrivd 
comprend a ct non pas b ou inverseincnt. 

1 8. AutreM conditions. - On peut ransctr a la suite de ee-s eonditions 
de F. Riesz deux autres conditions inddpendantes outre olios, inddpon- 
dantes des conditions de F. Riesz et qui sont vdrifidos par un grand 
nombre des classes quo I’analyse aindno k considdrer, mais non pas par 
toutes : 

Avant de les dnoncer, faisons eomprorulro la ndoossltd <lc» lour 
introduction. Si Ton considdro un cnaomblo E d'didtnonts d’uno (shisso 
(D), cet ensemble peut avoir des dldmonta d’aceuinulation qui formoront 
I’ensemblo ddrivd E'. Celui-ci & son tour pout avoir dos dldmontH 
d’accumulation, formant ronsemblo ddrivd du second ordro E*. Or 
si a appartient a E" il y a dim dldments (ilistincis do a) a, de E’ 
1 

tels que (a, a„)Z - et par suit© de.s dldments 6, do E, distinota aussi 

de'a, tels que (a„, *. Done (a, « appartient k E'. 

Autrement dit I’enscmble E' appartient k la catdgorio des onsembles 
fermis, e’est-i-diro des ensembles qui oontionnont Icur ensemble ddrivd. 
Une tell© propridtd n’est pas vdrifido par toutes km ddfinitions classi- 
ques de la limit©. Considdrons par exemple la class© (L) formdo par 
lea fonctions uniformes d’un© variable rdell© sur un intervall© fix© I et 
ddfinissoas y la limit© d’un© suite do fonctions h la fayon ordinaire, 
sans prdoccupation d’uniformitd d© la oonvergeno©. Dans ootteoiasB©, 
I’ensembJe E des fonctions continues a un certain enstimbl© ddrivd E', 
I’ensemble des fonctions ditim d© premierd class© au sen# d© Baire. D© 
mdme I’ensembl© E" ddrivd d© E' form© l’©nseml»l© des fonctions de 
second© class© au sens d© Bair©, ©to.,. Or I’intdrdt mdm© d© oett© 
classification consist© en ce qua E n’est qu’une parti© d® E\ W une 
parti© d© E" etc... Par exemple, la fonotion dgate k un pour tout© 
valeur rationnelle de la variable et null® ailleurs appartient k E" sansi 
appartenir i E'. Autrement dit E' n’est pas fermd. On est alns 
amend k ranger k c6td des oondttions d© P. Etesx la condition : 

6® Tota enmmbh Mrivi e$t fmni : 
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Cette condition est v6rifi6o dans touto classe (D) ; ello n’mt paa 
v6rifi6o dans touto classo (L) comma Ic montro la clasaification d© Bake. 
Invorsomcnt die pent otre vi'srifie!© sans qu© les conditions de P. Rim 
aoient rempIioH. On pent citer (X, page 7) une classo qui n’ost pas nm 
class© (V) et v6rifio pourtant 5°. 

1 9. Pour arriver & I’introduction do la dernit'sro condition annonofe, 
nous remarquerons Timportanco (in© jouo on math^matiqnes le fait qoe 
tout nombnj irrationnel cat la limit© do nombres rationnola. Un grand 
nombro de propridtda ae ddmontrent ©n los dtablisaant pour 1© ca» des 
nombroa rationnols et passant ©nsuito k la limitc (Evaluation d» 
volumes do la gEometrio ElEmentairo, propriEtEs de rexponentielle, ©to.). 
II pout arriver (oomme dans les oxemples citEs) que la mEthode idu*- 
sisse par suit© des propriEtEs arithmEtiques des nombres rationneli 
Mais il peut arriver que la seul© propriEtE des nombres rationnels rEelle- 
ment utilisEe soit I© fait que leur ensemble est dEnombrable. C’«it 
par exemple le cas de la mEthodfs de Borel pour Etablir une formal© 
d’interpolation valable pour tout© fonction continue. Nous voyon© 
ainai utilisEe la propriEtE suivante du oontinu linEaire, cell© d’apr^ la 
quelle tout nombre rEel appartient k un certain ensemble dEnombrable 
(celui des nombres rationnols) ou E, son ensemble dErivE. Or il importe 
de fair© remarquer que si non seulement le continu linEaire, mais enoor# 
bion d’autres classes importantes possEdent un© propriEtE analogue 
cott© propriEtE peut n’avoir pas lieti et ceci mSme pour des classes donfe 
la oonsidEration st> prEsente naturellement. Remarquonsd’abord que M 
tout ElEment d’«ne claase (L) appartient & un certain ensemble dE- 
nombrable ou E son dErivE chaqn© ElEment de la classe poutTtdt Etre 
dEdni par une suite dEnombrable d’indioes entiers. Done la claM© 
aurait au plus la puissance du continu. Nous savons d’autre part qae 
la classe oousidErEe plus baut des fonctions d’une variable rEelb a u«e 
puissance sopErieure h cell© du continu (I). On peut mEnte ©iter une 
olaase od on peut dEflnir un© distance et on oette propriEtE n’est pi# 
vErifiE©. C’est la classe dont ohaque ElEment x est dEflinipar une suite 

infini© de nombres rEek x^, ..qui sont ses coordonnEes, ci* 

coordonnEes Etant supposEes, pour un ElEment x dEterminE, borr«Se» 
quel que soit » ; clause od nous dEdnissons la distance de deux ElEmetibi 
X, y ©omme la borne supErieuee de la diflEienc© /»„ - yj d© leit» 
coordonnEes de mSm© rang (VI, page 161). 

11 nous .oera done utile de diatinguer d’un nom spEcial 
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mi I 

propri6ti^ : noun ciiroris E HV'puffthli* ipiiiTid II eiibIi’ 

un ettaembla di^nombrablo N di* aot i<d c|ii '0 tout 

4!6meiit de E apparfcienrir* n N oarn HDii itn *»k*iwnii d accmiriislii- 
tion. 

Le d^'TidcT c‘Xfiii|>k* «|iie iioiih vriiDDB d** f!uiiiii*r iri<mtra <|ui* !«*m 
conditions r\ :i\ 4"^, Tr' (oi iuishI la cam<Iition 1'" vtmtwi*v pliin loiiii 
pawvent id 4 *o wrifict*s naoH cjtio la c*liismi soit* Hopiifiiido, On |Kinrriut. 
anssi invoc|ut*r rc*xomjdti doiirii' iiii § 13, 

L’oxomple do !a eliiHsc* d/*iiomhrab}o c5oiisid**r/*o lui | 1 1 moiitro 
qidiine elasse poiifc atm «apariifilo at varifiar Urn ijiiatra c’ciitdiiionii do 
F. EicHz fniriH vi'^rifier r 

Brifio on elioi^isHiint ocmitno oIiisho las ncnnkri^s mfiotiiiolH, on 

- 

d^finifc 1<‘H poiiitH d'nrfumul ition <1« ftir;nri h nvoir ufHi tilaMw 

non (V) nuiis w'!{>arnbl<*. 1 

En <!6fitutiv«‘ on voifc qti’il «’<t iiHjmrtuiii <l»' itr^uor »i un<' , 

cl4?»o vj'jrifii* ou non la oondiUon »riitrt* Mi'jjarablo, ir’t’.Hl. h dim In : 

oondition : 

ir’ II oxisto au moiriH un cmoonblo donnmbnildf* N rlWimwt* 
tel qnn tout td^mcnt appnrtiennrt h iVf (»« k «»tt otinombb tiilrlv/* 

Enfin ii ent ^^ddent ciii’uno eiitMHii awm den jirojtfM^i^#! phin 
homogenen Hi elk* v<f«rirn» la cowl it ion. 

7' Tout (ilement mt I'slinnent d'accumulatinn d'«n moin» nn | 


tiS2 ESQ01SSK d’UWD TKlSORlK DKS KHSl'iM BLES ABSTBATT8. 

La condition 8® pent done bb riduire h la auivnntc ; lu cIiikhb BenKicMt^o 
ne pout otro decompose© en deux cnRenibies fertiidn disjoints*. Appe- 
Ions «n.soml)Ie omerl un ensemble dont aiacun Element n’cHtoloraent 
d’accnmnlation de I’enaorablo compk'smetjtairo. On vnit alora quo 1» 
condition 8® peut encore s’enoncor ainsi : 

Un ensemble ne peut otre k la foia ouverfc et forint. 

II est d’aillours Evident sur la Hocondo fonme tie la condition S*' 
(jue celle ci entrain© la condition 7”. La rt^oiprcaiuo n'o«t pa* vrai© 
Gommo le raontrorait Texemplo d’lmo clanHe formfie dea pointa d‘un 
plan 8auf un point do ce plan, la liinitc y 6tant d6finio eomme d’ordi- 
naire. 

21. Los conditions 1“ k 8° 8ont dvklcinmpint compntiblos puis 
qu’elles sent r^alis^es dans le cas des enseralilciH lindaires. Kn cc qui 
ooncerno leur inteiddpendance nous aavons ddja quo 8‘^entraiiie 7®, 
laiasons done de cot4 pour le monaent la condition 8®. 

Les conditions 1® il 7® sont indSpendantes, 11 suffifc de donnor des 
OKomples de classes vdrifiant toutes ces conditions nauf ruue d’entre 
olles. 

On peut verifier 2“ A 6" sans verifier 1° en prenant pour class© 
I’ensentible des points d’un© droite D et d’un point ©xtdripura ©ten 
prenant oommo ensemble ddrivA d’un ©nsembi© IS l*en«emblo 
ordinaire quand E ne eoraprend pas a ot tout© la droite D quandjB^ 
comprend a et une infinite de points de D, rensetmbie dArivd d© a seal 
Atant nul. 

L’exemple des ensembles lindaires montra crailburs qu» lea eondl' 
tions I ® A 8® sent compatibles. 

22. En conabinant entre eliwi un nombre plus ou moins grand d* 
<•08 conditions, on obtient des classes moios ou plus g^n^mleaet dans 
leaquelles on pourra g4n6ralisei un nombre plus ou moina grand d®s pro- 
prbtds des ensembles linAaires. Nous allous passer ©n revue qudques 
unes de ces classes. 

28. Glasses (F). — On voit ^-videmmeut qua les claM®« (V ) , ddfiBles 
au I 13 vdrifient la condition 1® de F. Biess (§ 14) ©t un® condition q»f 
©st one oonsAquenoe de I’easemble des oondltjona 2®, a® de f . Biesa 
sazuB l^e dqnivalentfe A cet ensemble ; 

(A) si on Abment a appartient & la • lots A un easemble f et A son 
dArivA P', il rest© aussi AIAnient d’aeouinttlation de P quand on sup* 
prim© a de F. 
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L’eiiBemble den I'ujidviilifrit a I’ltiiHifftildcMla 

la condition V' vi cics Iii eoiidiiinn Hiiivaiiti* : 

la propriety pour uii onHimiblo fi d'avoir })oiir idinneitt dbiooiimiilfo 
tion a ne dopeiid qiii*. df*H idrriKnitH <t<* E (iintinct-H fla «. 

D'aiitri.^ part, rocijircH-pifniMnii hi ilnm mu* i-himu lai r#‘liifion M K M' 
eiitr© It*H aiiHorrililaH i‘t latirn drm*<"H vorifin !r »4 I'ortdilbnr'^ I * of, 
ecstta claHMC ont (V') of on |■H*lll cdioiHir X «•o^iil^|o fiitnil!*^ dn vcd^itiaii;^'^^ <Ic 
ehaque alidiiont ri, la faiidlla I’on^fittitb* par loa i»nHantldi'*H ntn^ijiinl^ aont 
inUrkur. (On difc qua a mt intdriaiir k h\ ai m iippuriiinit i\ # at »i a 
n’eiit pas illainarit crin-eiirrinliiii«iii da riuHrmifili* das idapjmrta* 

riant pas k E). 

Bbri antanciiq il priit nrrivar qmq los families d»^ voisiniip(as Miint 
doiincbs d’avanoiq In fnmilia raintivfi ii tin alaiitinii n in* aoinproriiirt pr4« 
tona Ia» arisi!ml)li*.s iiiiicqiifds m f*sl, iniiddinir. Mats qnidl** qut^ noit iialtii 
faiiiilliq a m^rii iriUdiinir h Ions nm H. do filtis pour qua a 

ioifc intebieur ii iiri cnwartilda E il ImtiH, il .«ttllst qin^ Titn nil iiioitis dim 
foisiniiges dci a appartiaiiiia loiil aiiliim ii E, 

24, 11 mt irii4jr«»mnt ila riiatiarrdinr k qitidlim iniiirlitiiins clciirint 

•sfttiifaira Im farniltim da voisiiingtm, jiist|ii*kd •iiitiikiiiiipiil iirbitfairni 
pour qiin riinii on rniilrti dm iniiidtliotin cit* k T' mnt 

La eoricliilcin T^imt vkntlm <i‘idli* mama dann Iniiia {¥), 

Pour niiii alitniia fV| iim T a simt riwpiietl^ii- 

mailt ikniifalaiilim fX, pagim i, 7| nm 
T L’arwafiitiln atifiiiiitiii ii. dityx vnisiiiagan qittdcii>int|iiai dt 
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iliwh i|ili^ mHi*Iit! *i'’*!riiiriit m rl It* %^iii^ilin||f* 1'^^, i|t* n tl 

mi vtuHifiii^i* T,;' d** m ii*.>iit tmii rli^iiiiml h |itii4#i.rri#! mi 
moiiw till vtiiMitiiigr l\' ii|nmrlriiiiril niUiVriiirril ii f\, . 

II mmti* nn nmmuhh^ i:l»Hii>fiibr^ililf* N irrlibrii^iilM ti»l 
rftia tcitii vtimimiii* r.„ d«* m rimtu^iirif* liti rlriiieiti 

fill riifiiriH iic* N t|iii fititirrii rfn* tm mm ili! a), 

TiHii fill fiifiiiiN' dint'^ 

diiitiiicitii. 

Cjf*H ri{nivi*lli^H nmclit l-t* ili* iiiiinirrr; fwirffiifi piii^ 

ciorriiiic»‘1tnw*iit, qiii^ !i*« di* F. m^mt iiidr*ji»*iitliiiit4»s. 

Pur axc‘iiijilfi nil vnifc ffii‘ii**mmil' In rl#i*«t4n 4r« fi'iintmlrciit# 

fit mm (V| c|iii vnrili** Im irnmUlmm I ' , % \ f , 7 mum xi*rifif*r k 

€oricliiimi iii iii liiriintPmi mhipim mmimu fiiitiillr lii* ¥fii»ifi» 
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jouissenfc d’un grand nombrc de propri6t6a iraporfcantos, cotnrne on le 
verra plus loin. 11 s’agit des daftsc.a {II) qwi v6riftent Us conditions 
1®, 2°, 3°, 5®. En cherchanb a g6n6raHs(!r cortainos propridtds des 
onaembles lindairoa, on s’apervoit en effet quo la condition 4° do 
F. Riesz jouo un role hoauooup tnoina important quo la condition 6®. 
line tello cla.-^so pout dtro encore definio do la fat;on suivanto. 

C’est line classo (V) dont los voLsinages verifient lew {ionditions 
2®*"“, 3“'**, 5° •' » du § 24. On pout prdsonter cellos-ci d’uno fa(;!on 
iogdrcinent differento : 

On remarquo (XXX 11, § 23) <{Uo dan.s uno claHse (H), on obtient 
une famille ( do voisinages dquivalente h uno famillo donndo { 
de voisinages do a en prenant pour IV„ I'intdrieur do V„. Alors cluuiue 
voisinage W„ est un enseinbb' ouvcrl (d la clasHe (H) (sst nnaloiiKsnt une 
clasae (V) satisfaisant au.x conditions suivantos : 

(i4) A tout dleineuit fi corntspond au moins un voisinage IF/, ; 
chaqiKJ voisinage W,, contieut I’dldinent b. 

{IS) Ktanfc donne.s dtui.x voisinages W/,", W do b, il oxisto un 
voisinage de h appartotianfc a la fois k IF’*'’ ot a If*'. 

(C) Quel que soit I’dldratmt c du voisinage W/, do 6, il exist® un 
voisinage lf„ do c qui appartiont entidroment A If *. 

3® i’our tout couple d'didmonts distinots b, c, il exist© un 
voisinage Wi, do b t»e comprenant pas c et inversemont. 

On reconnait dans le» conditions (A), (B), (C) les trois premieres 
conditions impo.‘6e8 par F. Hausdorff (XIV, page 213) a son “espaco 
topologique.” Il iinpone en outre au lieu do 3® la condition 

{D) Four tout couple d'dl^inents distinct# b, c, il exist© deux 
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‘im 

(lifttingwT IcB propri('t<'«H dw bornuls qui ne H’^tondont pas 

juix illimik'B, qn’on aBKcz nouvent do apeoifiitr Hi lea 

dont on parUs aojjt bonalH on non. Bi<m quo lo danger 
d mils iionfunion Koit petit, il exinte poiirtant. li grandit dann le caa 
d*i tiHisinhliiH plana on par exemplo le.H defmition.s d’un oontinu duen k 
tJantor et (\ .Jordan, isqiiivatenteH dana In eas do continun boriioa Honfc 
uottement diHtinetes dann lo ean general. 

Main do-i qu’on etndie dea claH.se.H d'elihnents d’uno nature plu« 
gdniiralo isomine la elaKHo diw fonc-tiuUM tsontinneH, la n^cennito de 
diHtinguer entre le.H cnHembles qui g4inSmliHet)t les ensemlilea Iin»'».airt*» 
bornii.H, ft lew autri'H devient abHolmnent esHontiello. Unt* diflienlt^ h® 
pn'sHerdo inimi'sdiatement : k quoi reeomiaitra-t-on qu’un onHoinble est 
bornii I*our oertninoH claHHes, la gtnii'Talimition parait immediate et 
(•lie r«Ht en effot. Bar exemple, on peat apptdor ensemble borm$ de 
fonciions conlinues un ensemble de fonctionH eontinui sdont lew valeure 
absoluee rentimt inWrieureg h un nonibre fixe. On appellera ensemble 
boni^ do courboH continues un cnHomble do courbes continues, touti» 
situ^es dans une sphtlre fixe, etc. . , . 

Mais si I’on voutdtendro la notion d’ensembic born6 ii un ensemble 
abstrait dm g^ndralisations de eo genre, essontielleraent fonddos sur le 
nature partiouU6ro dee Sl^monts consid^irSs ne sont plus possiblee. 
Tout au plus peut-on appeior ensomlde bom6 d’414inonfc» d’une 
olasio (D) [ on d’uno classe (E) J un ensemble d’^ldments contenus dan* 
un sphdrolde flni. Et encoio peut ii arriver, comme c’est le eaa poor 
I’espace J5?«, que la definition ainsi obtenuo ne oolnoide pas aveo la 
difinition qui dicoule naturoliement de la nature des dl^menbi oonsi* 
d4r£8. Mali la plus grande diffii-ultd n’est pas 14. 

JUa dtffioultd ast non pas de gi^n^raliser d’une fa^on natorelle la 
riilfinition das ensembles Un4iaires limit^s, mais de la g4niraliser de fa^on 
utile. Autremeat dit, il faut g&n^raliser la notion d’ensembles Uni4aifi» 
limitSs de telle maniire que le ploa grand nombre possible des proprlil* 
t^s do oes ensembles poissent gtre aussi generalises. On s’aper^lt 
alors qu’il faot prealablement substituer 4 ia definition des ensembli*# 
linealms bornes one definition eqnivalente mais exprlme® sous une 
forme ne faisant pas intersenir la natum partienliere dm ensemble* 
lineaitm. 

38. BnamUea compacts et parfaUemmt compact *, — On pent fidre 
eetbs snlHstitntion de plnsienrs manilree. Oelle que j’at indjqtsle dam 
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ma These (XVITI, page 6, § 9) a choisie pour s’adapter au cas des 
classes (L) qui en etait Tobjet Elle est fondee sur le theorem© de 
Weierstrass-Bolzano, d’apr^s lequel tout ensemble infini (c a-d com- 
prenant une inlSnite d’elements distincts) lineaire borne a au moins un 
Element d ’accumulation. Pour en tirer une nouvelle definition des 
ensembles lin^aires bornes il faut le completer sous la forme suivante : 
la condition necessaire et suffisante pour qu’un easemble lineaire E 
soifc borne est que : tout sous ensemble infini de E admet un element 
d’accumulation. On voit alors immediatement comment on poura 
generaliser la notion d’ensemble born6. Mais pour distinguer des 
generalisations en apparence plus naturelles que nous avons mention- 
n4e8 plus haut, j’ai introduit une nouvelle designation : 

Nous appellerons done ensemble compact un ensemble E tel que 
tout sous-ensemble infini de E admet au moins un element d’ accu- 
mulation. Get element n’appartient necessairement ni ^ J', ni a 
Lorsqu’il existe tou jours au moins un 616ment d’accumulation de F 
appartenant h E quel que soit le sous ensemble infini ii’ de iS?, on dira 
que E est compact en soi suivant une denomination que j’emprunte a 
Chittenden. 

Non seulement cette nouvelle definition coincide avec celle des 
ensembles born6s quand ceux-ci sont lin^aires ; non seulement elle 
garde un sens precis pour des classes (L) et memo pour des classes ou 
le choix des 6l4ments d’accumulation n’est soumis k aucune restriction ; 
mais surtout ell© permet comma on le verra par la suite de g6n6rali8©r 
tr^s loin les principales propri^t^s des ensembles lin6aires bornes. 

Cependant R. L. Moore a r^cemment remarqu6 (XVII) qu’on pent 
encore gagner en g6n6ralit4 en lui substituant un© definition qui est en 
g4n6ral plus restrictive, mais qui est Equivalent© k cell© des ensembles 
compacts dans le cas trEs gEnEral des classes (D). Employant une 
locution employEe dans un autre cas par S. Janiszewski, nous prEsenter- 
ons la dEfinition d© R, L. Moore de la fagon suivante : 

Nous appellerons d’abord avec R. L. Moor© suite monotone d’en-^ 
sembles une collection d’ensembles tels que de deux d’entre eux Tun 
soit to uj ours une partie de Tautre. 

On dira qu’un ensemble E est parfaitement compact si, pour tout© 
suite monotone 8 de sous-ensembles G de E il existe un ElEmenti 
oommun It tous les & de S ou un EiEment commun aux dErivEs d© tons 
les d© S. 
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Si im ti <*Hi parfait4‘ittrnit t*tim|'r?ir*i In ^itiln libliiniii* 

m plat*anfc K parmi !<*« O th M #*^1. iitir* *iiiii:.i» iiifiiiritfinc* 

do HotiH onHomblos ib"* Ki par on bimi il 11*1 l•!■**ff|Ptlt #i€ # 

apparfccniant h Ioh f/ dr* S nn liiori it tin /dioiimil fifi If fpit i*it 

416manti crac!auiifiiilii.tiiriti da inm la** do S, Si, itiiir^ h* mn, op 

penti fcoiijotirs niippoHor, qnr*Ilf» qm* mil la mtlfi* H, tjii*iiii rl*oio»iit do #f 
€t de E iippartiont am atiHofiifdr*^ di*ri%^o^ <lo Inna do H, niidim. fjijo 
E mt parffiitoirifnit onnipiiot rii mn. 

On onacnnido parfiiiforriinii (on **01,1 tfiiijniirw rnrnpiicl. 

(an Hoi) {XX XI I, § 8). La naaprnrpia 11 Vat pm %Tiiio qtitdlo cjiia anil 
la definition dan eierntmif^ dbiaoiimiiliil-ioii alio ri*«:*itl {iiw ^’fiiia iinriiiiia 
Tawit deja raiiiari|tie F- (X.XV| di%m daii fifiiiilir«» 

transfini^ da la aaaonda alaa^tq aii^rtiitilr ijiii fnrrria iiiin fl#! 

Par eoriira lii reaiproipin mi damtmdmmm (Pf, {XXXfl, 

I 5) ; an p»rt4fiillar la tHindiiiofi of. Miiffpiiiila jirinr if dim 

aniemble lineaira unit borne mi tpia art nii«rfntila mil pnrhmUnmtti 
mmpiwk 

2 !). FmtHumnHy-$:. ■■ L’ Analy«* aliMabjtia f?iim*tilitl!aiiiaiit. 

das foliations dbina on da plnsiatirs ^ariatilns iitiriiertrjiias* Ojuifiiliint 
alia prilionta dn nomlirana aiaitifdiH «rtipra«!iitiip i|iii iiefMitiiJtfiit 
d’antit 4 s niatberniilicpias plus nerseralc^ qua las fioiiiln cl« |V»pA^# 
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( voir par oxemple sa cominunioation (IX) au congr<ia do Heidolborg.) 
Hur rutilit«'i d’otudior do fa^oii gono^aU^ co qu’il appello uno function, 
nolle, o’est u dire line function dont la variabl*', Targumont, oat une 
ontitfS rnathomatiqne qn(*lcunf}Uo. E. H. Mooro (XIII) a anssi drigfs on 
corps do dnetrino CO qu’il appello “General Analysis” et qui proofsde 
dos memos ideos. 

Nous adoptorons aussi la denomination do foiKitiormelle do 
M. Hadamard. Bien entontln jiour pousserr logiqucinent 1 <(h eonsti- 
qm-noes do la nouvelle conception, h* Caloul I'onctionnel ou ce qu’il 
vaiidrait mionx apixdler avec Paul Ix'o y I’AnalyflC! Fonctionnelle no 
devrait pas limiter ses recborches lYdinlo <les fonctionnclles <iui font 
correspondro vin nomhrf. h un ('lement <Ie nature qtudeonquo, niais aussi 
oomme Pa d’aiilours remarque Paul Monfol, entreprendre rdtudes des 
oorresptmdances gendrales (rest toutefoi.s utie extension (jue nous 
laieseroa d«* coU'i dans co mdmoire. 


SECONDR PABTIE. 

Classification bt I'KoriiiiVraH ortsd^RALEs i>bs bnsbmblbs 

aBSTRAITS KT I>KS BONCTIONNKLLKS. 

Pour Huivrt! un ordn* logique uru* thdtirie des ensembles nbatraits 
devrait debuter par une tbdoriedes noinbres eardinaux et ordiimux.par 
une tMorio des groupes abstrnitH. par uno tlidorio do Pintdgralc dtendu© 
a un ert‘-einbie abstrait {III IVi, tfidories qui peuvent so d^velopper in- 
ddpendafuroent de la notion d’dldment d’accumulation. Mala il exbto 
des ouvrngos nombreux exposunt ces theories ; nous nous oontonteron* 
d’y renvoyer le leeteur. 

Kn int oduisant la notion d’dldment d’aoeumulation »ou« son 
aspect I« plus gdndrid, puis en assujettissant oett© notion t\ dm condi- 
tions de plus on plus nombreusos, on est amen 6 h eonaiddror des classes 
do moins en ffitiiiH gdn^rales mais do plus en plus riches «n proprfiit^s 
else rapp’oebant do plus en plus de la plasso qui form© I’objet do la 
Tbdorie des enwmbles bn^aires. C’est I’exposition dm propridt^s de 
008 classes sufices»iv»’S qui va dtr® Pob|©t do ©otto Second© Parfcio. On 
aumit pu y |olndr© la tliSmi© dos types de dimensions que nous 
iaissetons aussi de cotS (VI, Vtl, VIU). 



KSQirtHNK tj’iJNI) TiJ»V)KIK I»KS KNSEMHLKH AHSTKArTS. 

Cj.AHHKS Oi- t,KH i:;i,^MKNTH d’aCCUMUI.ATION HUNT l)|!;riNI.H n’UNK 
MANjkttB t^tJKI.CONQlJg. 

.'{1. SiijipoRons (jun danw une P <iY*Wn«‘nts ch* nntim* 

{'ichaqu** <‘nHcml}l<‘ K dYK'mfiitH d« la tdaHwe eorrwpond© an 
nnwmblo qu’on appollora nisemhlr dirU^. d« K at qii’on 

r«*pr6«enk*ra par K.' (On pourra auKai cemsidt’nsr la nas nA k E m* 
corraapond nuaim ciiHcmblo d<'»tiv<'? at dira dnn« c,c. caa itidifTaramrnant 
<jn<! E n’a pas d’anHainblo d/^rivt^ ou tjua cat ensemble d^‘riv»' est mil/. 
On ajipellem <iana nceas chaque 616ment de E' nn iUhnmt d’ai'cumulnittm 
dc E ; rensemblo d6nv^< E' de E est rensoiiiblo deHtdcraentHd’iwjCHrnii 
latUnt «1« E. 

En eraployant uno notation due h K. H. Moore, mm appfilhmm 
cta$$e d'ttfmmtM, h sfint^.me {P, K) qui cUUrmme. la mtfqorit P Am 4U‘ 
mmlH qm Von eomiMre. ti la relatUm K qui astiiijm d. chaqw mmmblf 
E A'iUmfnt^ An P un mrlain maembk d/trmf E' {qui pml d'mUmirti 
Hre. nul). 

TMoriqueraent la relation K eat puremont arbitraire. Maia ii n’y 
a d’intiirftt k oonsidi'jrerdcs relations K arbitrniroraant ohoisies quo poar 
4elaircir eette notion. L’ analyse on effet impose la consideration de 
eertaines relations K eonvenant chaeuns k une nature particulidr© dw 
416m«nt« considdrAs. C’est souloment pour iJviter do norabreuses 
r4p6fcitions d’une part, pour sugg6rer dt^s nt^ithodes d'inveatigation et 
d© gfinAralisation, d’autre part, qu’il y a lieu de fairo abstraetion de 
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On appellc compUmentaire, d’un onsemblo E, I’ensomblo des 616- 
ments do la classe con8id6r6o qui n’apparfcionnont pas k E. Plus 
g6n6ralement on pourrait dire q>io F - E est lo compldmentaire de E 
par rapport A. un eyisemble fondamental F. 

Une fonctiouN elle unifoime est d6finio siir un onsomble E si k 
tout 616mont a de E correspond un nombro d6tormin6 U,, appel6 valeur 
do la fonctionnelle V pour Tarpument a. 

fyoscillation d’une fonctionnelle <7„ aur un ensemble T est la diff6r 
ence ^0 entro la borne sup6rieure et la borne inf6rieure des valeurs 
prises par U sur I. 

Un ensemble E est fermd si son d6riv6 lui appartient 

E > E' 

Un ensemble est dense, cn sot s’il appartient k son d6riv6 

E < E'. 

Un ensemble est parfait s’il cat h la fois form6 ct dense en soi 

E^E'. 

Un 616ment b d’un ensemble E est isoU s’il n’appartient pas au 
d6riv6 de E. Un ensemble est i8ol6 ai ohacun de sos 616ments est i8oI6, 

Un ensemble E est aiparable s’il existe un aous-ensemble dinombra- 
bte N de E tel que tout 6l6ment do E appartienne k N on k son 
d6riv6 N' ; 

N<E, E<N-^N' 

Un eraemble i] est compact si tout sous ensemble infini do iS a un 
d6riv6 non nul. II est compact en soi si tout sous ensemble infini de S 
donne lieu A au moins un 616ment d’accumulation appartenant k B. 

Une collection d’ensemblcs est dito monotone si de deux ensembles 
de cette colieotion (qui est ddnombrable ou non) Pun dVux appartient 
k I’autre (En conaiddrant cclui ei oomme de rang supdriour k celui la, 
on volt qu’une telle collection est une suite ordonnAe). 

Ceci 6tant, un ensemble E est parfaitemmt compact si pour toute 
suite monotone 8 do sous ensembles de E, il existe un 416mwit au 
moins qut est oommun k eea sous ensembles ou qui est eommun k leurs 
d^rivds. Comma une suite monotone reste monotone si I’on place E en 
t6te, on {^ut toujours supposer que oet 6t6ment appartient k E ou 
k B'. On dira que E est parfaitement ooiupaot en soi si Fon pent 
toujouis supperaer que oet 6i4ment appartient k E, 
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Un eldment b est un ilhiient de. condfnMtinn (I’uR i^nsnnhh'! E a’ll 
cat ^l<5ment d’accumulation non Hpulemont df* K main dn toa« 1^ 
ensembles E—N obtenus en siipprimant da K un aiwembk? dc'mombrablft 
N quelconquo d’616ment8. D’apr^m cela, saui un l•nHeInbla non tl6nom- 
brable pent avoir un dU'iment da condanHatioii, 

Un ensemble E cst dit condrmi si tout sous ••usomWo non d^nom- 
brable d’dl^ments de E donna lieu k un ek'tmant de aondensation. 

Un 616mcnt b cat dit inUrieur iV un ensemble E hi non seulemont i! 
appartient a A’ mais encor*! a il n’est t'jkunent d’nectimuliition d'aucun 
80 UB-en 8 emblo du cempkmentaire dts E. Un /dement est erlirmir k E 
s’il eat int4rieur k rensemble coinpUunantairo de E. Ln frtmfi^.rr, de E 
est constitute par I’ensemble dea tltments qui ne wont ni inltriaurs n 
exttrieurs k E. 

Un ensemble est ouvert si chaeun de sew tltments ltd <*»t infArlaur, 

Un ensemble E possMc la proprittt de IJntkItif si E ttant ant 
famille quclconque d’anscmblcs I tel que tout tittnent de E «oSe 
inttrieur k Tun des I, la mom© proprittt appartient A ono certain© 
famille J*, dSnombrable oxtraito do F. 

Si I’on peut quel que soit F, supposer F, fini, on dit qu© E poiwtd© 
la proprittt de Borel-Lebesgue. 81 Ton peut eupposer F^ fini, qimnd 
F est une famille dtnombrablo, on dit que B poe^de la proprittAd© 
Borel. 

On volt quo la proprittt de Borel-I^besgu© ©at 6quival6ent« A 
I’ensentble des proprittts d© Uindelof ct de Borel. 

Deux ensembles E, F sont enrhainig Tun A I’autre si un ^l^roent 
de I’un est tltment d’acoumulation do I’autr© ou »*il» ont un tWnaont 
d’accumulation commun ; autrement dit aj 

E'.F+E .F'+E'.F'-^O 

Un ensemble est bien encMM si lorsqtt’on 1© oonsldtro d© toat^ 
les maniAres possibles oomme la somme de deux ensembles distinoti 
non nuls, ces deux ensembles (disjoints on non) sont toujours cnchaliAf 
I’un A I’autre. 

Un confirm est on ensemble ferniA, bien enobatnA et aaqnel 
appartient plus d’un A14ment. 

Ue composaai d’un ensemble E relatif 4 un Aliment A de J® esi !• 
somme de tws les soas-ensembI*« de E qui eontiennwit 6 et isoiit bis® 
enohalniB. (II peut ^arivw que oe eomposant se tAduls© A A.) , . 
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33. Quellf! fjuc Hoit la rolatioa KKK' (§31) ((ui cWfinit les ensembles 
derives : 

Toiit ennemliltf parfaitemenfc compacb (en soi) ost compact (en soi). 

Tout partie d’un ensemble (parfaitomont) compact <«Hb un ensomblo 
(parfaitement) eornpaet. 

Si un ensemble contient un ensemble (parfaitomont) compact, il 
n’est pas lui mcmcs (parfaitement) compact. 

Un ensemble (parfaitomont) compact qui est ferm('> est (parfait<'- 
incnt) compact en Hf)i. 

,31. FonctiminellM emithiuPH dnnn de» clannm qmlrnnqum 
clonn6c une fonctionn ’He V uniforme sur un enHcmblo K parfaitomont 
comj>act on soi, i! existe an moins un tsli'nnent 'f, de E tel (jue la borne 
sup^rioure, finie eu non d<t V sur E soit ^‘gale a la borne sufjfiriotire de 
V sur la partie de E appartoriant 4 un ensemble quolconque auquel a„ 
cstint6rieur (XXXII, § 10). 

Get 6noncd suggik© la definition suivanto de* fonotlonnolle* 
continues. 

Une fonotioniwllc U 08 t continue aur E en un 4b)monta„ de E si 
la borne infisrioure de roseillatkm de If mr la partie de .®qiii appartiont 
a un ensemble I est nulle quand on fait varier I de sorte .jue a,, lui 
reste intirieur, 

II est en eflfot /sqiiivalont de dire que : (/«„ doit fitre toujours 
6gal k I’utte dm valours <»u rune des limitos dos valours prise* par (7 
sur un «ouH ensemble queloonque do S ayant a„ pour 6I4mont d’aoou- 
raulation (XXX 11 § 17). 

Moyennant la premiAre definition, on volt quo : si une fonotion- 
nelle U est continue partout sur un ensemble E parfaitement compaot 
©n soi, I® eett© fonctionnelb est born^e sur E, 2® elle attoiat en au 
nooins un 4l4ment de E aa Imrn© sup^rieure «t en au moin* un 6braent 
de E sa borne inbrienre. 

Plus g^nenilement, on pout appeler fonctionnell© mmi emtinm 
sufirieuremeTiil nm E en une fonctionnell® dont la valeur en a„ 
©8t igale h la borne inWrieune, quand I’ensetnbte I vario de sort® que 
lui rest® intdrieur, de la born® sup^rioure des vaburs prise* par U sur 
la partie de E quI appaiiient 4 1, II ost Equivalent de convenirque 

doit Eire au mom* Egal 4 Tune de« valeut* ou Tun# de« liraites des 
0 24 
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vabura, priaeH par U mv un aoua-onseiuble queloonque do M admotfcant 
(tn pour I'lt'ment d’accumulation. 

( boi (Hunt : Touto fonotionnolle Horni-continuc suporieurcmoiit par- 
tout rtur un onwjinblo K jjarfaitornent compact on aoi oat bornoo 8U|>6ri* 
ouromunt aur K et attoint aa borno HU[brioun> on au tnoina »n obment 
de A’. 

35. Ia>H fonotionnolIoH d’uno famille aont ditos eyalemmt rrmtiitmt 
on it„ 8ur K ai cpiol tpio «oit lo nombro ponilif «, il existis un onsomble 
auqiad a^, oat inbriour, tol quo roHcillation do ohaque fonotiorinoHo do/' 
Hur la partio do E qui appartionfc a I„ soit /, *. Bbn entcmdu il cn 
r&iiulto <iu« chaouno doa fonotionnollea tio F ost continue on a„ «iir M, 
mai« la r/ciproque n’cHt paa vraio. 

L’intdrAt de la notion d’6gale continuity rtbido dans 1« thyorlm# 
suivani : 

Ktant donn^e une famillo F <le fonctionnollos bornyoa dans tear 
onsomhla efc ygaloment continues en tout yi/mont d’lin mwiaWe 
separable E, sur E, il oxisto uno suite d© function noHes extralte de F 
tfui converge sur E vors uno fonctionnclle continue en ohaque yWraeot 
de A, sur E. Kt la convorgenoe est uniformo sur tout soas-ensemble do 
E qui cst parfaitement compact on mi. 

Pour d6raontror ce thyoryme, il cat bon de eomnaenoer pardfr- 
montrt*r les Icmraes suivants qui ont aumti lour int^rdt (XXXil, | 20). 

Considyrons uno suit© do fonotionnollos ?/<*■, f/ qui oonvoi^® 
sur un ensomblo E : 

8i cos fonetionnellos sont ygalement continues en a„ sur A, tear 
limit© cat continue en sur E. 

Si ces fonotionnollos sont ygalemont continues partout sur A el si A 
est paifaitomoat ootnpaot en soi, la oonvergenoe eat ndoeasaireiiieat 
uatfmrme sur S, 

Si 008 fonotionnollos sont ygalement continues partout snr ren* 
mmblo E-^-E', quel quo soit rensemble B, olios oonvorgoafe aussi 8»f 
A+A'. 

M. Btant donny© une famillo F de fonotionnolle U d4finl«» sur 
on ©nsemblo A, appolmas la bom© supyrieuro dos vaieum d«e f<WM^ 
MonnoUes A do A en &. Si cm fonotionneiles sont bomyes dMos leur 
f^Messbl# #a obaqt^ yiymmt b de A, la fonotionnolle T sera bi«ti dy&sb 
sur A : si loB f onotdonneU^ U doF sont ygakunout oontinuee m SOf 
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/?, leur borne 8U|wrieiire T est ime fonctionnelle cKjntinue on a„ sur B 
(XXX 11, !? 20'-“). 

Clashes (V). 

37. Xou.s appelloroiiH elmxm (F) tuio olasso (roWmonts ou la 
relation EKB' <jui dotermino los onsembles dCsrivoH (!st df'dinie de la 
mmiioro Huivanto tX, page 3). 

A tout ol«*rnonfc a on fait oorrospondro uno otirtaino farnillo { F„ } 
d’on«ornblos F„ qu’on aj)pelio vtminatjM de a. IjYd^raont a sera 
conHi«iore comme-, ('d«!mmt d’accumulafcion d’un onsomblo B si oelui-oi a 
doH ('•loinontH auHsi voisitiH «jue I’on vent de a, o’est i\ dire s’il a un 
oWmont a« moins, diMinei de a, on oomtnim avoo ohn<ino voisinago F„ 
de a.* 

On pout, ajoutor ou rot ranohor roiomfuit a k chacnin do soh voisin- 
ngea wans iilU-rer la rohition BKB'. Ilion (|Uo c<* no Hoit pas uidin- 
poiisablt?, mais pour nous rapprochor d« turn den onHomblos lindairoH 
nous conviendronH dans la suite <(ih) ehatpio Cdement appartient k 
ehaeuti do ses voisinages. 

On fW!Ut enoore defiiiir le.s olanseH (V) par un proe<S<16 descriptif 
(X, page 3j m appelant elasse (V) une elasse d’AF'menfcs oA ia relation 
BKB' satisfait atix oonditions : 

!” (B-hBy > B'+r 

(b) un i^li'unent d’acciirnttlntion a d’un ensemble B est aussidlA- 
ment {raecurnulation do I tftisejnble B a. 

Si ees deux eonditbns sont roraplios, on pout obtenir la mSme 
relation K on di'*finii««ant lea AlAraonta d’aooiimulation au raoyen de 
voisinagm oonvenabltsmont ohoiaia, {tour leaqtteli on pourra prendre 
par exotnple «t>mme voi«inag»» de a toua lea ensemble# anxquele a est 
int^rieMr(X, page 4). 

Qiiand on ut iSiso la ooneeption de voisinage, on })eiit Snonoer ainsi 
<-ertainos cWfinitions relatigoa aux fonctionnelles. 

Uno lonetionnotlo I! eoniintie sur B cn un 4l6ment a,, de B si 
son owsillal ion sur la partie de qai appartient k an 'roiBinage deo 
a uni> bornt; infdrieare nutte qumid on fait varfer oe roltlni^ do 

fweti0nii#ll©i m otrtftittt familln F mnt ditei 4 gatle- 

• iM mmUm |¥| ©I fMimm i*9i »» 

i# mM c|ii# fmmm iJiipti 4mm fXfIll, p^p It) #1 qm j*ai 

m lili |E, p^- 1|, 
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incut <:m»tin!H*rt on «„ unr A', H'il oxinto ijiiol qtn* cihI * «i mt \*(ii>iinag|. 
F'’ <lc a,, fi*I «{iio }Vw('inii(i«n tfi* ( Inujin* frinctif<nii*’!l«' «!*• /■' <•»! ja ijitrii® 
do A’ qui ajijmrfioMt a F ' w»il < A', 

.iH. Propriflin ilrn rlanMK {V). L« Htiimi*' d'liii Jininltri' Jiiii d'on- 
»«jrabloK ({inrfailomont) » oi-t h» <•!»«« j»» id*’ (!»«tfi»itomont) 

oompnot. 

L'on«onil>lo oiimmttn it don b rm*’* • o'*! <orin«'. I.a mnrinjo 

d’oiHomldon (|onHCM4 on Hf»i ont ilonw* on nui. T«inf ornM»in!»|n piW'daot 
in priipri/'fo {§ d'i) 

cio Aindoldf oHt condoiiMo (XXXII, | H) 
do Bnrol ont oiiinpnot on *n\ (X, | XIX, pngo lAi 
do I f»rol-lrtdMwj(iio out jtnrfrtiloinontrnmprt' t on (XXXU.S H). 
L'on^iorahlw Am AWmonl^ inolAa il'nii oiwomldo «'*|»nrii(dp (| 3i| mi 
tlonmnbmltlo, Kn partioulior onwmldo •'«l dibifiiiibrnhto. 

Bar d^dinitinn un ormomblo wqiariildo A* appartionl h la unnim 
M^N' d’nn don HouH*on>«oml»Io'i flisiininhraldon X' do K of do onti dAri?4 
N ' : quand A’ oat formi’ K N f A’’. 


fJl.AHmCH (H|, 

30. Unii olaano (H) oat tino fj|ii««o (1/) particMlw^ro ; oVat unooiaaie 
ou loa /dAinonta d'ncoumulatiofi mint dAflnia j»ttt U* mnyoii do fanttllfM 
voialnAgo { V , } aatiHlftiaant an* onnditiniia aiiivAntoa (« Atartt ttipiioiA 
appartenir A V») (XXXH, | 23). 

2'”*'*, 8i F»', Ft* want floMx 'Rni«iiiaiio« i|<}«do<an(pitw do 6i| 
nxiato «n voiainage do b qui appartiont ontiowmont h 1» fow4 
Ft' Id k F»». 

(i** •*'* , Si c oat un AlAmont quoti^wquo do run Ft iloo voliinspi 
do b, il oxiato un voiainago do o qui «p|iorlloni h F*. 

8® **, Etftnt dnnnA* doux AKunonH dwlinota b, c, il oxiato *ii 
motna nn 'roiatnago do b auquo) c n’appai'Moiit pm ot inwwwmoot. 

I! foot d*aiIIoura romarquor quo ai Ton rrmpkoo lo* famIUoa de 


3®'*** atibalatemnt ; mait n’wt irArlfiA quo par un eW* aoiiveoablo 
dw famillea AquivaitntoB Mui ioqaol, wrote lubikte, »« Iteu do , te 
twnditfmi 

UPtM g| Qu volainago qnrteonquo do ft, »l i» 

voMnai^ Ft ’ cte ft tdl quo pour tout fttemont c do F* \ 11 on 

indsiQflfo do e opj^tonaiit 4 Ft. 
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On pent encore donner doH ciasses (H) uno d6finition desoriptive on 
les d^finiHsant eomme dos ciasaoH d’eUnnentH watinfaiMant anx conditionn 
2”, 3'^ de F. RkiHz et 't !a condition 5" montionneoK an IB. Nouh 
aJlons done rang;er cch eoudititms parmi les propriet^H <1 «h elasHos//. 
raai'^ nous nous Houviendrou.s do plus quo oef. en.semblo do quatri^ 
proprict<^H rnrar/rriw le.s claHHOH (fl). 

40. I'rnpriiU'n dt’n clasMH (11).— 

1' (d 2 '. La derivation den onHomhloH ent uno operation diatri- 
butive ; en «!’aiitreH ti'crneH 

3 '. Un (utHiunble ne eornprenant qu’un nombro iflni dV»16mcntR 
n’a aiieun /dement d’accuinulation. 

5'’ Tout ensernblt! d/*rive est ferin*'!. 

Rf mttrqup. i/rmrmhh dr ce.'i trum pmprUir.H t'ararU'.rlHr. Itun (II). 


Soit A| j A., 


. A' ....vine unite d’eiisembleH eontenant eluicun le 


suivant : si le premier est eompac^t (et par suite auswi les Hiiivants), ii 
y a un AUsment commiiii h tons ie» A',, ou un /d/unont ooramun nux 
d.6riv69 don A’, (XXXII, § B), Kn partiowlior si A’,, A’,,,. . .sent chacun 
compact en noi, il« out (sertninement un AUkneiit ootnmun. 

La sf»tmno d’lin noinbre fini d'en**emblos fermfis oat form6o. 

Quel quo soit r«nwmf»lo jfC, parmi tons los orwombtes formas qui 
contiennent A’, it on existe un qui appartient k tons ooux-oi, o’twt 
I’enaembk* A' 4- A”. On pout I’appciler {avee F ffatmiorff, qui a6tabli 


1|B 
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Hi tin «"1<' merit, h fn(. int4‘rH‘ur a un eiwcmblc K «-t. s’il nppftrtienfc ai» 
rli’irivi'* (i'mi ciiHemhUt F, il exiHte nn kouk »‘iweinl»!e File F ti»nt tom 
h*8 i^IeinentH Hont inWiriinirs ii F i*t dmit b est (*lement iraiunimulation. 
(Vitte pniprii'ti* rcHto vraio hi on siippoHc Hirnplement aur F qnc h nVafc 
paH Alament d'nooumulation do I’oiiwmblo conipiomonfairc do F. 
InvorHomi’iit ai la-tto dornioro proprii'to oat vi'Tifii*o par uno cIjhho (V), 
ooHo-ci vorilio nonoaHairomont loa oonditiona 1 , 2 ot 5 tX, pajio 

7). 

(hi ««• aort do ootto jiropiii'td pour d/'inoiitror ijuo ; La condition 
nocosaairo ot. aidTiaanto pour ijn’un onaomhlo pn8(«'*do la propri^.t4 do 
Borel oat (ju’il Hoit compaot on aoi (X, page 19). 

La oomlition nt'sooaaairo ot Hufliaanto pour qii’un onaomldo pow^do 
In propriiHi^ do BoroI-LolioHguo oHt qu’il soft parfaiti’mont compact on 
Hoi (XXXn,§ ft). 

fFar analogio, lY'itonoi! Huivaiit, vrai dan« uno claaso (V) on m 
qui conciirno la condition n(Iico»Hairo ot au moin« dans «no clsasc (D) 
{§ 4fl), on Cl! qui concorne la condition suflisanto, no HcraiWl pa# vral 
darw lino claHw (H) ? 

La condition n^'CtcHsairo «*t Hufllaantc (?) pour qu’un ennarnW® 
poss^do k jiroprkti! <lo Llndoliif eat quo cot onsomblo wjit condon#^.] 

La condition n^joeiwairo et Huflisanta pour qii’un enaomW© aolt 
onobaW h la «ommo E+F do deux onHombloa e#t qti’il »oit onobain^ 
li Tun oil k Tautre. 

Benx ensembk# oompos^n cbaciin d’un noiabre fini dWmiwta 
n« pou’reint itre enchain^#. 

Pour qu’un Akment aoit enchatn(^ i\ «n on«embk il faut et il tuffit 
qu’il en Hoit ildnaont d’accumnlation. 

Deux cnMmblM enchalnSs k tm rndmo dkment Mnt encb«ln4#. 

La condition n^cmaire et soiRganto pour qu’uu enaombb B immk. 
toil bfen enobainS eat qu’il ne puigae Mre dScompoa^en deux ongomU^i 
f&nakt diijdntfl. Si B n’wt pas fermd, cette condition doit ^ro rempib 
|mr E+E* qui osfc fermi. Ceci pout servir (dans one olasw# (H) ) ^ dbft- 
nition dcs cngcmbles Wen enchafnfei (XXXII, § 28). 

La condition ndoeasatre et suilsante pour qu’un ensembk S solt 
biOQ cnobafn^ cst quo dmiz queloonques de aes dMments appartienneat 
i an ensembk bkn enohaind qni soft sons ensembk de & (XXX0, 
128 ). 

La sorame de deox ensemble ehaoun bien enohainds qui cat an 



KsyrisJHE r> cni* TH^;outK dkh bnskmhlbs AnsTRAira. 369 
■Ipmeiit coMimuJi oti qui Hmit ciu'haiiM'iH I'tin i\ PiuifcrM «mt bien cmcha!n 6 <^ 

I^a soitiiiia Ilian f*iK?hiiinaH qni <iatix k clrnix ont iin 

f’fiiiifiiiiii fill mmi f*iii!hairii*H f»i4i bian anahiiinna (XXXIf, § 28). 
lout f*rifif*iii{ilr r»,^i In Moitirna cIViiHaitiblm btan «uichainaH (ou nVluits fi un 
«otii alaiiiaiiti, ciiHjdifilfi f4 clout cianx qn«*lc'.fmc|uaH n<* Hont jamain 
f'licliiiitioH, k mvoir, nm roni|iomintM, Ilat*i|»r<Kjti<»nianiHi iin oriHiunblo E 
ant 1 a Arifniiia iriiii nmnhrr fini cri^n^rnibli* btan lUichaitKnH (ou rocluitB k 
1111 wall alainafil) tliMjiiiiiiM at iliini cliuix fitii,ilnoncjiii5H no Horit jarnaiH 
aiieJiiiirir-H, mnm mint iaa ooiiifioHany do K (XX 1 1, § 29). 

Hi tin ooiitiiiu II nil aliiifiaiii art inoitH on ooiiuriim avoo un onaornblo 
& Hiina liii ii{i|mrt«’iiir oritiarmiiont il a atiHHi un I'd/nrnuifr an moiuH tin 
ciofiitiufi iirrn ill frnnlif^ro ila (XXXH, | 29). 

Hi till mimaiililr* ft* atit liiiai «a'i«diiuita at h' il oontiarii {dtnc d^iti klv- 
rnnnl, il m% mn ; il mi ilona caiftbniii diina non rloriv/? Kn 

II iin oiimniitiit* bioti H dm idintnniiH iracnnimulataon 

lie I?, eiiiii.b<ii rmla bion laiotiiiiniL En jiiirtiowlior, K* oat bion orioham^ ; 


ci tin cfciiiliiiti, |mr oxi’tiifilt! atm prnprn iMri^ 


Apfifilcwi-^^- *r«i cl© Jrirclaii b, r tin imiii 

flo fiL-fMi biiiiiiimriiiii at liknntiiiiin iivoo iin i 


pondtiiiii finiro iletii #* ml binoiiliinii 


c clii mpm^ ©tt^ewMn F. dn F f|iii onrrmfMttid k 


m m% bit» ciicbsii#* 

4L df nnt d<i tonttioii 

. £ 
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leii nomhres positifH t «t N, «n nombfR N' ^ N tel qtic !’on ait 

quel (juo Hdit lV>l«'»mcnt h (in E 

I (I, ^ . 

pour uno valour a»i ntoiiiH do a, variant pout titrc; avoo h main compriw* 
(•ntr(! N ot. N ' ; N ^ n iC N ). 

•I I . ValrwH hUprinMimrt fi. -Xhu’ fonctionncllo (-otitiruu* jmrtuu- 
Nur uu unnornhlo coutiuu ru^ pout y protulro doux valoiirn diHtiuotos nann 
paBHur nur cot cnnotnhU' aunni pnVn quo I’mi vout don valourw iuii'rroi'jdit 
air<*B. 

tino foHctiomioilo cnntinuo partout aur «n oniMUubhs continu et 
(!ompact. no pout y pnmdro j1«*ux vaUnira Hann prondro dgaioinont toiitoa 
lo» valoura intormcyiairos (XXXI I, § 20). 


CnA8.SK8 (L) 

42, Arrivona niainkmant an ca« d'uno loi do corronpundanoo ontro 
enaojnbloft «t (snnomblon tlbriv^a ho rapprochant jdu-* du tsaii liti^aire quo 
oolui d»« n tdiiHSOH on colui dttH olaHMOH tlo Haiintlorff. 

U’oHt lo oa« quo J’avai-< connidfir^ dan« tim 'riubio; 

8uppiH(m» uiitj loi qui ponnotte <Io dintinguor parmi lea »«it» 
infi lion a^,. . . .d'(d6mont diritinota ou nun, ooUon ditea eniivorgeiiti^ 
ot do lour auHignor tin 6li^mont dit cd^mont limito do !a Huito. duppMons 
quo oeito lol aatwfasHO aux deux conditi«»n» niiivanteji i 

I” une saitt; oompo»6o d’6l6inontH itlentiques h a »*at convef- 
gente ot a a pour ^Idmont limite. 

2'* uno suit© ©xtraito d’uno suit© oonvergento eat oonveiiente 
et a le mSm© 4l6ment limit©. 

On ptturra alorg d4flnir filament d’aooumaiati 0 n d’un en«mW© E 
tout 4l4ment qui «olt 6l4ment-Iimite d’un© suit® oanverfent© ©xtrait# 
do S. Si on n© peat extraire d© tt auoune suit© convergent©, X* ©nr 
nul. 


F. RteBz (§17) ©ont Rat»faites. La condition pent nu non itr© eatia* 
fait© par an© ©lass© (L), comm© 1© montre I’exemple ©uivant. 

Oonsld^ront oomm© 4l4mente fonotioas d’un© variahle rWk 
/i'») d»o« rinfcervall© fini I. Disons qu© /„ . . fonn© an© ©uttecoaver- 

gtnt© ©t a /(#) pour dUment limit©, ©Ml exkfce an© fonctfoti f{x) t«dl© 
pour ’©haque valeur de » dans I. Oxr vcdt faeilsfiiimit 
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<|!Mi cptl 0 cliiHHii fL|. IC!!o nf% pan 5” c^ar hi Ton praricl pour 

H fiiiinfimiM rMnt.inu«*H <iii niiit quB K' no mm pan 

fermo. 

43. l^fitpririrs iirM rifiJiM* M a,}. I'm* fcHiotinnnollo If continue* 
ail do Hiir A* m ijiiolli^ qin* Moir. In jutiii* oonvorgonto . a, , . . , . 

ifrlciiicnl--'^ ti*'* h* tfiififtrit vi*r?i ri^.ioH vahnirM tU* // nm* ('otic nuite^. eon- 
vc*rgr»iit %'crM m% vnloitr on d,, (X, jiagt' M). 

Iiri4 f4iiir!ifiiiri«*l!t"#4 i* mmt rgn!f«iiH*rii cHiiitiimcH f*n a,, Hur M , ni pour 
liiiita Miiito ri,iiiv«-riif*iilc ro, dotomoritH <Ic M tcuidant vem a,, 
Ian viilaiiw ija I" nm vHtm nulU* ditloraiii iVmtmi |>au cpia Ton wtit da 
aa i^iilaiir i piirt.ir frnn aartaiii riiii|( iit<lapan<lani da oalla 

da« ijii«* Tfin ciuiHidara (XVfll, pia.ni 1 I). 

H^iii F titir* fiiiriilla d*** foia^tionnaila'^ aontiniiim pnrtmit nur no 
aiUKiriitila K aiiiiipiirt al farina ; pnur qur* da ton fa faniilli* irifinia F, 
axtniila ila P\ mi piii^iea aiilriiira niia da fV»ne*tionriaI!aH qui corn 

vrrgarii F Ivmt* niia fmiafiminalti* iiac?ai4^idrarrii*rit» 

aoiiliiiiii* iiiiflniil .»fi:ir F| ; il fniii at it qua. lai^ fmiationnatla^ da 

F wiitnil liftriiaa.»4 4mm hmr ait*iarnldt« at m:mttnt.ia« partoiit 

itir A*. II II al« fiiHiifJiiiia qiia III itmiditjori iHnit unflimnfca mm rian 
iiippiinar nm In ilaiiiiiistin dan alin'timiln criitunifttiilittiiori (XXXIl.) 
iiiiiii an #itifi|ioniiiit M fnirf,iitamatii aomprirl m hoi, aa qni diinii la aii» 
filial fi’iiria i4mm* |fd a»il- ik|iiiviilaritr ii : K mmtpmi 0% fannl. Ort 
paiil ittiniii iliniimitrar mirifi diflianlfii^ at, noiin In iitarrta liyiMittiawi gliiArata 
i|tidl Oiil m&prmmm qm Im fonatititinallaii miiiififc liririi6»» clarm lour 



^ tei|#ttiw tmtei wlttia m rampla^sfifc •«. 
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b«8oin IcH fatnilloH «J«*s vnimuaRrsa dt* d’lmis (L) 

par d<»8 fainilif« «'aniiviil<*nt<*!<. on ni> pf*iil tmjjinirH ^JippoHor d^nom- 
{>rahlo chacuiu? do cas faraiU»'8 : la! ««h! ana da la (L) de» 

t'onotiorw rbtdlcH (XI, pajiia 5'»). 

IjCH tJouditiotiH n«'ToaHair«»H at8uniHaiil<*H p«»»ir ijtijl an wnt jtitMiwmt 
la« suivantuM : (■>) tauta Huita aanviTganta ar»iiviTBi*nla <ji»arid lui 
a<ijoint iin iiombra fmi d alamanta ; (,i) ptnir taut idaniatit n<»n 

Kiiita 'f d a,*', . . .at anliar », il axi«t» 

un aiitiar tid <jh«? : « . . . atiuit iinn wiita da Hiiita'i (diHlinctp* 

ou non, oonvcrBiiaut vorti a„ at «j,.. ..una wiita tl'anliarM, la suite 
o , "i, . .tionvarga vara a„, si tjualqua soil .V, i, oxiste tl«* Horlo 

fjuo pour on ait », tJas daux conditions {<»), (/I) »ont 

d’aillours indApandantes (XI, page f»M) 

Un anwstnbla (parfaitemant) compact an soi ast inteassniramant 
fartnH, Ikf sOTte qua dans las classes (L), il y a itiantita antr© laa 
notions d’ansambla (parfaitemant} compact an soi d’una part ®t 
d'cnsombla (parfaitemant) compact at farim^, d’ autre part. 

a 


(k.iAnaRU (H). 
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! [ I !^^ <•) *» i<-, 

(11 j {f* >•) - (»«(• j»n'W!nt«< lomjua /< ofc « no Hont. piiK 

oiMimio <liHf inotM, 

(FI!) nil •'•Irinmit h out olinnont d’nocumuliitioii <l*un onHomhlc* 
/i H’ij oxi‘«to uno infiiiito il'olomontH <Io K, qui Hont 
flint iiioin ot <l«iijt !<•« fliKtanooH h h tinulont vow 
zi'rft. 

Kij nppolant uph* ronlo ili* oontro ot flo rayfiii I’cniHoinblo tloH 
oloinontH (t toin quo (fi . r, »«! voit qit'on pout oonsifWror uno 
oliwfHo {K| fommo uno oIuhio (V) clans IimjhoHo A olmquo AlArnont «„ OHt 
nttaohi'o urio fainilto clc* vr>iHiniit;os, h savoir loa splioroidos 

I . Ill 

ci«« oontro Cl . rnvoiin I . . . * . . , . 

' 2 .1 p 

Ili'oiprnijMornoril f;r)iisiiiorc»nH uno olasso (V^) <ui la famillo do voin 
iniilto* iittaohoo h oharpio olomont osl i'(juivaloi»to h iinc^ famtlU' di'- 
iiomhrahlo, Pour cpi’iitio folio olatso suit uno cdanso (K), ii faut ot, il 
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Pour qu'inH* (K) «oit «iu( clnKRis (S), atitr(*in(*nt (lit- pour 

(|iM* trmt. (•uscnnhh' ditrivt^ soio frtrnw' danH uik* cjla^sit i»u 1(*« i'n<»*‘inibl(*« 
(Wrivi's Hont (l<'‘iiinR par 1« moycin d’Hii I'cjirt,, it faiit i*!. il HutTitqu’ii 
trmt ^l(''inrnt. S» ct ttmt « > 0 eornmponcU* v N l qiit* titan t. tin I'k^rutint 
t|ti('l(5ttn(}uei pniir li‘t|U(*l |6, /•)•' i I’t, w iin ticrliiiii nxrnbra clt'ttir- 

rmim^ par (i, h, r. on ai( 

<h, tl)'' f< pour (a, it) < I". 

Cl-AHSKH {!>). 

40. On ttpficlUt clnssf (I)) uno diwsti d'lfiktmf'titR oti la rjdatinit 
KKK' t\m (l^flnit Ich ('n«(*tnWt*« cMriv^'S f»t. (|(Wi)ni(> da la far/nn siiivante: 

A tout cttiipki tl'c'k’iijt’ntH b, c oorrcHpnntl un tiombrit roprt^xanti 
par Itt notfitifin nppck’* tlistantso d« h «*t (!«• c (tt ‘♦ttti«fni«ant aa* 
oonditioiw auivantoH ; 

1 1) {h, (’) ((T, //) ^ (I 

(II ) il (‘("t t'(juivnk«rit (IVioriru {b, r.)«M p on dt* (lirtt (jUU 6 #t. r 
tw! «<>nt pa« ooijHirWrtH comittts dint* no fa*. 

(III) 1ft {jondiiioii n(«!t*wHuir<5 ot milfwaiitt! |j{»ur tpi’uii ^yment 

b Hoit i'ik’miint d’acnamulntion rPutt «*n»«anl>lo S fi«t 
f|m* 111 limiks infArieurt! d<« ditttanooft dct b mnx 41A- 
nwuita tlo E »oit nallo. 

(IV) quoin quo noiont Im AWmtinta a, b, r 


(obtiont quantl on n’imposo pw la (oondition IV. 

Un« elfttwi Cl J) <s«t done uno olamo (E) ; c’(*«t luwni «ni» oluntw® (L) 
tsornm* on fo volt on appelant aulfce oonvergente ver# «*•** «ult» 
a, a,,. . . .dont ks dktancm & % tondanfc vew 24 ro, 
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< 5 a 8 partictilier th* FeBpaci! t(>|»(»logiqu»! <I« Haunflorff (§ 20). Malgrt 
une apf»arpnt« pluH graml<.‘ >'(n«'ralit:') Uw cIahhcm cpin j’avais appall 
olaasea (V) dans ma Thaso f§ II'"), aont <i’apr(sH (jhittdndtsn <1 oh 
olasBOB {!>) (XXIH). Cj’rnfc pourquai jVmploic jnaintanant. I’cxproH- 
sion de clasBa (V) at da vaininas^a dauH un nariH .lifTannit-. 

47. FroprliUi'x dfM claMf 'i (/>) Dans una talla alaHf«*: 

II y a idantit<! antra laH natiimB d’ansamltl*^ jmrfaitaniant aompjwt 
(an 8f>i) at d’<‘«Hambl«! aompaat (an w»i), iXXXII. § 0) 

11 y a anHsi idantit*! cIiuvb aa aax antra la« notiotw d'anHamble 
Bi'sparabla at d'aiiHambla cHindarifMV (XXXII, *i 14), 

Ktant danni''! un an«ambla K. il ant tnujtturH poBHibla at d’uno 
infinift^ da mnnb-raH d'imaginar pour tout iiombra pOHitif una familla 
/f, d'ariBamblaH A, tal tjua. ) ' la di^tanaa da «laux ali'>m<'utH d’lm da 
cos h K‘«t« toujoufB < •. 2 tout alamant da K jippnrt iant a I’tin da 

oca k,. On pant dira avao M. Hitdainunl ilX, qua b-i puiBHauna «la JC, 
“num^ro'’ h'. ! 4 *b <b'«x raBultutB atiivaiitH out dona laur iiiU)rat A aa 

point da vm : 

La aonditifm naaasaaira at auiriBanta pour qua qual qua soft « > 0, 
Tuna au moirw dos famiUtw JfCt soit iMnombrabla ast quo JV unit H^parablo 
(XXXII. § H). 


Tune »u moina da.H fainillas A’, Hoit finia ant qua A’ Biiit oompaot. 
(XXXII, I 14). 

Las ri'suUats pr/'a/ulaiits ri*»tant axaats si Ton ramplaca dans ia 
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btenu fn mjpprimnnt dp K Ips appiirtpuant k im certain 

ensembie dcnornlirablc da aph^sroldas, 

lai condition n«'*ccwair« at Hijfli.santa pour ({u’uii cnHcmidc p(>«rti'»ila 
la propriety da Lindcliif ast (pia cat anaambla «oit K('*pariil>lH. 

Tout ansambla farm^j at H7*parit1»la F cat ia wmma d'uii 
d«?noml)rablo N tst d’un anHcmble parfait /'. L’anm*mbb* parfait P f«*at 
atro oaract6ais6 comma I’ansamiile dcs «'*Wmant!a da condaiiHaUon da F, 
ou comma rcnw^mblc commun a tons IcKcnBcmblcHdi^rivc’a fb* Fd’ordre 
tini ou tranafini. II y a d’aiHaura un rang fini ou tran»rjrii. «, a partir 
diumcl touH IcH dt'irivt'^H do F sont idantiques h P. L’cnHcinbl© d^- 
nombrnblo N pent ctra ropri'wentA par !a aomrao llnio ou tranafiiiic 


N^iF- F') + .... XT f'" * 'Q 

Kt auiwi {XIX, I 6 ) : 

LVnsambl© dArivA d’un anacmblo compact oat oompuot. Et par 


farmo, h savoii At -f-A'.' 

Pour qu’uno fonotionnoll© U aoit continue on «„ 8ur PeitJ^mble B 
II faut ot it suRIt qu’^ tout nombro ♦ > 0, correspondc un nombro n te 
!|Uo pour tout dl^mant 6 do F, I’indgalitA 

(«„, fe) < y entralno / - Ihl < •- 


I’enaemblo R, il faut ot il suffit quo la nombro n qn’on riont do dAinir 
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ne soiit }m« pHiuiki'h quHiKi f»n riHnplaw la (Hatanofi ordinain* da danx 
pointH par la flintain-i* d«’H rlfiix p<iint,H aorrcnpandantH dana una 
itJvarHion d«'‘ti<rmin«''i*. Or la fotiation qui rapri'Honta I’abaciHse ant 
unifan«‘''Ji>«’tJt t’onliima «ian?< «r» cuik, aantiuiia non uniform^mant dan^ 
Faiitra. 

Toutf foiiorioniji'lli* continna nur «m ansamhlts ('(uiipnol, at, farma 
cfit uniform«*!nant aiintinua aur aid annamWa (X VlIl, fiaga 21), § 47). 

II an raiojHa alorn qua pour qua dan fonatiomudlcH 1 / forntant una 
familla /’ HuianI analaiitatit aontinuaH partoiifc siir «n annambta aompact 
at farmi? K, i! fnnt at i! aufitt qua 1«» nombra »/ diMini piuH haiit puisNa 
afcre ahuiwi indi'-p'ndammant «la la fuiiatiimnalla daiH /<’ at, indtspan 
dammant da a stir A* (XV’lll. paga 21), § IHj. 

Ktant lionn/’H (XVIII) im andarnbla qiialaonqua 1C, il axisto an 
moina una fimatjiinmdla U pnrtoul aoiithma anr K Hrina y atra aonHtanta 
(si E a pins d'tm ali'miant , f 1 sarnit int4 ra*iHiuit da dalarnunar ilas alassaM 
ces phis gi'rji'ralas jonissimt da ratta propriidV* 

La cimdiiioii nif'aasiiaira at snihsantn pntir ijn« toiito fonctionnalla 
coniintia ««r tin ansambio K y soit born^o nt y attaigna sa bomn swp^- 




tt7H KHQtJIHHK n’l’NH Tlilkutlii DKS ENf*KMltI.I{*' AIISTIIAITS. 

k*ii {>lu» hfijMjrtHnfcoH pji AHalyw! Hatiflfoiit « oondi- 

iitm. 

Ht*UH hypf»thc*Hi‘ ; 

Lis. clttHwi ronHiiUVsVc parfiiiy* <»f forme un i-ontinu. 

(Jn «nHeml>t«* no pout ot.ro n la f»>h on vert et forim'. 

fjOB conipoBiuits d’un iniHomblo ouv<«rt aont den imaeinbloH onvortB. 

CJa enHOiiiblo hitsn onolnuno tphIsj biorj enchains* t|U}itid on lui 
ajouti* sloH s:ompo.*santH do renwetnbfs* cs»m|>ls'*mentnir«*. 

4SJ, (Hmm (I)) {Hirfftile. -Ihinn umt ebiHHO (D) parfaite, il y « 
idontils'! outre les onHS'inbloH fssnneH ot. hw onmfinbloH d^rivs'a. pjt mAmo, 
non Mfubniient tout I'liBemlds* tlArivA eat feritn'*, inaia tout oiweinble 
forms'* pssut otro cotiBiilers* eomnn* Is* «ls'*rivA sl’tin eisHemble dAnianbrAbio 
(XXXI!. § 14), 

50, {Jktnmi {I)) ampl^ln.-Ahim uns* olaHso (D) oomplAte (| !0): 
nn eimemblo parfait spioleonsjus? n’e«t jasniim siAnombrabl# 
(X!X.§ 14, page IH). 

im (‘iiwmjfile paifait w^parnble a sixasstemont la puiwancd 
du eontinu (XVlfl, page 808), 

l*our rpi'un en»emble M noit eompaet, il faut ot tl miflH qua (la 
tIAfinition tits la distanoo Atant oonvonabloment cholaio), tout bohi 
enfiomble A\ de A' oft la dlHtanoe reata k k > 0 wit compo^A d*iin 
nombr® flnl d'AIAmenta jwur tont^ valour do k. La eondition ««t 
d*allli*«r« nfteoBaaire tnAmo «i la olasao n’twt pa» eoinplftto (XtX, § 4). 

50 '* Dana un mAinoirs* actuollontent »«>u« proBsie (XXXVfll, | 5) 
H. Wmnof introduit uns* concoj»tion intAro«santo, e»*!b do** olaBnoii (D) 
mctarhUm, o’o»t 4 dlro des olaaaoa (Dl oft 4 tout coujdo d'AlAnjonta a, & 
oorroipond uno ontit/* a b Jouimant dos proprifttik do oompssailirtn do» 
vootonra «t oft la distance (a, b) jouit doB propriAtAa do la longueur du 
veotour a b. II Introduit aaaat la ooncoption do c}iawu*a (D) qni no aont 
veotoriollm qne boalement. 

Il »©ralt intAreasant de oheroher k quelle condition une olaat© (0) 
veotoriolb aftparable eat hoiti^oRiorphe do la olaMO (o) dAflnio au § ftO. 

CtaSSBS (D) SitEAKABLBii. 

ensomblo S wt sftparmble g’il exiate un «ott«<en«ei»bb 
Hi' de B tel quo Si Ton prendi poutS !*#»- 

slaeee, N' apparttendra ft i?, done : 
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Une classe (D) est separable s’il existe une suite denombrable N 
d’616ments de la classe telle que tout element appartienne k N om soit 
416raent-limite d’une suite extraite de N. Ou encore s’ il existe une suite 
denombrable N d’elements de la classe telle que la borne inferieure des 
distances d’un Element de la classe aux differents elements de N reste 
nulle. 

En la consid^rant comme une classe (V), on pout choisir les families 
de voisinages des'differents Elements d une classe (D) separable, de sorte 
que Vensembh de tons les voisinages de tons les elements soit denombrable, 
Tl suffit de prendre comme voisinages les sph6roides ayant comme 

centre un des 616ments de N et comme rayon Tun des inverses - des 

entiers success ifs. On prendra comme voisinages d’un element a ceux 
de ces spliSroides donb le centre est k une distance de a inferieure au 
rayon (XXXri, § 16^*^). 

On en d^duit que des ensembles disjoints dont les int6rieurs en 
sont pas nuls penvent etre d^nombres. Plus gen6ralement : 

Soit F une famille d’ensembles O distincts dont chacun possdde 
au moins un 6I6ment int6rieur; s’il n’exisce auciin Element inb6rieur 
k la fois k une infinite non denombrable d’ ensembles G distincts* la 
famille^F est elle meme denombrable; la r6ciproque est d'ailleurs 
6vid‘‘'nte. 

Dans une classe (D) s6parable : tout ensemble est separable et 
condense. 

Par consequent, on peut r6peter ioi, en supprimant pour un 
ensemble la condition d’etre separable ou condense, tous les th^oremes 
etaWis pour les classes (V), (H), (L), (S), (D) ou cette condition se 
trouve impos6e : 

tJn ensemble quelconque E est tpujours compris dans la somme 
d’un de ses sous-ensembles d6nombrables N et de son d4riv6 N'" : 
lorsque E est ferm6 il est la somme de N et de N'; lorsque E est 
dense en soi, il appartient N'\ lorsque E est parfait, E^N\ 

L’enserable des 6I6ment8 Isolds d*un ensemble est denombrable ; 
en particulier : tout ensemble isol6 est denombrable. 

Tout ensemble a au plus la puissance du continu. Tout ensemble 
ferm6 F est la somme d’lm ensemble denonabyablo at d’lm ensemble 
parfait P. L’ensemble parfait P peut etre ea^acteSrise cpipme^rerisemble 
des elements de condensation de F ou i'ensemble^ commun k tous les 
C 26 ^ 


EHaiimsK fi’i’Nn rummtn xmruMtn, 


:iHO 

©imimbles cli*rivi*H di* F d*ordri*H lirii-H nit tmiiHfiiiiH, It ^ fFnitlaiiri 
un rang**, fiiii mi tnuiafiiii k piirlir tliiifiiid fnti^ Irn lirrivr^ lin F gnat 
icleritic|iic*a h I*. L’r»ngaiiibin *V j-gnii i4rr> ri^m*M*ni4* eumim* la Mfimaia 
d’line guitn ili*iioiiibrit})b* d ilriirniiliratili*-^ i|iii niit. iim* gigai- 

finiitinii niittplf^ : 

.V * {/■• ■- /■•') * (/•■' /*•■> '^1 \ I I ■' ] 

fi Ml ^ 

^ »*f«i I # 4 1 1 f I 

iivno t . - I . 

Tout 8IJUH t'uwinblf fcrmi’* A’ ifmi mbit* «u» w»i G jwmt 

etro conHitk'n* rnmtiu* li* <!'un ••riwmblt* ik'-tiombrahlr »iV*lf'mt*nfcs 

de a. 

Tout KouH onwunbk* formi't F d'uii inufinhl*' qui luoiujiu* K pettt 
fitro obtfuu m Kuppriiniuit do K Ich uppurtiumnl h *m (w*rt»iri 

piisomblo d«'niombrabl«* do «pJu*»'fddi*« Ttmi oiiMombio jwifwe’do la 
propri6tt» do Lindtdof. 

Quid quo «oit * i! ox into uiio fauiilli* di'uiombmblr A', do »ipb«‘r*n’do« 
k, do rayim < » U*I quo tout <'di''mo»it aoit i»t»»rii*Mr i I nn don k, 

Etant donnAie uni» famillo F do fonotionnollw Uoriioisaot «*gRiom»nt 
oontinuos on tout ^•!6lut'Ht d'un i-nfii'inbl*' qwokonqm* K , aur K, ii uxi«t« 
une suite do fonotlonnollos extmite do F qwi otiiivorgo -lur K vor« uno 
fonotionnollo oontinuo on ohftquo idAniont do E, iiir M. Kt l» converg- 
©noe est uniform© «ur tout sou«-«ns©uiblo do K ipii ««l oompact et 
ferm6. 

PBOPRI^TltH OB aUXI^UBB OnXilStl* I’Uf'OBTAfl'rB© BB AbALVBB. 

Etpact emlidim A n dimtmim*. 

52. Im ^Mmenti d© I’ospM© euolidbn h aditnonskins ©out ddflnis 
oh&oun par i’ensambl© de » nombroM i^l«, prto dhuas «n ordro d4ter- 
iMin6, nombrea qa'’o» appoile kn ooordonn^a d# IWtnant oa point 
oonsldir^. Dans cet espao© lea 4kment8 d'aoonntuiatitm sont dlinit 
par rintermMiaire d’un© dtataoco, la distano© (*, *') do dou* points 
*, as' dont csoordonodoi iwpeetlfwi «ont jr, , 4t, el 

diaxit pat diflnition 4gale k 

Get eapaoe ixmstitno one oiaam (D) sliHurabbi, mspUte, oootiniie td, 
od denx a4m#ttt8 quei^nqnes d*nn apyridde petivenlStee Joiota pat 
nn am dee Ionian (an ^pnent do droite) iitoi dana k> apblmlde. 
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La condition necessaire et suffisante pour qu’ un ensemble soit 
compact est, dans cet espace, que cet ensemble soitborn4, c’est 4 dire 
que les coordonnees de tons les points de cet ensemble soient comprises 
entre deux nombres fixes, ou encore, si Ton pref6re, que tous les points 
de Fensemble appartiennent a un meme spheroide. L’espace euclidien 
est done evidemment la somme d^une infinite denombrable d’ en- 
sembles compacts. 

Une fonctionnelle dont I’argument est un point de cet espace est 
tine fonction de n variables num^riques : les coordonnees de cet espace. 
Une fonctionnelle continue en ^ sur E est une fonction de n variables 
qui est continue par rapport a chaque variable prise s6pare- 

ment. Mais la reciproque n’est pas toujours vraie. 

Glasse des fonctions continues. 

53. Dans la classe ayant pour 614ments les fonctions uniformement 
continues dans un intervalle d^termin^ fixe (a, &), appelons suite 
convergeant vers / une suite de fonctions uniform6ment continues 
dans (a, h) 

/l /2 W,-* 

qui convergent uniform6ment dans (a, 6) vers la fonction / {x) n6ces~ 
sairement uniformement continue dans (a, h). Un ei6ment de la classe 
est element d' accumulation d'un ensemble s’il est eiement-limite d^une 
suite convergente d’eiements distincts appartenant Fensemble. 

On obtient une definition equivalente par T intermediate d’une 
distance, en appelant distance (/, g) de deux elements /, gr, le maximum 
de / / (ir) “ gr [x) / dans (a, 6). On pourrait evidemment remplacer cette 
definition par une autre n’alterant ni la convergence des suites ni leur 
limite, mais il est evident que cette definition offre un caract6re de 
simplicite qui en impose le choix. 

La classe consideree est une classe separable complete, continue 
{XVIII, § 66) et deux quelconques de ses elements appartenant k un 
meme spheroide peuvent etre joints par un arc de Jordan appartenant 
4 CO meme spheroide, (XXXII, § 32). 

La condition necessaire et sufftsante pour qu’un ensemble de fonc- 
tions uniformement continues dans (a, 6) forme dans oette classe un 
ensemble compact ^t que les fonctions de cet ensemble soient born6es 
et 6pi,lmment contmues sur (a, (XVIil^ § i7). On en opnclut 


thiUhuk um Aimiiurm. 


%H2 

(X IX, I 2-N)‘)i|iiP pliiHHJ* III* |iriil i4ri* rfifi<^i#i/"ri*p riiiiiinp it mitnias 

cfiin «‘iiM*iTili|p' ilt'noiiiliittt>lr irniwPiti I 

Lp full Cjllt* PPtif* €lii«*»4P r*-^i ^•■p|lllr^llllt* fir^iii *«*rt|irililPr jif 

iftontr/i cifiiiH iiiii TIii^mp (XVII I ^ | ^ ifiiiifi imi^ fiiriiP- imiilvtitjufi 

On pptsi former nn** fi«tir Imitp^ tiip* «*4*rip «Ip fiincibni 

contiiiiic*^ 

U') ^ (i) 4 . . , , ♦ |/| ♦ , , * . 

tplla qiip tint Ip fotmlioti priiiliiitip / fiiiiiitp iMn* trpfrmmUn* ciimni 
mnmm d« pptiii rjiiinifi m y imwinh*- f'lriiilfililpiiiPfii k iiit grciii'^' 

meiit prill vfiifi Ilk? fla nm |prm<¥«i : 

f (x) ” I »*, , t »') i } »V, ♦ ♦ *V, > I ♦ 

I . 

«<t ceei EVi*c c«»nvi*rgi*ncR imifrtrmi* mif tmil »ntfr»»U«* fitti oft / asfe 
uniform^<mi*nfc {tonfinuft. On jwwt mftftio mij>pni«»r quo Ips (*) #ont 
dra fonotionH parti«'nKi»r«*m«’nt pJir quo m wont d«s 

polynomtw h orwfliftipntH rfilionn**^ «»ti !»}«‘n qiin riqiri^'*i*nt«fion» 

gr»i»hi(nnj» Hont d«« l>gt)(!iii polygonnlon rtoni In* wimniplw imt d«» 
eoordiinm'jf** rfttittnnf*)lf«, 

Bix nnti npr^s, Bit»rpin<tki di^mrintrAit. It* t$«iltntin de!*Af«* 
dteie df« d« Crneovin paiii* «fl) nnit propotiifion «n«" 

loguf OM l» grouppintint d«i t**rmt!ii 1 * 1*1 par «i» eimng«ment 

d& I’ordr** doit tcrmoit. 

54. On pout ausui notor q*w*l#« propri^WI* do-t ola**«wi {D) dnonaSw 
ftu 1 47 q«i coneorno Ja piiioniinot* do* K, r^jiondont ontidrt* 

iwont dani* lo (tm plus do* flsutMn 0>) h nno i|ttt*c»ir»n pwii«« 

18$»7 par M. Hadamard dan* 1« ca« *|i^*c}al da la cla«*« de» foiictiww 
continnw (XX IX). 

85. Si Ton voulaii conaid^ror l« e*» do* fonellon* efonlinMo* pour 
toates iratenr* do x, on w-ralt smond ft oorntid^ror oommo wiile convw* 
gente une tail© de fonetion* ooniinuo* qai conrorgo tiniforni^miont dam 
lout infenalk fini. Alors on aurail oneoro uno elaiiat {!)) »rf*fiaralil«, 
oArfaite. oompllto. On poarrait adopter commo dfifinitiMii d# la 
if, 0 la definition propoifte par G»lmm, itavoir la bonw 

|oand le aombro poultif « writ*, d« *-f {/, j?l,i 

k maximnm do //(») • p*)/ dam rintonrallo ( • «,+«). 
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On poiirrait aussi en s’inspirant de la definition que j’avais proposee 
dans ma Th^se pour le cas des foncbioas holomorphes, adopter comma 
valeur do la distance (/, g)^ Fexpression 

Glasse des arcs de courbes contimies. 

56. Appelons arc de courbe continue AB une suite ordonn6e 
continue do points de I’espace a trois dimensions ayant comnie origine 
A et extr6mite B. Tout point de la courbe est determine par : sa 
position dans Fespace et son rang De sorte qu’un meme point de 
Fespace pent etre le si4ge de plusieurs points de la courbe de rangs 
distincts : ce sera un point multiple. On exclut bien entendu le cas ou 
tous les points de -^a courbe dont les rangs sont situ^s entre deux rangs 
distincts coincideraient dans Fespace. Mais nous supposerons en outre 
que Fordre de multiplicite des points multiples est toujours d^nom- 
brable. 

En disant que Fare est continu, on entend que pour tout point P 
d© la courbe de rang et tout nombre €>0, il exist© deux rangs 
comprenant a: tels que tout point de la courbe de rang 

compris entre /S et y soit k une distance de P infdrieur© k (Dans le 
cas oii P comciderait avec A ou on supposerait /S = a, ou 7 = a, 
respect! vement). 

Nous avons ainsi donn^ de Fare de courbe continue une definition 
purement g6om4trique oil n’intervient auoune representation analytique. 
On d6montre d’aillcurs (XIX, § 35) que cette definitibn est 6quivalbnte 
e* la suivante: 

Un arc de courbe continue AB est Finiage d’tin segment de droite 
dont les extr6mit6s correspondent k AB. Ou encore, ce qui revient 
ail meme. 

(Jn arc de courbe est une suite de points dont les ooordonn6es 
peuvent Stre repr6s6nt6e0 sous la form© 

oft /, g, h sont trois fonctions de t uniforin6i3^e|it continnes da-ns Finter- 
fall© (0, 1 ) (pai^^ exemple) ft non constantes i Ja fois daps. TO 
intervalle, Fordre des points d© I’aro 6tant c^lai qu’pn obtient 
croite f de 0 ft 1. ^ , 


KHyl l.HHK u’UNl* THKOlUI. UK** KN^'KMIil.KH \H».TimTs. 



Ktiint nm jinniytiqiJ* <li‘ I'itrr AH toutcs 

l(*rt aiMilvtiqw'H (in ini'*in»’ art’ par la 

substitution , 


(lit y(r) (!st uiif ftmclitin *iMi innii i tuitiaiMiin m tl< «• si ! ijuatifl 

t' emit fit* «i h I {XVin, § 77). 

r>7. (?t‘iu I'lanl la rlassr fOttsif}i'r« »* a pmir b n nrrs ib* coiirbf 

conf.inm* d ii’s I'li'mi’nts iraTOiniiiliilirm y •♦'**»• tJifinis par I'infiir- 
inMiairf ilc In ii«*fiiiitinn ib- ri’’b'm« nt Uiiul< irtini’ i>uitf fonvirKenti* 
(I ’arcs funtiiiUM 

On dim ijii'tirtf Huito fl'jirfs ,! /I . /i , . . .•••‘t unosulb* 

tionvttrgtsnlf tpii a I'nrr AH ptnir •'•irmfnt Jimitf “i Twi pi-al I’taliHr «ni» 
corrnspondanen biunivotjun i4 bit;»ntitiw«* {t’onm*rvani ruf4r»< tins points) 
ttilb fjUR si t*«t If point ib» ,1 , t*orrfsp*»nibint on |n*int M rlr* AB, 
la dittancf iV crmvf rgf v#t<* ?.**rr», 

11 roviftit au di* ilin* »|n'd fsisti* tin*’ r«’pr*’Si*nlntion analy> 

tiquf do Tarts Alt 

St: IHi , If m I kill 

(*t tiitf ropnwtitatbm analytiijui- d»* Tarr AJi^ 

•r*® Md. V ® fMbi i' 

tellea quo jf^ • //, - gj, nonyorgoot iittifarmtitnfiii vow t&re 

n cat maintcnnnt irapoi lnnt do remarquorque dntia In clwii® qut 
noun venon* do ddfitilr, on peat di^Hnir li*s ^•l<’-mpnts d’acnamulntlrfo 
par Tintermodlairis d'une diatancso. 

d’ai propone* dan* ma Thiw la disfinitbin auiyanto (JiVIJI, § 7S) 
Etant donnas deax am* AB, AJi„ on /staWit eirtro «u* nne corrwifwii- 
danoe S blunivotjuo, bicontinoo «t coiworvant Tordrod«« ftoint* ; «k*iil 
M, Jtf, 1 m pointo oortmpondanta. AppolotM K to maximuin dela 
longuoar MMi lorsquo M pamouri AB. On appeUtrn diatanoo dr< 
doax donnti* la borne iaf^rlonre do K quand la «f»rrmpondano«< B 
yarlo do fa^n qaaloonque. 

On voil atom quo la olaaao Am are* eontinu* oat unc elnaw* (0) 
adparable, oompMta ©t ooniinnis {XVII 1. 1 70 a 81) {O’aprd* la apctlon 
prSoMento, la olaim ©*4 i^vldettmnnt Tcoitiniblo d/*rl%t^ tin r««wcttbl® 
(Mttombmble do* llgnes polygonalea dottl ie* •oamat* onl d«« noordto* 
nto rationttalloa). En outre, dans cett!- .-i;)..,.- ii. >it i-tindn* di ux 
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i’our .ju’un ! «-.»ntinus formn uii cnst?mbl«s compact, 

il faut ct U HiilJit t(Ui« IcH arc?* «it* I’ct Hoionfc tons aituos dans im 

mem<- doinaiia* fini (par csmnpli* um* sphcn* fixe) ef. soimit nniforinf'*- 

mrlit diviHiiiirH f f>l). 

(Vsfiinix ninaiitions midi iiulfpcndiinti'H de la r<*preHf*ntatif»n ana 
lyti'jjir ; Oil lift nn efil t ipii* rmirhi'H sunt tmifnrmemont diviHibliH 
si a font iiomlin* t . ft nn pi nt fairi* coi rcsjmmirf nil cntiin' «, tel quo 
ehaiauii' «l« s courbes l onsidonW-f pmsii* I’.trn clivis;'*!* mi « arcs donfc 
I’oseillalion (la filtis yram!.’ mirfb-i soil iiiforimiini a «. 

Tnuliiit l it langaRi' analyliipiK. fi’id vmit <iife <ju’il exlstn wa 
systeme f|i' representations analytiqnes simnltanenw des difEercmtiiH 
courbet de la faiiitlle mi |es (uiietions qni represmitmit les eofirdonnecs 
«oni bornefs riann b’nr eitMemlde ei ejialmiient enntinues (XVIM, 1} .'IH), 
t'omme npjdipfttion «t« ensemble f|e eouibes leetirmiileH Hitmb'M 
duns tin domain** fmi est eompaet sj Imirs lonyuenrs nont bornetis dans 
lenr ensembb. Vlais eeU»« mindition HtiRisantn n’mt pas inSecssairo 
(XVIII I 513). I! n’**st m«*me pas mmessaire pntir misfnnble 

d’arcs imit ronipaet. t|i»e **»<* mm ««*i*itt reet iflables. 

Pnur drbnontrer les divi*rs«*s priqstsiiinns pr»*ci*f|i»nt«i», il esfc ut.le 
d'eropifiyer le iheonHiie stiivant d»'*montn* dans In Not** I f!o ma TMsb 
(XVI ll’pageflf) 

Ktanl doling* snr nno droit** ojt, uti f*iisi*mbli» (/ d’ttiittrvalicH f mm 
points coiminin* d«n« I** s#*gment fondatnmitnl («4*4I), il exiate an 
(Qoins line fonetion fiontinw** qtii va sans jnninis dt'ieroftroide 0 h I 
(fiMnd r ernti de o « i #4 qtit n’i*»t ij«*s dans li» intorvalloi 1. 

.r*¥ttis cit*^ ifonim** cas paft jKtili«*r, b* c*« oft ritn^mbtocompllman- 
tain* df* reii«**mf»b* ili*s (aiiitts d**s iiit(*rvaii('s / ast itn «t*rtain anwmbla 
d« laesun* nnlb* fHinsjdrre put ff, tJantor (XVIII, $ »M), Cinq ans 
appii, W. Hierpinski a etabli A son Iniir k* mftmo th^orftmo d’oxiatence 
dans III! OM pHrtleulior, «ii montwni an ouIiy* quo sous cortainos oon> 
ditiona fonolioniW'lk* la stdiitiim mt utiiqito {Biillotin da I’AcacKmio dm 
ihifnem d<* Crnemrii*, IWl I, pagi* 677), 

t*kmm dm famtkm§ holemnrplm, 

6i. Cell# yli*m Mt (oraa^ 4 m (oDidioiMiMleiaovfAeki 
d’uiM* niro fl*i' d. tin y ooiialiWro une aulte d'^llmenki /,(*), ftiii ,.. . 
/,(»),♦ . . ,mmtm fttw on dMoianl /{») §1 /,(*) ©onireff# yew 

/{*) »»ifofo«^fint»ni dan* lomlo aire ^pipiltyniioil InlArleurrk A. Uri 
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Element est alors element d’accumulation d’an enBemble s’il est element- 
limite d’une suite d’elements distincts appartenant a Fensemble. 

II faut remarquer qii’il aurait pu paraitre plus naturel de supposer 
que chaque element est une fonction non seulement holomorphe 
a I’interieur de A, mais aus^^i holomorphe on tout au moins definie et 
conlinue sur ^ et de supposer que la convergence uniforme consider6e 
aie lieu uniformement dans tout A contour compris. Mais alors on 
aurait ete amene a exclure pour A le cercle de convergence d’une 
fonction holomorphe, par exemple ou a ne pas considerer celle ci dans 
son Cercle de convergence comme Telement limite des sommes des 
termes de son developpement de Taylor. 

Non seulement les definitions propos4es previennent cette exclusion, 
mais elles permettent de definir aussi les elements litnites par Tinter- 
mediaire d’une “distance.” J’ai propose dans ma These (XVIII, § 70) 
comme definition de la distance de deux fonctions /(s;), g( 2 ;) hplo- 
morphes a I’interieur d’une aire .4 la quantite 


(f, 9) = 


(/. 9)^^ 

1 + (/. 9)^^ 





! + (/> 


+ . . . . 


ou (/, designe le maximum de lf[z) - y{z)J dans une aire entiere- 
ment interieure k A, {A A.;^,. .A^ . .6tant une suite d’aires chacune 

comprise dans la suivante et dans .4 et dont la somme embrasse A). 

Bien entendu, d’autres definitions de la distance conduiraient aux 
inemes Elements d’accumnlation et cette definition n’offre pas le meme 
caract^re de simplicite que ceKe adoptee dans la classe des fonttiOns 
continues. II serait jnt4ressant d’en trouver une 6quivaleate et plus 
simple, telle par exemple que Ton ait Tegalit^ 

qufUes quo soient 1^ constanies ^ j A' et les fonctions f(^)^ g{z) holo- 

morphesdA^pS^il,;; 

Mais I’essentiel est le fait que la classe eat une classe (Pi qui est 
d'aiUeurs en outre separable, complete et continue (XVIIJ, § 7). Un 
des ensembles denombrables d^6Mments dont la ^ classe est le deriv6 est 
Fensemble simple constitu4 p()ly a coefficients rationnels 

(la Portia et 1^ partie im^^glnaire^slprarfement rationn elles). ^ 

de^te tMstance i»entioiir^<^ 
pltis haut, on 'pent jdiMi?6''dfeti^^ ^leiiients " quele^ de cett^olasse 
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appartenant ^ un meme spheroide par un arc de Jordan appartenant k 
<je spheroid.©. ( X X X 1 1 , § 3 2) . 

Dans la classe consider^©, la condition necessaire et suffisant© pour 
qu’un ensemble soit compact eat que les fonctions de cet ensemble 
restenfc en module inf^rieures a un nombre fixe dans tout aire interieare 
A (XVIII, § 73). On en conclut que cetbe class© ne peut ©tre 
decomposee en une infinite denombrable d’ensembles compacts. 

Remarque 1. On peut ce meme 6tudier les ensembles compacts de 
fonctions meromorphes, et.c 

11. Plusieurs ann6es apres ma Thdse, s'est repondu Tusage d' 
emplo37er Texpression de famille normal©, pour ensemble compact, dans 
le ces ou les Elements sont des fonctions analytiques. 

Espace Ew. 

69. Les 616m©nts de cet ©space sont chacun d^finis par une suite 
infinie de nombres r^els appeles coordonn6e3 do r6l6aient ou point. 
Un point a; de I’espace est dib limito d’une suite convergento d© 

points X ... .si les coordomi6es des points de cetbe suite 

tendent respectivement vers les coordona6es de m6me rang du point x. 
Un point x est point d accumulation d’un ensemble E s‘il est limit© 
d’une suite convergente de points distincts appartenant E. 

Ainsi dans cet espace, e’est la notion d^616merit limite d’une suit© 
convergente qui est fond imentale ; elle est d’ailleurs tout© naburolle et 
flbmpose pour 1 4tude d’un certain nombre de questions. 

11 ©st cependant remarquable qu’on peut obtenir un© definition 
dquivalente par I 'intermMiaire d'une distance. J'ai propose (XVIII^ 
§ 62) r expression 

(X, ^ . . . . ^ . . . . . 

J.+/X, / n\ l-h/ 4 ’«— x// 

pour la distance de deux points x' dont les coordonn^es respectivea 

sont x^,x ^, . * . . . . . . ; x^\ x ', . . .x^ Mais bien entendu d’autres 

expressions c^nviendraient tout aussi bien. L’essentiel, c^est 1© fait 
que respace Em est un© classe (Dj, separable, cDudipl^te, ctintinu©. L© 
fait qu’ou peut y joindre deux points appartenant k un mime 
spMroide par un are de Jordan appartenant a oe mSme sphdroide fait 
intervenir essentiellement la definition particuUere de la distance ebaisi© ; 
mais tious avons vu qu’il a des consequences ipdependantes du oboix 
particulier de oette distance. \ r 
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. Dans cet espace la condition necessaire et suffisante pour (Ju^in 
ensemble soit compact est que les coordonnees des points de Tensemble 
soient bornees pour chaque rang (XVIII, § 66). Cet espace n^est pas 
la somme d’une infinite denombrable d’ ensembles compacts. 

j Espace 

60. Des elements de Tespace ^ sont chacun d6fini par une suite 
infinie de nombres reels (appeles coordonn6es de I’dl^ment) et dont la 
somme des carres converge. Dans cet espace les elements d’accumula- 
tion sont definis par i’interm6diaire d’une distance, la distance {Xy x') 

de deux points dont les coordonnees respectives sont a;, , . \ . 

et x.{y .... . . . .etant par definition egale a 

+ + (.rn-a:n')^+ .... 

La s6rie sous le radical est certainement convergente puisqUe* 

.... ■¥{Xn-Xnf^2{x^'^ + + + 

Pour qu’une suite de points del’espace i^: x^^\ x^^\, . . .x^'pK . . . 
converge vers un point x, il faut que les coordonnees tendent respective- 
ment vers les coordonnees de meme rang de x. Mais cette condition,, 
n’est pas suffisante. 

Cet espace constitue une classe (D) separable, complete, continue,. 
(XXXVI) et ou deux elements quelconques d'un spheroide peuvent 
etre joints par un arc de Jordan (un segment de droite) situ6 dans le 
spheroide (XXXIII, § 32). J'ai d'ailleurs montr6 (XXXVI) qu’on peut 
y developper une geometric projective et metrique entierement semblable 
h celle de I’espace euclidien a un nombre fini de dimensions. 

Dans cet espace, la condition necessaire et suffisante pour qu’un 
ensemble soit compact pent s’exprimer sous diverses formes (XTX, 
page 18, § 29). 0 pent lui donner la suivante : ' 

la somme des carres des coordonti6es ji^s points de F ensemble doit 
etre born4e sur T ensemble et y converger uniform6ment vers sa limite. 

. 0 en conolut facilememt (XIX, § 31) qu’un tel espace ne peut efcre 
decompose eu rme infinite denombrable d’ ensembles compacts. 

Gkcmi cks fomtiom rMmrables. , 

61. On a mter6t parfois en Analyse a considerer, au lieu de la 
classe des fonctions cantint^, la classe (M) plus 6tendue des fonctions 
mesurables. Appelons classe (M) la classe dont les elements sont des 
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fonctioris mesurables au sens de M. Lebesgue efc ou une suite d’^l^ments 
cst dite convergente quand elle conTerge ‘*en mesure” au sens de 
F. Riesz. On dit que f^^{x) converge en mesure vers f{x) dans Tinter- 
vail e fixe (a, b) si quel que soit v>0, il existe un nombre e>0, et un 
entier p tels que pour n>p 

!fv{x)-f{x)l<'r) 

sauf pent etre dans un ensemble de points de Tintervalle (a, b) pouvant 
etre enferme dans un ensemble d'intervalles de longueur totale <€. On 
remarquera que cet ensemble pouvant varier quand n varie, il n'on 
resulte pas que converge presque partout vers /; il*peut meme 
arriver que f^^{x) ne converge nulle part vers /. Mais pour chaque 
valeur de n, f^^x) ne differe sensiblement de f{x) que sur un ensemble 

dont la mesure tend vers z6ro avec 

n 

62. Ceci etant. on pent demontrer que la classe (M) des fonctions 
mesurables est nne classe (D). Autrement dit la convergence en mesure , 
de F. Riesz pent etre d^finie par Finterm^diaife d’une ddfinition con- 
venable de la distance de deux fonctions mesurables. J’ai proposd 
(XXXVII) comme expression de la distance de deux fonctions f{x), (p{x) 
mesurables au sens de M. Lebesgue sur F intervalle (a, 6), la borne 
inf^rieure de la somme 

lorsque w prend toutes les valours positives ou nulles, en ddsignant par 
mesure de Fensemble mesurable des points x ou 
li{x)-<p(x)i>u) 

II est probable qu’on pourrait concevoir une definition de la 
distance qui fournisse encore la convergence en mesure et qui serait 
pourtant mo ins artificielle. Mais Fessentiel est que cette ddfinition 
existe et que par consequent on puisse etendre immediatement aux 
fonctions mesurables toutes les proprietes des classes (D) quand la con- 
vergence n’ est imposed ^^ qu’en mesure.’’ II y a lieu d’observer qu’il 
n’en serait plus de mSme si on rempla9ait celle-ci par la convergence 
presque partout” de M. Lebesgue. Celle-ci^ h peine plus restrictive; 
puxsqu’eUe li’exige la convergence ordinaire qu’ 41’excepMon eventuelle 
d’un ensemble fixe de mesure nulle pourtant pas compatible ayeic 
une, definition de-.l^' (XXIX).. ■ , 

D’ailleurs une teUe classe (P) est separable ; c’est meme I’ensemblo 
derive de Fensemble d6nambrable des fonctions qui sont constantes et 
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de iValeurs rationnelles dans chaoune des subdivisions de 1 ’ inter valle 
(a, &) limitees par un nombre fini variable de points d* abscisses ration- 
nellies. 

Gette elasse est aussi complete et continue; et on pent joindre 
deux de ses elements appartenant a un meme spheroide par un arc de 
Jordan appartenant a ce spheroide (XXXI f, § 32^ VII). II serait 
int 6 ressant d’etablir a quelle condition un ensemble d’elements de cette 
claSse est compact. 

Glasse 

63. Appelons elasse Day la. elasse dont chaque Element x est deter- 
mine par une suite infinie de nombres reels 



qu’on pent appeler les coordonnees de rangs I, 2,. . . .n, . , .du poin- 
Xy et ou une suite d’elements ou points x^^\. . . . . .est ditet 

eonvergente vers le point x si les coordonnees de x^"^ tendent uniforme 
meni vers les coordonnees de meme rang de a;.* 

On voit que les trois classes Eo,, O, Da, sont trois espaces une 
infinite d^nomhrable de coordonnees. Dans les trois espaces pour 
qu’une suite de points , .x^^^ . , . .converge vers un point x^ il 

faut quo les coordonnees de convergent vers les coordonnees de 
meme rang de x, Mais, alors que cette condition est suffisante pour 
Eo,, il faut qu’elle aie lieu uniformement pour D^ ; cette condition 
supplementaire suffisante pour Do,, n^est que necessaire pour O. 

Ces differences sont essentielles comme le montre la remarque 
suivante : si les classes et o sont, comme nous Tavons vu, s 6 parables, 
il n’en est pas de meme de D^,, (VI, page 163). Et la remarque 
suiVahte aceenttie le caractere do plus grande generalit<^ d© D*, : toute 
elasse (D) separable, complete et parfaite est homeomarph© d’une 
partie de D« ; plus encore on pent etablir entre cette elasse et une 
pat#^ d^ D^ une correspbndanoe qui conserve les distances (XIX, 
page 12 , § 23). Dans ce but, on appalera Uq, . ..a,,. ...un 

ensemble d 6 nombrable d’614ments de la elasse (D) considdr^e, tel qua 
tout element de la class4 appartienne ^ c^tte suite bu k son ensemble 
derivb. Il suffira, alors de faire correspohdre It tout blbment d de la 
efai^ (l3)Vie pbirit 

cr, = (a,, a) - a ^) ; ^ 5 ^= (a^, a) - {d^, * . . , = (a«, a) - {an, 

^ pr6ac^emii4eii.t elasse B la class© a^tuelle, oe qui prdfcait; m 
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Malgre tout, la classe Da» est relativement simple, puisque c’est une 
classe (D) complete et continue. 

La definition de la dLtance qui fournit une definition des suites 
convergentes equivalente a la definition indiquees plus haut, s’impose 
ici ; la distance de deux points x, x' sera la borne sup6rieure des 
valeurs absolues des differences jx^ - des coordonn^es de meme 
rang de x et de Toutefois, si Ton veut 6viter. des distances infinies, 
il sera preferable de n’admettre comme point de qu’un point dont 
les coordonnees sont bornees dans leur ensemble. 

Ceci admis, deux points appartenant au meme sph6roYde peuvent 
encore etre joints par un arc de Jordan appartenant a ce sph6roide 
(XXXII, § 32). 

Remarque finale. 

64. En terminant ce sommaire des principes de TAnalyse fonction- 
nelle, il convient d’ observer qu* ar6sumer (sans rappeler les d6monstra- 
tions) un grand nombre de travaux, on encourt facilement le risque de 
commettre des erreurs, par Foubli d’une condition essentielle dans un 
4nonc6. Je serais done reconnaisaant aux math(5maticien8 qui voudront 
bien me signaler les 4nonc6s inexacts que j’aurais ins6r4s par m6garde 
et aussi les r^sultats nouveaux rentrant dans le cadre de ce m^moire 
et dont je n’aurais pas eu connaissance. L’Analyse fonctionnelle fait 
constamment de nouveaux progres et je me propose de developper i 
nouveau cette premiere 6bauche en profitant des observations qui m'au- 
ront 6t4 faites. 

Bion que de nombreuses propri6t6s d6raontr6es dans ma These pour 
certaines classes aient pii etre.^tendues depuis lors a des classes plus 
g4n6rales, et mentionnees ici sous cette nouvelle forme, il n'est pas dou- 
teux qu un certain nombre de r^sultats mentionn^s dans le present travail 
puisaentetre aussi 4tendus a leur tour. J’en ai signal^ quelques ims 
pour lesquels cette extension parait certaine. Mais, en classant par, 
ordre de g^n4ralit6 les r^sultats acquis, le present travail permetra 
sans doute d'^apercevoir la possibility de nouvelles extensions et aidera 
peut etre ^ les r6a[iser. 

D’autre part, j"ai 61^ ameny k modifier qtielque peu dans la suite 
de mes travaux les notations et la terrainologte proposyes dans ma 
tliyse. ayant yty utilisees par diffyrents aut^^^^ je serais 

reeolmaissant ceux d’entre eux qui voudtoht enedre me faire 1 honneur 
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de s’eii servir, d’employer de preference cette terminologie et ces 
notations dans le sens propose dans le present memoire. 
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EQUILIBRIUM IN THE FRACTIONAL PRECIPITA- 
TION OF SILVER CHLORIDE AND SILVER 

BROMIDE. 

Kaltktjmar Kumar, M.Sc., 

Sir Tarak Nath Palit Research Scholar, University of Calcutta, 

From a mixture of the solutions of two binary salts, having a com- 
mon ion, if the non-common ions are fractionally precipitated by addi- 
tion of an insufficient quantity of a third salt, then, the more sparinglj^ 
soluble component of the non-common ions is found to preponderate in 
the mixed precipitate. The relation between the composition of such 
mixed precipitate and that of the residual solution standing in equili- 
brium with them, and also, the influence of the degree of insolubility of 
the component in the precipitate upon the state of equilibrium are the 
subjects of the present investigation. 

From a mixture of KCl and KBr solution, AgCl and AgBr were 
fractionally precipitated by addition of insufficient quantity of AgNOg. 
The composition of the halogens in the precipitate and those remaining 
in the solutions were first studied with a view to find out a definite 
relation between them. 

A series of preliminary experiments were performed to find out 
whether freshly precipitated AgCl could be completely converted 
into AgBr by means of KBr solution, just sufficient for the transforma- 
tion. 

To about 0*7 gm. of freshly precipitated AgCl, in an amber colour- 
ed bottle 50 c.o. of decinormal solution of KBr was added and the 
mixture was vigorously shaken in a shaking machine for definite periods 
of time which were noted. The mixed precipitate was transferred to a 
Gooch crucible, dried and weighed. In the Table I the figures of the 
column V give the ratio of AgCl to the mixed halogen preoipitate by 
weight, the ratio of complete transformation being 1-3101, 
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Table I, 


No. 

Time of 

Wt. of AgC) 

Vol. of halogen 

Wfc. of mixed 

The Ratio 

shaking. 

ppt. in A. 

, sol. 

i 

ppt. in B. 

B: A. 

I. 

2 min. 

0*6873 gm. 

50 c.c. KBr 0*101 n' 0*8830 gm. 

1*2847 

II. 

5 

00889 ,, 


0*8906 ,, 

1 -2927 

III. 

16 ,, 

0-6883 ,, 


0*8940 ,, 

1*2987 

IV. 

30 ,, 

0*6889 ,, 


0-8963 „ 

1*3010 

V. 

75 „ 

0*6869 ,, 


0*8959 ,, 

1*3031 

VI. 

24 hours 

0*6560 ,, 
0*9390 gm. 

Ag Br ppt. 1 

50 e.c.NaCl 01 N 

0-8565 ,, 
Wt. of mixed 
ppts. 0*9350 

1*3066 

VII. 

> > 

The ratio B : 
1*3069 

VIII. 

! 

0*3613 gm. 
AgCl ppt. 

25 C.C. KBr 0*2 N 

0*4727 

1*3089 


Thus, it is evident from the figures of the table that complete 
transformajiion of AgCl to AgBr does not take place, even in presence 
of sufficient KBr. But it appears that the system attains a state of 
equilibrium which isidentical when AgBr is similarly treated with NaOl 
solution (cf, exp. VII, Table I). 

The work done by Kiister* towards the elucidation of such equili- 
brium in Silver Halogen precipitate is important. He conducted a 
series of experiments, which are recorded in the Table II, by fractionally 
precipitating a mixture of KCl and KBr solution with an insufficient 
amount of AgNOg solution. The total concentration of Halogens in 
the solution was always the same in different experiments and after 
treatment with AgNOg the residual solution was nearly Normal with 
regard to the former. The volume of. the solution was always 1000 c.c. 
The temperature of the experiment was 19° +.1^0., the time of shaking 
the mixture was 2 to 12 hours. 

Some of his experiments were repeated with a slight modification. 
Owing to slight solubility of AgCl in strong KCl solution, the amount of 
silver precipitated was always less than the amount added to the solu- 
tion ; to avoid this discrepancy, in the repetition of Kuster’s experi 
ments, the solution previous to the addition of AgNOg was carefully 
treated with dilute AgNOg solution till a slight opalescence persisted. 
These '^treated” solutions were found to precipitate AgNOg almost 
completely. The experiments were conducted at 26°i: l®C and the 
time of shaking the mixture was ever 24 hours. The concentration 
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of different salt solutions was slightly different from those of Kiister, 
hence instead of volume their actual concentrations in terms of mili- 
mols. are given in the following table. The volume of the solution was 
reduced from 1000 c.c to 250 c.c. In other respects the experiments 
were identical with those of Kiister. 

The results of the experiments are recorded in the following table, 
in which, R^, R.'^ indicate respectively the ratios AgBr : AgCl, KBr ; 
NaCl and Br' ion : CT ion; and, tt, tt', tt^ are respectively the ratios 
R^ : R.^, R, : and (of Kiisters experiment, cf. Table II). 


Talle III. 

Temperature 25° ±2° C. 
Concentration are expressed in mili-mols. 
Total volume of the mixbure=250 c.c. 


No. 

KBr 

NTaCi 

AgNOs 

^ AgBr 

50 

10 

2ca « 

xW |Z5 

11 

CO 

2«io 

II 

d 

El 

= 7r 

E, 

E', 

= 1T 

Kiistor’s 

expt. 

n 

Absorbed Ag 
in milLmols. 

AgCl 

I. 

•10 

246 

2-52 

•031 

01 

0-146, 

310 

212 


-034 

II. 

•125 

246 

2-49 

•0348 

0 16 

0-242 

218 

140 

m 

•034 

ITT. 

•251 

246 

2- 52 

•0778 

0*31 

0-45 

255 

173 

296 

•033 

IV. 

1-258 

246 1 


0*473 

1-8 

2-66 

204 

178 

369 

•016 

V. 

1-7G2 

245 


0'805 

2-57 

38 

312 

212 

414 

•014 

VI. 

2*;M7 



1 602 

4-2 

6-0 

376 

260 

475 

•016 

VII. 

7-55 

241 


9.91 

21-8 

30-5 

455 

325 

600 

-065 

VITT. 

12 58 

'36 


21-5 

430 

55 2 

501 

390 

610 

-007 

IX. 

25-17 

224 


56-0 

100’7 

124 0 

545 

443 

663 

•0085 

X. 

50-35 

DJ9 

> y 

1040 

240* 

274-0 

433 

380 

007 

•012 


The results of the present experiments are different from those 
of first author as will be evident from a glance at the numerical 
values of v and tt. This difference is appreciably large in experiments 
V to X (Table III) and is probably due to insufficient time for eqni« 
Mbrium and also to the fact that the quantity of AgCl dissolved in 
the chloride solution decreases with the rise of Br' ion concentration 
in the solution, as shown in the last column of the Table III. In Kiis- 
ter’s experiments^ however, the total quantity of silver in the precipi- 
tate seems to take a mean value, viz. 9*904 mili-mol. which does not al- 
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ter regularly with Br' ion concentration, as expected from the above 
experimental results and the following consideration — 

The change in the solubility of AgOl in NaCl solution which main- 
tains a nearly uniform concentration in different experiments is mainly 
due to the change of Br' ion concentration (cf. Table VA,). If the' 
solubility be due to the formation of a complex salt of the type 

Na AgCl 

{x being an unknown integral number) which stands in equilibrium 
with Ag' ion and CV ion, according to the following equation : — 


Ag' X (Cr)^ 


= Constant. 


Then evidently the concentration of the complex salt will be pro- 
portional to the product of Ag'X (Cl')^. The concentration of Cl' is al- 
most constant in our experiments, while the concentration of Ag' ion 
falls with the increase of Br' ion concentration in the solution. So the 
product of Ag^X(Cl')^ will fall and along with it the solubility of AgCl 
in the solution. In an analogous way Bodlander and Fittig (Zeit. Phys 
Chems, 39, 605) determined the solubility-product of AgBr in aqueous 
solution by observing the solubility of AgBr in ammonium hydroxide. 

It may be observed in Table II that though Kj and vary with" 
in wide limits in different experiments, their ratio, viz in almost 
constant. 

Kiister assumes that in the case of AgOl and AgBr when freshly 
precipitated ‘ * each mixture works as a single phase towards the liquid 
phase staying with thorn in equilibrium i.e. forms an isomorphous 
mixture. ” He however mentions a different conclusion arrived at by 
Spectator, namely, that an Isomorphous mixture of AgCl and AgBr is 
either not formed at all or is formed only to a small extent. 

Theil {Zeit. anorg, Ohem., 24 [1900]) determined the concen- 
tration of Ag' ion in the solution of Kuster’s experiments, by the 
measurements, E.M F. of concentration cells. He conclude^, gener- 
ally, the solubility-product of each salt is constant, so long as the ac- 
tive mass is/ constant and pure, but with the formation of isomorphous 
mixture, its active mass alters, consequently the solubility and the 
solubility-product, from what it is in piwe condition. ’’ i 

Thus supporting Kuster’s conelumon of formation of isomorphous' 
mixture he further points out that AgOl and AgBr are completely 
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miscible with each other and the concentration of Ag' ion in the solu- 
tion will depend upon the composition of the mixed precipitate. ” 

The last column of the Table II shows that the ratio of AgBr to 
AgCl is fairly constant from experiments TIT to IX to which Kiister 
ascribes the following reason : 

“'The concentration ratio of Cl' and Br' ions is always that of 
ionised AgCl and AgBr, thus : 

Undissociated AgBr Total KBr 
Undissociated AgCl ” Total KOI ’ 

Undissociated AgBr _ Undissociated (AgCl and AgBr) 

"" total KB'r and KOI 

The right hand side of the equation is constant when the precipi- 
tate contains almost wholly AgCl, hence the left hand side also. 
That is, the partition ratio of AgBr between precipitate and solution is 
nearly constant (cf. exp. Ill to IX, Table 11). 

As a matter of fact, the AgBr is assumed to be completely disso- 
ciated to Ag' and Br' ions (its solubility being extremely small). Hence 
the concentration of undissociated ” AgBr is quite an indefinite 
quantity and inadequately chosen to explain the phenomenon. Again, 
from this explanation it is natural to expect an identical relation 
existing in the case of AgCl in experiments containing mixed precipitate 
poor in AgCl. Prom the results of the experiments this is however 
not possible to show. 

On the other hand, if such complete miscibility be possible in the 
mixed precipits-te the abnormal values of tt in experiments I to VIII 
(Table II) stand unexplained. 

Hence the existence of isomorphous mixture of AgCl and AgBr is 
quite doubtful, as pointed out by Speckator. 

Let us suppose that in Kuster’s experiments, AgCl is first precipi- 
tated, and in the solution the product : 

Ag' X Cl' = Constant. 

which is equal to solubility-product (SP) of AgCl. In the presence of 
Br' ion) however, the concentration of Ag' ion is too high simoe the SP 
of AgBr is about 1/300 of the SP of AgCl. 'Hhe concentrations of Ag', 
CT and Br' ions therefore readjust themseit’es in a definite way, since 
the same Ultimate condition is possible if AgBr is first precipitated 
(Of. Expt. VI and VII, Table I). 
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Thus it will be interesting to study the equilibrium of fractional 
precipitation^ from the stand point of variation of Ag’ion with the 
change of concentration of Br' and Cr and also the change of the ratio 
AgCl to AgBr in the precipitate. 

The concentration of Ag'ion in different experiments (after HNO.^ 
was carefully neutralised with Na.iCO.^) were determined from E.M.F. of 
the respective concentration cells. 

In the following table the concentrations are given in gram-mols. 
per litre and the symbol P represents the product of concentration of 
the three ions viz. Ag' X Cl" X Br". 


Table IV a. 

Concentrations are given in gram-mols . per litre. 


i 

! 





Br' 

Exp. i 
No. 

KBrx 

i 

I 

Crion 

Br' ion 
xlO-'* 

Ag* ion 

X 

Px 

. 

ci' * 

xl0“® 

TIL ^ 

1*004 i 

0-075 

0*3 

3-36 

0-68 

0*45 

TV. 

5-032 ; 

0-673 

1*78 

3*09 

3*7 1 

2*66 

V. 

7-018 


1 2*5 

2*96 

6*0 j 

3*8 

VT. 

10*008 - 


1 4*0 

2 '63 

7*1 

6*0 

VII. 

30*2 

0 063 

’ 18*0 

0*65 

8*1 i 

30*5 

VITI. i 

50*32 

0*656 

35-4 

0-316 

7*3 

66*2 

TX. j 

100-68 i 

0*627 

84-7 

0*144 

7*6 

124 

X. 

261*4 ! 

0'660 

1 157-5 

1 

0*0614 

1 5*4 

1 

274 


The magnitude of compared with the change of the ratio of 
the halogens, in solution, is nearly constant from experiments V to IX, 
hence in the presence of both 01' and Br' ions the cone of Ag' ion is al- 
ways definite in these experiments. This is only possible when the 
magnitude of R'.^ lies within certain limiting values the minimum of which 
is probably 0*004 (cf. Expt. VI, Table IVa) and the maximum is near- 
ly unity. WhenR',^ is beyond these limits, the cone, of Ag' ion vwes 
with one of the halogens in the sense of the solubility-product of the 
respective salt. The distribution of halogens in the precipitate and 
in the wlution nnder such conditions is indefinite, hence the abnormal 
magnitude of tt in experiments with low con©- of Br' ion (cp> Table JI)i 
When R'j, is however within thfse limits, and the precipitate com 
tains both AgOl and AgBr, both exerting their respective solution pres- 
sures, with a rise in the cone, of one of the halogen ions, say, Br' ion phe 
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reaction ‘ will proceed in such a way that more of the Cr ion will strive 
to pass out from the precipitate to the solution. But AgBr in the 
precipitate will also exert its own solubility pressure and try to alter 
the cones, of Ag' and Br' ions according to its solubility product. 

The two forces tend to counteract each other, an in the final equi- 
librium, the cones, of the three ions readjust themselves in such a way 
that the diminution of Br' ion is compensated by a rise of Ag' and Cll 
ions. In the experiments we are considering, the amount of total 
halogens in the precipitate is always about 1/100 that of the total 
halogens in the solution. Therefore, the transformation of one halogen 
salt in the precipitate to another will proceed in a definite way in the 
system, and the final composition of the mixed precipitate will depend 
upon the ratio of the halogens in the solution. That is, the ratio of 
Rj : R'.;^ will be constant. 

Finally, the influence of solubility of the two sparingly solublesalts 
on the equilibrium will be considered. 

We have seen that in any experiment 

AgBr W 
AgCi * Cl' " "" ' 


which is nearly constant, i.e. 


xVgBr 

"bP” 


X 


Cl' 

AgCl 


™ Constant. 


Taking the cone of Ag' ion (corresponding to any experiment) 
both in numerator and denominator, we get ; 


AgBr Ag'xGl 
Ag' X Br' ^ AgCi 


~ Constant. 


Let S, 


_crxAg' 

“ AgCl 


and 82 = 


Ag'j< Br' 
AgBr • 


We have already seen that in Kiister’s experiments (III to IX) the 

ratio 


AgBr : KBr, i e., AgBr : Br' is equal to a constant quantity. 

This however does not hold good in experiments with higher hon-‘ 
eentrationa of Br' ion. Thus, it will be of interest to note, it has m 
siinilar ratio, viz. 

Ag' X Br' 

* . '■ • AgBf ■ : ’ . ^ , 

in diflfereht experiments. 
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Again, since, 

S| X Sg — Constant, 

if one of the factors in the left hand side be constant the other will 
also be constant. In the following table these quantities are recorded ; — 


Table IV B, 


QoncentratioYhs are given in gram-mols per litre. 


0 B 






1 

V 1 





. ® 

PL,3 

M a : 

{an : 

1 

PQ,o 

<i:x 

^2 
< X : 

_o 

O ' 

1 

C3 ' 

.2 

'“2 

X 

1 1 

O ! 

X i 

m 1 

i 

-01 

A. 1 

1 

1 

B. 

B 

A ■ 

in. 

0*728 

9*31 

i 

0‘(}75 

0*3 

3*36 

0 24 

1*4 

125 

210 

1*6 

IV. 

3-24 

6*84 

0 073 

1*78 

3*09 

0*3 

1*7 

160 

260 

1*6 

V. 

4*5 

1 5*58 


2*53 

2-95 

0*35 

1*69 

185 

260 

1*4 

VI. 

6-05 

i 4*03 

0*663 

4*0 

2*63 

0*44 

1*73 

220 

265 

1*2 

VII. 

9-16 

0*92 

1 18*9 

2*65 

0*46 

1*36 

250 

210 

0*84 

VIII. 

9*03 

0*45 

0 656 

35*4 

0*316 

0 46 

1*2 

240 

185 

0*8 

TX. 

9*9 

0*18 1 

0*627 

84*7 

0 144 

0*5 

1*2 

260 

185 

0*7 

X. 

10*0 

0*096 

0 660 

157*5 

0*0614 

0*36 

0*96 

190 

150 

0*8 


It will be noticed that both S, and S.^ are nearly constant in the last six 
experiments. 

Where we have only pure AgCl or AgBr, the expressions Sj and 
S.^ are of no significance. But in the experiments, we are considering 
there actually exists a rather remarkable relation between components 
in the solid phase and those in the liquid phase ; hence, the following 
discussion seems to be permissible. 

The ratios of the absolute value of and to the solubility- 
products of AgCl and AgBr are represented in the table by A and B. 
It will be noticed that both A and B are nearly constant and also that 
the ratio A : B may roughy e assumed to be equal to unity. Though 
the absolute magnitudes of the former are of no importance, they 
however point out the following remarkable relation : 

, B Si ATofAgCl^ 

A ""S, ■”SP of AgBr 

As a matter of fact, the ratio of the two solubility-produots are : 

6-8 X 10-** 
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It will be seen in Table III, that the mean value of viz. 294 agrees 
remarkably with the above one in which the solubilities of AgCl and 
AgBr are taken from Theil.’ 

The magnitudes of the solubilities of the sparingly soluble salts, 
evidently, exert a significant influence upon the equilibrium which we 
are considering. 

Conclusions. 

I To explain the equilibrium in the fractional precipitation of 
AgCl and AgBr, it is not necessary to assume the existence of an Iso- 
morphoiis mixture of the two salts. It can be treated as a general 
case. 

II In fractional precipitation of two sparingly soluble salts, the 
tnore insoluble one exerts a greater influence, in the readjustment of 
the components in the solution and in the precipitate. 

III In Kiister’s experiments (X to XVI table TI) the concentra- 
tion of the halogens in the solution and the small quantity of AgNO« 
used are quite suitable for the more sparingly soluble component viz. 
Br' ion to manifest its influence in a definite and regular manner. 
Hence the ratio of Bromine to Chlorine in the precipitate alters in a 
definite way with regard to halogens in the solution. 


I ZtiU anorg, Ohem., 24:, (1900). 


SC^ME METALLIC AESENATES AND PHOSPHATES. 


Lilananda Gupta, M.Sc., 

Sir Rashbehari Ghosh Research Scholar, 

The aim of this paper is a comparative study of some of the 
metallic arsenates and phosphates. The comparison between these 
rests mainly on their mode of formation and composition. An attempt 
has also been made to examine closely one of their interesting physical 
properties, that is the molecular volumes of some of the arsenates and 
their water of crystallisation and a striking result has been obtained in 
this connection. 

As regards the arsenates, salts of eighteen different metals Co, Ni^ 
Mn, Zn, Hg, Mg, Cu, Pb, Bi, Sn, Ag, Gl, Fe, Or, U, Th, Ce and V have 
been studied. The arsenates are produced by two distinct methods. 
Firstly, by a double decomposition of a salt solution of one of the metals 
with a solution of a sodium arsenate NagHAsO^.crHgO, and second- 
ly, of a salt solution with the powdered insoluble calcium arsenate 
CaHAsO^.irH 0, in suspension in water. The former takes place in the 
cold and the latter in the boiling state, the salt whose arsenate is to be 
formed being kept in great excess in both cases. The chief point to 
note is that by these two simple reactions instead of obtaining one 
and the same arsenali^, products of different composition are often 
formed. 

As regards the phosphates, a similar investigation was made. 
Phosphates of only six metals were studied, viz. Co, Ni, Mn, U, Th and 
Ce. They were produced by the action of different metallic salts 
wdth sodium phosphate Na^HPO^.a^H^O and calcium phosphate 
Cag(P0Jjj.xH20. For the first two metals, the phosphates obtained by 
both the methods have been described, whereas for the last four, only 
the second method has been tried. Nickel and cobalt gave by both the 
methods one and the same salt, viz. N%(P0;^)j^.7H20 and Cog{Pd^)g.SH 30 
respectively. Mn, XJ, Th and Ce gave on the other hand, MUg (PO^)^. 
SH^O, UHPO, . ThPA-^H^G • andCeP 0 ^. 2 H 20 , respectively. It 
is to be noted here that the last three salts are exactly analogous to 



406 


SOME METALLIC ARSENATES AND PHOSPHATES. 


the corresponding arsenates UHAs0^,5H20, ThAsgO^.OET^O and CeAsO^. 
2H2O, obtained in a similar manner. 

The literature of arsenates and pliospliatevS is a vast one and well- 
known authors like Berzelius, Rose, Graham, Coloriano, Mitscherlic, 
Wittstein, Salkowski, Lefevers, etc., have worked in the field for more 
than a century. References to the known compounds are given in th(‘ 
practical portion of this paper along with the new ones described therC” 
in. To sum up, the following arsenates and phosphates have been 
mentioned: and Co_.,(P0^)2*8H20 ; 

Ni,(As0j2.8H,0 and Ni^CPOJ^.TH^O ; ZnJAsOJ^.^H.O and ZnHAsO,. 
3H2O ; Cu.fAsOJ^.eH^O ; Mg3(As0j2-8H,0 ; Cd.CAsOJ^-H.O and 

CdHAsO,; CeAs0,.2H20, CeAsO^.SH^O, and CePO,.2H20; Sn,(ABO,),. 
8H,0 ; Pe,(As0,)2.a;H20, and 4Fe20,.3As205.2lH20 ; Ag,{AsOJ ; 

Bi{AsOj, and Bi,(As20,)3 ; Hg.,(AsO,)2 and Hg, (AsO,)^ ; 5 Mn0.2As20,. 
5H2O, MnEAsO^.S^H^O and Mn,(P0,),.5H20; Cr^CAsOJ^-lOH^O and 
3Cr208-2As20,.28H20; tGlO.AsA-^H^O and 4G10.A8A-7HP ; 

A&fi,. 4 : 11,0 and 2V205.As,05.10H20 ; PbHAsO, and 3Pb0.2As20,, 
UHAsO^.dH^O, (U0,)HAs0,.liH,0 and UHP0,.5H20 ; ThAs^O.-BH^O 
and ThP^O^.BH^O. 

Having obtained normal arsenates of some of the metals with differ- 
ent amounts of water of crystallisation, e.g. Co3(A80^)2.6H20 and 
Co3(As 0J^.3B[20, and remembering that molecular volume of water of 
crystallisation of arsenates of heavy metals have not been studied, it 
occurred to me that there might be some interesting relation existing 
in the different molecular volumes of the water of crystallisation of these 
arsenates. With this view in mind the specific gravities of such 
arsenates both in the hydrated and the dehydrated states were deter- 
mined, whence the molecular volumes of each molecule of water of 
' crystallisation in them were calculated as will be noticed later on. 

Experimental. 

The Arsenates, 

Co3(As04)2.3Hp. 

About 12 gms. of cobalt chloride in 200 c.c. of water were treated 
with 3 gms, of calcium arsenate OaHAsO^ in suspension in 60 c.c. of 
water in^ the boiling state with constant stirring. A, r^pid reaction 
ensued and a very fine pink precipitate was formed. The whole mix- 
ture was kept boiling for half an hour and set aside overnight. It was 
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washed next day several times by decantation with hot water and 
finally washed on the pump free of chloride, etc. , and dried on a porous 
plate at the room temperature of 29°-30° for a day. The salt is in- 
soluble in water but dissolves in dilute acids. 

I. 0-2072 gave 0-0720 Co and 0-1262 Mg^As^O, CoO=44-63, 
.4sPs=45-13. 

The arsenate obtained above was boiled once more in a concentrat- 
ed solution of cobalt chloride for another ten minutes and washed 
and dried as before, 'Fhe second crop on analysis proved to be of the 
same composition. 

II. 0-3071 gave 0-1054 Co, and 0 1837 Mg^As^jO, and 0-4961 gave 
0-0569 H,0; CoO=43-69, AsA=44-2S, H,0=ll-46, Co,,(AsOJ,.3H20 
requires CoO=44-20, As.^Of,= 45- 1 8 H,,0=-10-62. 

Co,(As(),),,6H,0. 

To about 15 gms. of cobalt chloride in 250 c.c. of water in the cold 
were added in a thin stream 10 gms. of Na,jHAsO,^ in 50 c.c. of water. 
The precipitate obtained was washed with cold water, and dried on a 
porous plate at the Temperature of 30°c. for two days. 

I. 0-4051 gave 0-1280 Co, and 0-2206 MgjjAs,jO, ;—CoO— 40-17, 
As,0„=40-29.. 

II. 0-3139 gave 0-0974 Co, and 0 7168 gave O 1419 HjO CoO= 
39-58, Hj(0 = 19-74 ; CO;,(A80Jj.6H40 requires CoO=39-96, A,s,^0b = 40- 86 
H 0=19-19. * 

Ni,(AsO,),.8H,0. 

A salt of the above oompo.sition was obtained by the methods 
described above. By the “ CaHA80.^ ’’-method, 0-3705 gave 0-1360 
NiO, and 0 1906 Mg^jAs^jO^ Ni0=36-70, A84O5=38-08. 

By the “ NaH AsOj. ’’-method, 0-3226 gave 0-1199 NiO and 0-1675 
Mg4As,jO,.NiO=37-17, ASjOj— 38-43 ; Ni 3 (As 04 ,)a. 8 H.j ,0 requires Co0«== 
37-46, As,Oj==38-4f> HjO=24-10.t 

6MnO.2AS2Oj.5Hp. 

20-25 gms. of manganese chloride were dissolved in 160 c.c. of water 
to which 5 gms. of calcium arsenate in 100 c.c. of water were added 
slowly in the boiling state. The subsequent details were as noted in 

• Co«(A80d4-8HjO : Kargten {Fog?. .< 4 »m. en. 286 ). 

t Nh {A80*)4.2Hg0 i Coloriano (Bull. Soc. Ohtm. 49, 24). 
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the preceding. The salt was dried at 27'6°C. for a day. It has very 
faint pink colour and dissolves in dilute acids. The probable reactions 
are ; — 

CoHAsO*+ MnCl,=MnHAsO,+CoClj, 5MnHAs0,+ 6H20=r,Mn0, 

2 As* 05 . 6 Hj 0 + H^AsO^-f-H^O. 

I. 0-400 gave 0-3219 Mn^PjO, and 0 2767 ASjjOb ;—MnO=40-20^ 
A8*05=51-25. 

II. 0-2357 gave 0 1920 Mn^Pp, and 0 1576 As.,S M:nO=40-66, 
A8P,=49-61. 

A second crop was produced by boiling the first with a concentrat- 
ed solution of manganese chloride. The composition remained cons- 
tant as was the case with Coj (AsO^lj.SHjO. 

0-3466 gave 0-2758 Mn^Pp, and 0-2324 As^S^ MnO==39-S7; ASjO,, 
=49-82. 5M;n0.2AsP5 . 6H.P requires MnO=39-22 ; AsPj==60-82. 

Coloriano obtained the above salt by the action of NajHAsO^ on a 
manganese salt in solution and by boiling the salt formed in water. 

MnHAsO,.3^H.p. 

This arsenate was produced by the interaction of a solution of 
Na.jHA80j, and MnCl.j (7 : 20) in the cold. 

I. 0-4216 gave 0-2470 Mnp.P7 and 0-2446 As^ Mn=22-67 ; 
A80.j=61-98. 

II. 0-5491 gave 0 3078 Mn.,Pp, and 0-3261 As^^ Mn=21.67; 
A80^=53-02. Calculated for MnHAsO,.3JH,0 ; Mn==21-31 ; AsO*= 
63-8. 

Zn3{A80.^)j.3H.p. 

About 24 gms. of zinc chloride were dissolved in 150 c.c. of water 
just acidified with hydrochloric acid. To this solution were added 
6 gms. of calcium arsenate in the usual manner. 

I. 0-3656 gave 0-3610 Zn(MH,)PO, and 0-2026 As^j ZnO= 
46-29, AaP5=42-21. 

II. 0-2815 gave 0-2880 Zn(NH^)PO^ and 0-1620 As^j and 0-3261 
gave 0-0336 H.O ZnO=48-65; AsP5=42-64; Hp=10-30.Zn3(AsO,),j. 
3Hp requirers ZnO=46-21 ; A3P5=43-66; Hp=10-23. 

ZnHAsO^.SHp. 

A. salt of the above composition was produced by bringing together 
a solution of sodium hydrogen arsenate and zinc chloride (8 : 20) in 
.the cold. 
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I. 0*2131 gave 0*1470 Zn(NHjPO, and 0*1283 As, Zn=25-26; 
A80,= 63*9. 

II. 0*2883 gave 0*2003 Zn(NHJPO^ and 0*1734 As^S^ ;->~Zn= 
25*44; AsO^=53*86. ZnHAs0^.3H.p requires Zn=25*19; AsO^= 
63*66H,0=21-24.* 

4Fe,0,.3As,05.2lH,0. 

This arsenate was produced by the action of calcium arsenate on 
a solution of ferric chloride^ the proportions being 1 : 6. The other 
details were exactly as described before. It was tried on a porous plate 
at 23^-25° C. for four days. 

I. 0-2239 gave 0*0815 Fe.O.^ and 0-1210 As, ;—Pe., 08=36*41; 
A8^05=40*05. 

II. 0-3699 gave 0*1348 Pe,0.^ Fe,03=36*44. 4 Pe 203 . . 

21H,0 requires Fe, 0^=37* 52 ; As,O5=40*39; H,O=22-09. 

Fe,(As0J,.a;H20. 

A solution of ferric chloride containing 24 gms. of the salt in 15 
c.o. of water was treated in the cold with a solution of 10 gms. of sodium 
hydrogen arsenate in 100 c.c. of water. A gelatinous creamy white 
mass was obtained which dissolved in excess of ferric chloride solution. 
By adding the whole of the arsenate solution to the ferric salt a product 
was finally produced. It was set aside overnight, after which it was 
washed and dried for five days at 24*^ — 25® C. 

Under ordinary atmospheric conditions it was found to be ex- 
tremely efflorescent. A salt of constant weight was however obtained 
by keeping the same over concentrated sulphuric acid in a dessicator 
for a long time. 

0*4283 gave 0*1772 and 0*3393 As,Sg Feg08=41*38 ; As^O^ 
=58*70. Fe^(AsO^), requires Fe.P3=41*03; As,Og=58*97. f 

3Cr/)3.2A8,Og.28H^O. 

This was produced by the action of calcium arsenate on a solution 
of chromic chloride, in the usual manner. 

* An arsenate Zn 3 (As 04 ,)£. 3 H 20 is described by Kofctig {J, Frahk Chem* 48, 182). 
Bebray also mentions of ZnHAs 04 .H £0 {Bull. Soc, CHem, {2), 14), 

t An acid arsenate 2 Fe£(HAs 04 )g. 9 H 20 ob^ined as a white precipitate by adding 
to asolmtion of ferric chloride is described by Boscoe of Ohenmtry 

19131 Vol. Tl, 1246.) 
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The salt has a fine deep green colour and dissolves in moderately 
strong hydrochloric acid. 

I. 0-2603 gave 0-0832 Ci-jO. and 0-1123 As^S^ Crj 03=31-96 ; 
AsA=31-96. 

II. 0-2593 gave 0 0832 CrA and 0-1164 As^B^ Cr2O8=32-08 ; 
ASjOj==32-98. 

SCr^Oj, . 2A850 j. 28 Hj 0 requires Cr^O.^- 32- 34; ABjO^ = 32-68 ; H^Oj 
=35-08. 

Crj(AsO,).,.10H.p. 

This arsenate was obtained by bringing together a concentrated 
solution of chromic chloride with a solution of sodium hydrogen 
arsenate. 

I. 0-3828 gave 0-2117 As^S, ; and 0-1043 CrjO;, ; — A8jOj=40'98 ; 
Cr203==27-24. 

II. 0-2867 gave 0-1662 AsjSj and 0-0770 Cr^O.^ As/)^=40-36 ; 
CrA=26-86. 

Cr2(A8OJj.l0HjO requires As^05==40-92 ; Cr(jO3==27-04; HjO= 

32-04. 

During the estimation of water of hydration of the salt it was 
noticed that the substance began to give off water from 106° C. the 
dehydration was perfomed at 170°C. and it was found that at this tem- 
perature the salt lost only 8 out of 10 mols. of water of crystallisation. 

I. 0-3950 gave 0 0965 H,0 Hp=24-43. 

II. 0-3661 gave 0-0890 H^O H,0=24-31. 

(!rj(As04,)j.8H40 requires H20=24-51.* 

4BeO.A8,05.9H^O. 

About 4 gms. of Beryllium oxide were just dissolved in dilute 
hydrochloric acid and the barely acid solution made up to 160 o.c. 
This was treated in the boiling state with about 3 gms. of CaHAsO* in 
the usual manner. A fine white precipitate was obtained, which was 
washed and dried, 

I. 0-3231 gave 0-0649 BeO and 0-2008 ASjSj :-—BeO= 20- 05; 
ASj05=45’99. 

• No normal arsenate of the type CrjCAsO^) j . rHjjO is known. The oorr^;K>ndi^g 
phosphate CralPOA-j . 12HjO -however is mentioned by Rammelsberg {Pogg. Atm. 68, 
,-183); Etard (C. 1?., 84, 1091). 
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IL 0-53 18 gave 0-1052 G!0 and 0-3338 As.S^ BeO=19-78; As.O^ 
= 46-50. 

4 Be 0 .A 8 ,^ 05 . 9 H^ 0 requires BeO=-20-32; As2O5=40-74. 
4Be0.As,0„.7H,0. 

This salt was obtained by treating 3 gms. of Beryllium oxide in 
h 3 ''drochlr>ric acid solution and 3 gms. of Na^HAsO^ solution in the cold. 

0-2861 gave 0-0599 BeO and 0-1907 As^S^ BeO=20-93 ; ASjOg^ 
51-71. 

4BeO.As^Os.7H/) requires BoO=21-92 ; AsjO5=50-43. 
Cu,(As0Jj[.6H20. 

28 grm.s. of cupric chloride in 300 c.c. of water was treated in the 
boiling state with 5 gms, of CaH.AisOj . The product was dried for two 
days at 22°-23° C. The salt is blue. 

0 4262 gave 0-2272 Mg, As/), and 0-1764 Cu,S; -Aaj;0,,=39-47 ; 

CuO=41-37. 

Cuj,(AsOjjj- SHjO requires A8jj05=39-93 ; — CiiO— 41-31 j HjO= 

18-70. 

The salt gave up water from 106° C, onwards. When the drying 
-was performed at 180° C. it gave up water corresponding to 3B[^0 and 
not to 6H,0. When submitted to a higher temperature of 210° 0. no 
/urther setting free of water of hydration was noticed. 

0-3117 gave 0 0340 H,0 ;—H, 0=10-91. 

CUj,(As0/2.3H,0 requires H,0=9-38. 

By treating a solution of cupric chloride with NaiH.‘V80.^ solution 
(8:5), an arsenate of the same composition was obtained. This also 
gave up only 3H,0 out of it 6HjO. 

0-3600 gave 0-1922 Mg^As^O, and 0'1478 Cu^^S and 0-4397 gave 
0-0483 H,0 at 180° C;— As, 05=39-62; 0uO=41-04; H, 0=10-98.* 

Ag^CAsOJ. 

Silver arsenate of the above composition was produced by both 
the CaHAsO*” and the “ NajHAsO* ’'-method. It has a chocolate 

colour, f 

♦ Coloriano memtioris of tb© srsenat© Ag 04 )£. 4E|G 10 $, 27S). 

t Joly 103 , 1071 ) obtained the same sale by tb© addifioa of arsenie aoid oir an 
aiJiali awenat© to a ailvoif nitrate solution. 

0 27 
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Hg3(As04)ji. 

About 20 gms. of morcuric nitrate were just dissolved in nitric acid 
and the solution made up to 200 c.c. This was made to react with 5 
gms. of CaHAsO^ in the boiling state. A heavy pale yellow precipitate 
was formed which was washed and dried as usual. 

I. 0*3618 gave 0*2860 HgS Hg=68*37. 

II. 0*4385 gave 0*3460 HgS ; - Hg=68*01. 

Hg,^(AsOJ^ requires Hg=68*37. * 

HgCAsO,,)^. 

This was produced by bringing together a solutian of 20 gms. of 
HgNO, in nitric acid with a solution of Na^HAsO^ in the cold. The 
heavy yellowish white precipitate was kept aside for five hours, and 
finally washed and dried as usual. 

The salt contained no water of crystallisation and proved to be 
stable even at 180° C. 

Simon (Pogg. Ant}., 41, 424) prepared the corresponding mer- 
curous salt Hg,;(AsO,),i in the following manner. He first obtained the 
salt Hg,jHAsO+ by the interaction of an excess of arsenic acid and mer- 
curous nitrate. By adding an excess of H;^AsO*t.o the salt HgjH(AsO,,), 
and on evaporating the mixture HgjfAsOj,)^ was produced as a white 
powder. 

The formation the salt can be explained thus — 

2 HgNO, f H,AsO,=HgjRAsO* -H 2 HNO 3 . 

Hg,^HAsO^-(-H.^AsO^=Hg,j (AsOj),j-i-2HiO.) 

A similar explanation might be offered for the formation of 

Hg(AsOaVj. 

HgiNO,)^ -b Na,HAsO*=HgHAsO^+ 2NaN08. 

HgHAsO,-bNa,HAsO,-l- 2 HNOs=Hg(AsOJ,-b 2XaN0j + 2H,0. 

3Pb0.2As405. 

This was obtained by the action of CaHAsO* on a just acid solu- 
tion of lead nitrate (4 : 10). 

I. 0-4960 gave 0-4011 PbSO^;—PbO=59-.60, 

II. 0-3810 gave 0-3061 PbSO*;— PbO=69-12. 

3Pb0.2AsPj requires PbO = 59-26. 

* The mercuroiif* snifc. (Hgi2)i{(Ae042 exists Colorieeo (O 103^ 27$). The emf^- 
ponding phosphate Hgs(F 04).2 said to be obtained by adciing 2 ^ 8 . 2 HPOj.t 0 a 
a<ad solution of Hg^KO^) (Haack, Chemimhes CerdmlUatt, 2, 736 [1890JJ, 
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PbHAsO,. 

This acid arsenate was the result of the interaction NaJIAsO^ 
with a barely acid solution of lead nitrate (8 : 16). 

0- 3270 gave 0-2874 PbSO.j, and 0-1474 As^Sj -PbO=04-69 ; 
As., 0^=33-47. 

PbHAsO^ requires PbO==04-29; A8,0|;=33-13. 

BiAsO,. 

The above bismuth salt was obtained by bringing together a just 
acid solution of bismuth nitrate and CaHAsOj in the usual manner. 

I. 0-6601 gave 0-4950 Bi,S, ;—Bi = 60-92. 

II. 0-3618 gave 0-2699 Bi,S;, ;—Bi = 60-49. 

BiAsO^ requires Bi=59-95. 

Scheider [./. praJct. Chem., (2) 20, 418] and Salkowsky [Ibid, .104, 
129] obtained BiAsO.^. 111,0 by the interaction of arsenic acid on an 
acid solution of bismuth nitrate. 

Compound --Bi.j( As., 0,)j. 

This -was produced by treating a solution of bismuth nitrate and 
Na^HAsO,. in presence of nitric acid (8: 7). 

I. 0-2853 gave 0 1 960 Bi A Bi=»55-54. 

II. 0-3264 gave 0-2201 Bi^S.., ;--Bi=64-80. 

B4(As, 0.,)3 requires Bi-^53-66. 

Cd,(A80j.,.H,0. 

This arsenate was the result of the interaction CaHAsO* with 
cadmium chloride (6:20) in the usual way. 

0*5196 gave 0-3163 CdO, and 0-2027 As,Sj ; — CdO^OO-S? ; As,0g«=«» 
36*44. 

1- 0480 gave 0-0246 H,0 at 190“ C;— H,0-=2*46. Cd^CAsO*), . H,0 
requires CdO=60- 75; As,Oi=36*39 B[,0=«2'86. 

CdHAsO*. 

The above salt was obtained by treating a solution of cadium 
chloride with Na^HAsO*. 

0*5964 gave 0*3060 CdO, and 0*2931 As,S, j — Gd“44*99 ; AsO*=»»» 

mm. * 

(MHAsO^ requires Cd==»44* 62; A80*«=a66*38. 
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Salkowaski obtained the salt Cd 3 (AsO^)j. SH^O by the interaction 
of NajjHAsO^ on CdClj solution and not the salt CdHAsO^. It is prob- 
able that the reactions proceed thus Na^jHAsO^-l-CdClj^CdHAsO^-f 
2NaC1.3CdHAsO^ — > Cd8(AsO,),+ SHjAsO^. 

Mg,(As0,),.8H,0. 

This was obtained by the interaction Na.jHAsO^ with magnesium 
chloride, the proportions being 6: 10, 

0 3982 gave 0-2691 and 0 2497 As^Sj. 

0-7081 gave 0-2032 H,0 at 192°C. MgO=24-47 ; As.p5=46-46 ; 
H,0=28-69. 

Mg.,(AsO^)2. 8H2O requires MgO=24-44; ASj05=46-46 ; HjO=29. 
Sn3(As0,),.8TT,0. 

The above stannic arsenate was obtained by bringing together a 
solution of stahuous chloride containing 15 gms. of the salt and 5 gms. 
of CaHAsO,^ in the boiling state. 

I. 0-3388 gave 0-1946 SnO^; and 0 1508 As.^S5 ; — SnOj=67-44; 
AsjjOj=32-98. 

II. 0-318 gave 0-1824 SnOj and 01408 

0.6933 gave 0-0674 H,0 at 180° C. SnO,=57-33 ; As.,Oj= 
32-79; HiO=972. 

Sn5(A80J^.8H20 requires Sh02=57’28; Asj05=32 53HjO=10-19. Of. 
Sn3(As04)4.6Hj0 ; Williams {Proc. Ghem. Soc., Manchester, 15, 67). 

ThA 8 j 07 . 6 H^ 0 . 

8 gms. of thorium nitrate were dissolved in 150 c.c. of water. To 
this were added 3 gms. CaHAsO^ in the usual way. 

The formation of the salt can be represented thus : — 

ThlNOj),-!- CaH AsO*=Th(HAsOJa-f- 2(Ja(N03),. 

Th(HAsOJj^ — ^ThAsjO^-l-HgO.. 

I. 0-2642 gave 01105 ThO^and 0 1306 Mg^^As^^ Th04==43-37 ; 
ASjO6=38-03. 

II. 0-3350 gave 0 1460 ThO^ and 0-1720 As^Sj ThO^=43-29 ; 
As.P5=38-05. 

ThAs^O,. 6H^O requires ThOi=43'85; As^05=38 25. 

No pyroarsenate of thorium seems to exist, deve mentions of the 
corresponding phosphate -ThPjO,,.2H,jO. 
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UHAsO,.6Hp. 

This salt was produced by treating a solution of uranium acetate 
with calcium hydrogen arsenate in the boiling state ( 6 : 3). 

I. 0-4004 gave O' 1308 As^Sg and 0-2385 UgOg AsO,,==29 85; U= 
60-53. 

II. 0-3850 gave 0-1266 As.^,S 5 and 0 2301 ; — AsO^=29-45; 

U=50-69. 

UHAsO^^.SHjO requires AsO^=29-72; XJ=50-85. 

(U0.,)HAs0,.liH20. 

The above salt was obtained by adding a solution of TSTa^HAsO^ to 
a solution of uranium acetate. It is slightly soluble in water. 

I. 0-2741 gave 0-1675 UO, and 01011 As^Sg ;—UO^= 60-96 ; 
AsO,=33-04. 

II. 0-2116 gave 0 1283 UO.^;— UO,,= 60-43. 

(UOJHAsO^.lJH^O requires U02=60-58; AsOj.=33-42. 

Ebelmen describes (UO 2 )HAs 0 ^. 4 HjO [Ann. ckem. Phys., (3), 5, 220]. 

5V2Og.AS2Og.4H2O. 

A solution of vanadium chloride containing 6 gms. of the salt in 
150 c.c. of water was treated with 3 gms. of OaHAsO^ in the boiling 
state. A rapid reaction took place and a pale violet flooculent precipi- 
tate was at first obtained which on prolonged boiling assumed a fine 
granular structure. The final product dried on a porous plate was 
of green colour. This was once more treated with a boiling solution 
of fairly concentrated vanadium chloride solution and washed and dried 
as usual. 

I. 0-3031 gave 0-0626 AsjSg and 12-4 c.c. N/5 KMnO* were used 
up in the titration of the vanadium,- — As2Og=19-30; V2O5==74-09. 

II. 0-1770 gave 0 0326 AS 2 S,, and 28-82 c.c. IST/g, KMnO^ were used 
up in titrating the vanadium; — As20g=19-32; V 205 = 75-02. SVjOg. 
A 82 O 5 . 5 H 2 O requires As, 205 = 18- 97; V 2 O 5=75 08; H20=5-96. 

2V2Og.AS2Og.lOH.2O. 

This compound was obtained by the interaction of vanadium chlo- 
ride with sodium arsenate in the cold. 

The final product was green and was found to be very slightly 
soluble in water. 
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I. 0-2024 gave 0-0629 As^S.^ and 20-92 c.c. ]Sr/.^,| KMnO^ were used 
up in the titration of the vanadium; — As.^O5==29-03 ; ¥^0^=47-13. 

II. 0-4712 gave 0-1458 As.^S., and 48-8 c.c. of KMnC).j -were 
used up in the titration of the vanadium ; — As.^Of,=28-89 ; V.^O|,=47-21. 
2 V.j 0 ^.As ^05 lOHjO requires As^Oj=29-71; VjO^=47-02; H^O=23-29. 

The compound ASjjO5.V,jO5.10H,^O also called arsenovanadic acid 
is said to be obtained -when V.jO,, is heated with arsenic acid. It forms 
yellow crystals. 

It therefore appears that the above two compounds are quite 
different products. 

CeAsO,.2H,0. 

This salt was produced by treating 5 gms. of cerium nitrate with 
2 gms. of CaHAsO.^ in the usual manner. 

I. 0-3339 gave 0-1808 CeO^ and 0-1626 Mg, As^O, ;—Ce== 43-98 ; 
AsO*==43-91. 

II. 0-2652 gave 0-1435 CeOj and 0-1304 As^S^ Ce=44-04 ; AsO^ 
=44-03. 

CeAs0^.2HjO requires Ce= 44 30 ; As0.j=43-99 ; H., 0=1 1-71. 

CeAsO,.6HjO. 

This arsenate was obtained by adding a solution of NajHAsO^ to 
cerium nitrate in the cold (5:3). 

I. 0-2981 gave 0 1376 CeO, and 0-1256 Mg.As^O^ Ce=37-68; 
AsO^=37-67. 

II. 0-3854 gave 0-1792 CeOj, and 0-1626 As,Ss Ce=37-84 ; AsO* 
=37-67. 

CeA80^.6H.,0 requires Ce=37-94; AsO,=36-66; H, 0= 24-40. 

Recent literature points to ceric salts Co(H4A80,)(,.4HjO, 
Ce(HAsOj.).,6H,,0. Barbieri and Calzolari {Ber., 1910, 43, 2214), The 
corresponding phosphate CePO+. 211,0 is however mentioned by Jolin 
and Harley {T-CS., 1882, 23, 4120). 

Experimental. 

Th& Phosphates ; — 

Co„(POj, . 8H,0. 

The above normal cobalt phosphate was obtained by treating a 
solution of cobalt chloride containing 16 gms. of the salt in 260 e.o. of 
water with 6 gms. of calcium phosphate in the boiling state. 
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0^423 gave 0-1923 Co ; and 0-1917 Mg^P^O^ ;—Co0=45-50 ; P405= 
28-66. 

Co, ,(PO,)2.8Hp requires CoO=45-63 ; P, 05=28-80; H,jO=25-57. 

A salt of the same composition was also produced by the interac- 
tion of NaJIPO.^ with cobalt chloride solution. 

0-4580 gave 0-2034 Co; 0-2058 Mg,P,OT CoO=45-50 ; P.i05= 
28-66. 

When this salt was dehydrated at 180° 0. it gave up 6 out of its 
8 molecules of water. 

0-4703 gave 0 0943 H.,0 H,20= 19-8. 

That the salt was dehydrated so far was further verified by 
analysis. 

0-3681 gave 0 1622 CoO and 0-2071 Mg^P.^O, Co0=56-03 ; 
P,05=35-84. 

COjtPO,)^. 2H,0 requires CoO=55-83; P,05=35-25 ; 11,^0=8-92.* 

Ni5(P0J,.7H,0. 

An arsenate of the above composition was obtained by both the 
methods described in this paper, f 

Mn5(P0,),.5H,0. 

This salt was produced by bringing together a solution of manga’ 
nese chloride and calcium phosphate (12 : 8). 

I. 0-3391 gave 0 1680 Mg.P^^O, and 0 3229 MnP,j07 PA= 
31'61; MnO = 47-5S. 

II. 0-3801 gave 0-1898 Mg,jP,jO.,;—P A= 3 1:85. 

Mn5(P0j.,.5H,0 requires MaO=47-87 ; P,Oj=31-91 ; H,0= 20-22. 

Normal orthophosphates of the type Mn^ (PCj^j-icH^O are said to 
exist with 14, 9, 6 and 3 molecules of water of crystallisation. J 

UHPO*.5H,0. 

This was obtained in a manner similar to the preparation of the 
salt UHAsO,. 6H,0. 

CosCPOih- SH-iO. Regnose 705) ; Debray [Ann chm. Phrjt., (3) 61, 43Sy 

f Ram mehberg, (Foyg. 4 SSI). 

t Friend, Inorganic Okemistrif, VUl . 
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0-6103 gave 0-3368 and 0-1315 Mg,PA U==55-97; PO,= 
21-99. 

UHP0,.5H20 requires XJ==56-23; PO,= 22-35; H, 0=21-42. 
Cf.XJHPO^.HjO Rammelsberg (Pogg. Ann., 59, 1). 

ThP20,.6H^0. 

This pyrophosphate was formed exactly like ThAs^O,.6H.^O. 

0-4888 gave 0-2506 ThO^ and 0-2091 Mg, P, 0, ;—rhO, =51-36 ; 
P^06=27-63; ThP, 07 . 6 H ,0 requires ThO,=61-36; PA=27-63, 

H,O=21-01. 

CePO,.2H,0. 

The mode of formation was like that of the ar-senate, CeAsO^. 
2H,0. 

0-4489 gave 0-2837 CeO, and 0 1867 Mg,P,0, Ce = 51-4r); P0^-= 
35-30; CeP0^.2H,0 requires Ce=51-C6; P0^=3r)06; H,()=13-28- 
Hartley (T.C.8. — 41, 202, 188-2) is said to have obtained the same salt 
by double decomposition between a cerou.s salt and an alkali phosphate 
or phosphoric acid. 

Molecular Volumes of Arsenates and their water of Crystallisation. 

Determinalion of densities. The Densities of the arsenates with 
respect to water have been determined at the laboratory temperatures 
in toluene with a specific gravity bottle. The air in the interstices of 
the salts was removed by placing the sp. gravity bottle together with 
the salt and toluene in a vacuum. In the following table the densities 
and molecular volumes of the hydrated salts are given ; — 

Table I. 



Salts. 

Density. Mol Vol8.= ~— 

Density 

1. 

C03(As0,),.3H,0 

4 262 

119-40 

2. 

Co,(A8O,),.0H,O 

3-116 

180-68 

3. 

Nij(AsOj,.8H,0 ■ 

2-879 

214-67 

4. 

Zn3(As0,),.3H,0 

6 260 

100 19 

5. 

Cr,(AsO,),.10H,O. 

3-294 

170-60 

6, 

Cu,(AsOJ,.6H,0 

3-861 

146-82 

7. 

Cd,(AsO,),.H,0 

4 099 

164 42 

8. 

Mgj,(As0*)2,8H,0 

1-711 

289-30 

9. 

Sn 3 (As 04 )i. 8 H ,0 

3-442 

307-08 
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The above salts were dehydrated and the densities determined 
similarly, whence their molecular volumes were ascertained. It is 
however to be pointed out , that temperature conditions of the experi- 
ments permitted only the removal of eight and three molecules of 
water from Cr^ (AsO^)^.lOH^O and Cu.^ (As 0 ^)^. 6 H 20 respectively. 


Table II. 



Salts. 

Density. 

Mol. Volumes. 

1 . 

Co,^(AsOjj 

4 986 

91*25 

2 . 

Co.,(AsOJ,j 

4-844 

93*93 

3. 

Ni,(AsO,), 

5-6S7 

79*83 

L 

Zn„(A 80 i)j 

6-683 

7080 

5. 

Ci-’(As0,),.2.H,0 

6-770 

5641 

6 . 

Cu.,(As0,)j.3H.,0 

3-916 

119-50 

7. 

Cd,(AsO,),. 

4 237 

U5-14 

8 . 

Mg,(AsO,), 

2-231 

157*32 

9. 

Sn,,(AsOJi. 

4-413 

206*88 


Subtiacting the molecular volume of the dehydrated salt from the 

corresponding hydrated salt and dividing the result by the number of 

water molecules in the same the molecular volume of one molecule of 

water of crystallisation of the salt is obtained. The following table is 

given for illustration : — 

^ Table III. 




M.V. of 
hydrated salts. 

M.V. of 

M.V. of water 


Salts. 

dehydrated 

salts. 

of crystallisa- 
tion. 

1 . 

Co,(AsO,)/3H,0 

119-40 

91-25 

9-38 

2 . 

Co,(A 80 ,), 6 H ,0 

180-68 

93-93 

14-46 

3. 

Ni;(AsO,),- 8 H ,0 

214-69 

79-83 

16-85 


Zn,(AsOj,-3H,0 

100-19 

70.-80 

9-79 

5. 

Ci-,(AsO,),'8H,0 

170-60 

56-41 

14-27 

6 . 

Cu,(AsO*),-3H,0 

146-82 

119-60 

9-10 

7. 

Cd,(A 80 ,) 4 -H ,0 

151-42 

145-14 

9-28 

8 . 

Mg 3 (As 0 Ji- 8 H 20 

2&9-30 

167-32 

16-49 

9. 

Sn/AsOJ^- 8 HjO 

307-08 

206-88" 

12-62 



Remarks. 



The above table exhibits many points 

of interest. 

It is remakable 


that the molecular volume of the water of crystallisation of the salts 
Co,(As 0 ,)i. 6 H, 0 , Cr,(A90j,.8H^0, and Mg^CAsOJ*. 

8 H 4 O are almost the same and vary within two imits. The stannic 
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arsenate Sn,^(AsOj 5 . 8 H^O however has for the molecular volume of the 
water of hydration the value 12-52^ and thus does not agree with the 
foregoing. On the contrary, it is striking indeed that the salts C 03 
(AsO^)^. 3H^O, Zn 3 (AsOJ^. 3 H^O and Cn 3 {A?OJ^ — all possessing 

three molecules of water should have for their molecular volume of 
the water of hydration the values 9*38, 9*79, and 9*10 respectively- 
differing from one another within a few tenths of a unit. One should 
not overlook the difference between the molecular volume of the water 
of hydrations of the salts Co 3 (AsO 4 ), 2 . 6 H ^0 and Co./.AsO^l^.SH^O. It 
has been said that the property of molecular volume of the water of 
crystallisation is additive. Although 14 46 and 9*36 are not as 2 : 1 . 
It is to be noted that molecular volume of the water of crystalliza- 
tion of the salt Cd 3 (As 0 ^).^.H 20 is 9*28. 

In this connection the work of Kopp on the molecular volumes 
should be '"mentioned. He makes the general conclusion that in the 
substances containing only a small number of water molecules (I — 3) 
the molecular volume of the water of crystallization is 12 4 ; in others 
containing a larger number (2-7) it is 13*4, whereas a third class con- 
taining the largest number its mean value is 15*3. 

If Kopp’s generalisation is accepted we can account for the equal 
molecular volume of water of crystallisation of Gd 3 (As 04 )^.H 20 ; C 03 
(AsO,) 2 . 3 H^O, Zn,{As0^\.3E.,0 and Cu^lAsOj, 3H,0— the first of 
these is monohydrated whereas the rest are trihydrated. Also we 
have the general value for the molecular volume of the water of 
hydration for the arsenates described above a mean value of 9 and a 
mean value of 15*5 for those containing ( 6 - 8 ) molecules of water of 
hydration. 

Attention must also be drawn to the work of Thorpe’*' on certain 
sulphates According to him the difference between the molecular 
volumes of the monohydrate salt and the dihydrate salt is 13*3, 
between the dihydrate and the trihydrate 14*5, between the trihy- 
drate, and the tetrahydrate 15*4 and between the hexahydrate and 
the heptahydrate 16*2. The first molecule of water which h© calls the 
constitutional water occupies a volume equal to 10*7 These observar 
tions of Thorpe are in * complete haimony with those recorded by 
Kopp. On the contrary the values for the molecular volumes of the 


♦ T:, 1880, $7, iOl. 
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water oi crystallisation \A nitrates nitrites and hysonitrites of the 
alkali and alkaline earth metals by Ray and De* do not agree with the 
results obtained by Thorpe and Kopp. Thus they obtain for the 
hyponitrites of Ca^ Sr and Ba, the molecular volume of the water 
of crystallisation respectively as 13 56; 10 55 and 1T8S. 

The results of Thorpe go to show that the molecular volume 
changes from hydrate to hydrate and that it is more or less an additive 
property, f 

Subsequent researches have indicated that Kopp^s conclusions re- 
garding the molecular volumes must be slightly modified. Thus Schifi 
many years ago showed that the members of certain hydrated salts 
have practically the same molecular volume. He has also shown that 
all the alums have a molecular volume of about 277, double sulphates 
of the form (SOJ^.OH^O have a common molecular volume of 

207 and all the vitriols, i.e. salts of the form whether 

isomorphous or not, have the molecular volume 146. 

From all that has been said above it is very difficult to draw a 
hard and fast rule regarding the molecular volume of the water of 
crystallisation of salts. Taking into consideration all the works carried 
on in this branch of investigation one can say this much that a distinct 
general rule holds when the molecular volumes of the water of crystalli- 
sation of the same class of salts is taken into consideration. Thus a 
particular regularity is noticeable in the molecular volumes of the 
water of hydration in the sulphates, nitrates, double sulphates, car- 
bonates, etc. In what little has been said about the molecular 
volumes of the water of cryKStallisabion of the arsenates a similar 
generalisation is maintained. 

The study of molecular volumes of salts in Inorganic Chemistry 
has been up to date very scanty. A wider knowledge is called for to 
clear up various anomalies and to establish a more thorough generali- 
sation. The little that has been achieved with regard to the molecular 
volumes of the arsenates in this paper speaks in favour of the results 
of the previous workers. Future investigation might throw more light. 

In conclusion I beg to acknowledge my bestthanks to SirP. C. Ray, 
Dr. P. C. Mitter, and Rev. Father J. van Neste, for occasional help and 
encouragement during the course of this work. 


* T., 1908, 93, 097, 1909, 9o, GO; and 1916,109, 
t 2*,, 57, 102, 1880. 



ON THE MOBIUS SURFACE AND CONE OF THE 
FOURTH DEGREE. 


Manmatita Nath Ray, M.A., B.L., 

Premchand Roychand Student, 

The Mobius Surface and Cone of the fourth degree are the simpl- 
est [pitch ^ = 1] of one of the two types of Mobius Surfaces and 
Cones.* At the suggestion of my Professor, Dr. C. E. Cullis, who has 
investigated the properties of the Surface and Cone of the third 
degree, t the simplest of the other type, I have attempted to investigate 
the properties of the Surface and Cone of the fourth degree. 

1. M5BIUS Surface of the Fourth Degree. 

It is the skew surface or scroll generated by straight lines whose 
equations in terms of a parametric angle 0 are 

X — (/cos^ y — asin^ z 
cos^tj' ~ sia^cosf^ ” sin(9 

It is the surface of type m even, whose pitch -^=1 {m=2, n=l], the 

general Mobius Surface having for its generators 

a;— acos^ y — asmO z 

cos^ cos — 0 BinO cos— 9 &m^9 

2n 2n 2n 

By eliminating 0, we get for the Cartesian equation of the surface of 
the fourth degree 

•\-y^-2axyz—o;y^ — 0 

We shall call this equation, </> (x, y,z,a)^0 

The surface may be generated by lfetraight line which interseots the 
circle z=0, a;’ ■¥y^ = o?‘, and moves so that the angle made by its projec- 
tion on the plane of the circle with the ^itial radius is equal to the, 

* Dr. C. E. Cullis, ** On the Equations of the Mobius Surface of ^ pitches,” 
BtdleUn of the Calcutta Mathematical Society ^ VoL I, pp. 163-180, 245-204. 

t Dr. C. E. Cullis, On a certain Cubic Surface called the M5bius Surface BullO’ 

■ Un of the Calcutta Mathematical Society , VoL I, pp. 9-30, 83-98. 
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angl.e which ifc makes with the same projection (Fig. I). /P is a 
generator. In vectors, the equation of the General Mobius Surface is 

Tib 

P = (a COS i sin 0 {a u) -h y. u tan — t 

iLn 

where y are rectangular unit vectors; t,u are scalar parameters; 

a, ~ are constants. 

2n 

7Tt* 

For the surface of the fourth degree, ~ = 1 


2. Singularities. Double Lines on the Surface. 


The double points are given by 
pectively 


^, = 0 PJ 

dx ' dij 


= 0 , 


2x {y^ — z^) ~ 2ayz = 0 
2x^y + 4?/® — 2axz — 2a?’ y = 0 
- 2.x?z — 2axy = 0 


These are satisfied by 


(t) f/ = 0, 2 = 0 

(n) a; = 0,^ = 0 


— = 0 which give res- 


80 that both the x-axia and the z-axis are double lines, the former only 
being a generator. 


3. Sections of the Mobius Surface (x, y, z, a)=0 by 

PLANES PARALLEL TO THE CO-OEDINATE . PLANES. 
Section by x^h. 

-f- y^ — 2akyz -* = 0. 


The origin is a node, the tangents at which are 
(P — 0 ?) — 2akgz — = 0 


i.e. 


y 

z k--a 


and — 


k 

k 


The curve meets the |/-axis, i o. 2=0 where |/=0 or the latter 

gives real values of y when k<a. 


The origin is a point of inflestton, 


d^y 

dx^ 


which in terms of y is equal to 


[2y^ + 


vanishing when ^=0/ 


The origin is thus a bifleonode, a node at which both the tangents 
are stationary tangents. The two asymptotes meeting the curve at 
three points at infinity are y— ± oc 
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» Th.6 fornis of the section when h<c.(i, Jc=(if Jc^ct sire shown in 
Figs. II, Iir and IV respectively. 

Section by y—k. 

+ {2akxz — = 0 . 

The curve does not meet .t= 0 at any finite distance ; it meets z=t) 
at the origin when k=a and at two real points + - k^ when k<a 

The asymptotes meeting the curve at three points at infinity are a;=0, 
z=±k 

There is no finite double point, the node being at infinity. 

When k=a, the equation of the section is x [xz^+a'^(2z-x)]—0^ 
and the origin is a point of inflexion. 

The forms of the section when k<a, k=a are shown in Figs. V 
and VI respectively. 

Section by z=^k. 

y\x^ + ?/^) — {kx -1“ ay) =0 

The curve meets t/= 0 at the origin, and a;==0 at t/=0 or y-=^±a. 

The origin is a double point, a tacnode, the tangent at which is 
fcci;+ay=0, and meets the section in four points. The asymptotes 
meeting the curve at three points at infinity are y^±k. 

The form of the section is shown in Fig. VII. 

4. Taonodal Line and Biflecnodal Line. 

# 

It follows from the foregoing considerations that the surface cuts 
itself along a straight line, viz. the a;-axis, the points on which form a 
series of biflecnodes; while two portions of the surface touch along 
another straight line, viz. the z axis, points on which are a series of 
tacnodes. 

These properties enable us to give distinct names to the two 
double lines : the ;s-axis may be called the taonodal line^ and the ^-axis 
may be called the biflecnodal line. 

6. Section of the Mobius Surface t/, z, a)=0 

BY ANY PLANE. 

We shall investigate expressions for the co-ordinates of points on 
% section made by any plane. 

Let the plane be lx+-my+nz - Let us transform our 

co-ordinate axes, and let us take for our new origin the foot of the per- 
pendicular drawn to the plane from the centre of the g aiding circle. 
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and for our new ^i-axis, the normal bo the plane. The other two 
axes may be conveniently chosen by taking for our new o^-axis the line 
on the plane perpendicular to the tao line. 

Then if Z,, and Z^, n.^ are the direction cosines of the new 

a- axis and the new y-axis respectively referred to the old axes, we have 

0. Zj 4- 0. + 1. ^1 =0 

ZZ, r mm^ -f wr^, = 0 

Z,Z^ + + njnjjj = () 

ZZg + mm.^^ + nn^ = 0. 


These give 



mi=-, = 

V 


I 


2 


— nl mn 

—,'^2= , ^ 

V V 


when V = 

the transformation scheme is 



/, the equation of any generator when referred to the new axes is 


^ A / T / / 

X — ^ y + Z +p)~a cos $ 

V V \ IT I 


I i , / # V . ^ 

- — y + m (2J -asm 
V V 


sin B cos B 


vy' + w (^' + p) 


This meets in points determined (on simplification) by 

sin m cos 0) (an sixi B-^p cos B) 

”” (Z cos B -H w sin B) cos B n sin B 

^ ^ B + m sin B ) ( a sin B 4 np oos B) 4- sin ^ 
(Z cos sin b} cos 6^ t ^ sin 
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6. Plank sections of the Surface <//(*, ?/, z, a)---0. 

The plane sections of the surface will have the same properties 
and the same characl eristics as the corresponding sections of the simpler 
surface, the Mobius Cone of the Fourth Degree, the equation for which 
is obtained by putting a—O in <l>{x, y, z, »)—(). In classifying the 
sections, we shall work with tho simpler surface. 

Mobius Cone of the Fourth Degree is the surface generated by 
straight lines 

— =:-^ — - where 0 has all values from 0° to 360°. Its 

cos' 0 sm 0 cos f) sm 0 

Cartesian Equation is {y^ - z^)+y*=0. Wo shall call this equation 
^(a;, y, z)=0. 


7. Classification of flanb sections of the 
Mfiinus Conk ip{x, y, z)*^ 0. 

Tho plane sections of tho Mobius Cone are most conveniently 
classified according to the nature of their asymptotes. 

Now, the generators lying in any plane central section of the 
Mobius Cone are parallel to the asyraptoto-s of its parallel plane sections. 
Our classification will therefore depend upon the nature of generators 
'which lie on plane central sections. 

8. Gbnebatoes lying on any obntbal section of the Oonb 

<^{x, y, z)—0. 

Let lx-\-my-^nz=^0 be any plane through the centre. 

Let the generator 0 lie on it, then I co8*5*-f-j«. sin^cos^-j-n ain(?«>»0. 

6 

Let tan 

A 

thea w© get I! (I — i*)® + 2mf (1 -^*) + 2n< (1 +• <*) «0. 

i.e. — 2(>» — +2(«t + »)/ f I=sO. (1) 

This biquadratic gives the directions of the generators lying on 
*my plane. 

Since the expression on the right hand side becomes in when 
twi and -4» when <==» — 1, the equation gives one, tmd therefore two, 
real roots. Therefore we shall always have two real generators lying 
on any plane central scotion. If f,,l„ are the roots of (1), they are 
connected by some pretty relations : — 

C 28 
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. 2 (m — n) 

h + + h + h == 1 

, , . 2 (m -I- n) 

hhh ^ ^:A^i “*■ yi^‘2"“ ^ 


(U) 


We may simplify our discussion of the biquadratic, by splitting it 
up into two convenient factors with the aid of some of these relations. 

Since we have always at least two real generators on any central 
plane section, wo may always choose two real quantities a and /?, such 
that f - I3t+a is one of the factors of the biquadratic, being 4. 4a. 

Then a = ^ = ^1 + 


With the aid of some of the relations (la), we have, by putting 

= y, 

/i.8 + a + 7 4* 2 ~ 0, 

a.7 = 1, 

/lS + 7 + (a + 2) = 0, 

a.y —1=0, 

(I + aY 


or, 


from which we get 


8= -- 


a/i 

1 

7=-; 


so that the other factor of the biquadratic is 

ap a 

Therefore, for all central sections, the biquadratic reduces to 


t 

(« -j8< + a) ( t'-^ < + l)=0, (2) 

where o and /8 are functions of the directions of two real generators 
of the cone lying on the plane, o=tif 2 , ^=t^+t^ 

9 . EoTTATION of the plane in terms of a AND AND DBDDO- 
TION OF A FORM OF OBNBBAL EQUATION FOR THE PLANE. 

Before we proceed to discuss the biquadratic, let us put the equa- 
tion of any plane in terms of “ and « and ^ having the meanings 
assigned above. 

The direction- cosine of a plane containing two generators of tiie 
cone are determined by , 


THE MOBITJS SHREACE AND CONE. 


429 


l{l-- 1^) + 2nt^ (1 -V) + (1 + «/) = 0 

These give, when we put ^^=^8^ 

I m n 

4a/8 (a‘— 1) (a+- 1) 4-/8'^ (a— 1) (a+i)^~/^ (‘^+1)* 

Therefore the equation of a central plane in terms of (x and ft (functions 
of the directions of two real generators lying on it) is 

4:<./3x 4- [(a'-l) (a4l)+/iM«^--l)]2/ + [(^^^-l)^~5"(^^ + l)] 2 : = 0. 

The generators lying on this plane are given by (2). 

Now as two real generators (determined by ^ 1 +^ 2 =/?) be on 

any central plane, we can always choose two real quantities a and ^ 
< 4«) so that, 

I m __ n 

4^/8 (a^-1) + (a~l) (a + ('^ + 1)’ 

for all values of I, m and n. 

Therefore the equation of every central plane can be put into the 
form, 

4ay8;:c + [(a2-.l) (a + 1) + /S^ (a~l)] ?/ 4- [(a 4* l)8-/32 (a4- 1)] ;2 = 0, 
and being real quantities, 4«. 

It follows that the general equation of a plane may be put into the 
form, 

4a/8a:4-[(a2~l) (a 4 -l) 4-^2 (a- 1 )] ^ + [(a 4 l)^ - (a + 1)] a; + C=:0, (3) 

where a, /8 and c may receive all real values, provided ^ 4». 

We may now regard our biquadratic (2) as giving directions of 
generators lying on the general plane (3) when c=0. 

10. Cl A ssrrxc AVION of roots of the Bi^^tjaoratio (2j. 

ft 

The first quadratic gives ^ = J [/3±\/ /8'^-~4aJ. 

The second gives F — (l4*tt)*:i2 / a \ 

^2 a/i L ^ ( 4tt > 

With regard to the latter, we shall have to deal separately with 
the cases when a is q-ve and when is — ve. 

We have seen that there are always two real generators lying on . 
any central plane ; we may therefore proceed on the supposition that 
j3*-4a40. 
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Now we may have the following cases : — 

(a). Fou 7' roots real and distinct. 

— 4a70 

and when a IS + ve, 

4a 

, . (1+a)^ 

or when a is — ve, Zp^. 

4a 

These give (^) when a is + ve, - —- -7/3'^ 7 4a, 

4a 

(u) when a is ~ ve, yS‘^7 both — - and 4a. 

4a 

(&). Two roots equal, the other two real and distinct. 
We have the following cases : — 


L ^^7 4«, 


4a 


= /3^ 


TI. /S^ = 4a, when a is 4*ve, 7 , 

4a 

III. jS^=:4a, when a is — ve, 

4a 

(This is evidently an impossible case, since a = ~ ve does not satisfy 
the first equation here.) 

These give (i) a= — 1 or <|:q, " i L 7 4 a, = — 

4a 4a 

(w) when a is + ve, ^ 7 4a, = 4a. 

4a 

(c). Two 'pairs of equal roots. 

4tt 

These give, when a is + ve , -- - = 4a = , 

4a 

{d). The two quadratics are the same, in other words, give the 
same roots. These also give two pairs of equal roots. 

1 {l^af 


From ( 2 ) Art. 8 , 


a’ 

a=±l,y8^ = 


.= ~y 8 
(l+a)" 


The real roots are a= — 1, y8=0. 

Three roots eqv/il. 

\ Sunnosa |B^ — 4a=0. 
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Then we must have one of the following two relations true (either 
with the positive sign or with the negative sign) : — 

a/3 — ^ a 

Simplifying and putting we see that the relation with the 

positive sign will be satisfied. 

Thus we get 

4a2 + (1 4 a)2 =r -f. ^/(l + cx)* -l6 

This is satisfied if a=0 and therefore /3=0 also. 


(ii) Suppose F/ 


4a 


Proceeding as in the other case, we see that the following relation 
(with the negative sign) will be satisfied : — 

-(l + a)2-4= - V^(l +a)-^-16a^. 

Dividing out by we get 

This is satisfied if a=a and therefore ^ also=oc . 


or, when a is + ve, 
and when a is - ve, 


(/) Two roots real and distinct^ ike other two imaginary. 
^2-4a7'0, 


(1 + a)^ 


4a 
(l + g)" 

4a 


7^. 


This evidently is an impossible case since a = — ve does not satisfy 

(l>a)^ 


4a 


-7/i^ 


These therefore give, a -f ve, 13"^ 7 both - and 4a. 

4ki 

{g). Two roots equal, the other two imaginary, 
/3"~4a=0, 

(1+a)^ 


or, when a is 4- ve. 


and when a is — ve, 


4a 


4a 




This is evidently an impossible case since a= — ve does not satisfy ^^= 4a. 
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These therefore give, a ^ ve, — /i4a. 

4a 

N.B. We cannot have four roots equal, as the real roots of (d) do 
not satisfy (c). 


Before we proceed to simplify these results, and to see which are 
possible cases and which not, we may draw a graph of the function 

(1 + a)^ 

- 4a, which is of frequent recurrence in the aforesaid results. 


4a 


The form of the graph is shown in Fig. VIII. 
We may consider the properties of the graph. 
(l^ay 


(i) 


4a 


- — 4 0 = 0, 


when (1 ~-a)^ [I + 6a +a^] = 0, 

1 , — 6 4- ~ 4 

or when a = 1 or a = 


-~3±2v/2=- -172 or-5*828 


(u) Putting — — 4« = 


d 

da 


4a 


becomes = 0 when 3a^ + Sa^— 10a^~ 1=0 


One of the roots of this biquadratic is a==:l and taking out a - 1 as 
a factor, the resulting cubic is 3a^+ 1 la^-faq- 1=0, the real roots of 
which, if any, must clearly be negative. 

Let 3a«+lla» + a+l=/(a). 

Sturm’s remainders for this function are 


/,(a) = 9a" + 22a4ll, 
/,(a) = 121a-^8, 
/y(a)=-ve, 


So Ihat there is only one negative real root. 


(in) When a = 0, a = a 

Wheaa=--1, A =^-^+'4= -^+-4= -124 
— "4 *4 

flT)* 

When a=‘l, d = — '4=-i>Te 

'A 


We may now, with the help of the graph, resume our considera- • 
tiori of the roots of the biquadratie. 

We find that (g) is an impossible case, for it is clear from the 

(I •»- a)^ 

graph, that for positive valu^ of - ■ - 4a can never be negative. 
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We also get the real roots of (c) by a reference to the graph. As 

solutions of - ^ =4a, the graph gives a==l or - * 172 or - 5-828. 
4a 

Therefore the roots of the equation^ so that a is -j-ve, are a=+l, 
/3==±2. 


11. Special cases in which Generators for different 

VALUES OF t (or (^) COINCIDE. 

Before we finally classify all the possible cases, we shall also con- 
sider the special cases in which the generators for two different non- 
consccutive values of i (or $) coincide. These clearly occur in the 
cases of (^) planes through the a;-axis; {it) planes through the 2 :-axis ; 
and {Hi) the ^-plane which passes through both the axis of x and z. 

(i) For pianos through the a:-axis, 

1 = 0 but n must not = 0, 

i.e. 4a0 = O, (a + 1)“^ (a+ 1)7^0, 

i.e. a = 0, 4 - 1, 

or /:? = 0 — 1 

Our biquadratic may be put thus : — 

(a/^/^ + l •+- a^^ + /3) = 0, 

When a = 0, this becomes (0. i + '^ + /:) = 0. 


t = O,0, provided 0:^±l. 

When 0 = 0, this becomes -f a) (0. + I + i 4 0) = 0. 

,\t= + 0, oc, provided — 1. 

This gives rise to two cases according as is - ve or -f-ve. 
We may compare case (e) (i), considered before, with thi8> 


(n) For planes through the z-axis, 

^ = 0 but ^7^:0, 

i.e. (a -h l)^~/3^ (a + 1) =0, a/^T^O, 
i.e. a = — 1 , 0^0, 

OT 0= 0^0, 


When a= — 1, the biquadratic becomes 
i.e. 4: 1 > 




When = db(<^ + 1)> biquadratic becomes — 1) (t4 1) (i5— 4l) = 0, 

ie, t= +1, a,-- provided a^O, 
a ■ 
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(m) For the ?/-plan8, 

Z = ??,= 0 but W9£:1), 

i.e. a/3=::0, (a+ (a+l) = 0, (a^-l) (a4-l)+^^ (a~l)^0. 

The only admissible values are a=0, + since /?==0, «= - 1 

does not satisfy the third equation (of inequality). 

the biquadraHc for t gives i = 0, oc , +1, 
i.o. ^ = 0^. 90°, 180°, 270°. 

It may be noted that - 1, ^=0 make not only ??=0, 1=0 but 
also m=0, and it may be interesting to determine this apparently in- 
determinate form. We may put /5=14-a, tt==— 1 as equivalent to 
a= ^=0. By substituting ^==l-ha in the biquadratic, we have 
— 1 -h a.l + a) (a.l 4 o..i^ + 1 + 4 i + a) = 0 

Taking out (I + a) as common factor, {f’ - Y ^ a,t ^ a) {(xf 4 I + a.t 4 1) = 0 

Putting a = -1, we get {^^~1) = 0. 

This is therefore a singular case in which all the four roots are 
real, but they all give the same line for the generator. 

It may be noted that this is case (rf), and gives the same result as 
case (c). 

12. Different Classes obtained from the foregoing 

CONSIDERATIONS. 

From the foregoing considerations, we conclude that we may have 
the following classes of plane central sections - 

L Four generators real and distinct, 

(i) a 4 

4a 

(ii) a — ve, P^yhoth. ■■■ - ■ and i.a 

4a 

2. Four real generators, of which two are consecutive and coin- 
cident • 

(t) /3*7 4a, = 

4tt 

(n) a 4 ve, 4a, -- 7 

4a 

3* Two pairs of real consecutive coincident generators. It so 
happens, as we have already seen, that the generator for one pair com- 
oides with that for the other. 

a s=5 1 , ^ as ^ S which gives the s ame result as a = — 1 , ^ = 0. 
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'^ 4. Three consecutive coincident generators coinciding with an- 
other^ not consecutive. 

{i) a = 0,/3 = 0, 

a = a , /? = cc . 

5. Two generators real and distinct, the other two imaginary, 

(X, + ve, •7 both 4a and — . 

4a 

6. A pair of real non-consecutive coincident generators ('^==0'^, 

the other two real, 

(i) a = 0, 1, 

(u‘) /? = 0, a — ve l)ut 7 ^ — 1. 

7. A pair of real non-consecutive coincident generators 
<9=180°), the other two imaginary, 

/3 = 0, a + ve. 

8. A pair of real non-consecutive coincident generators (6^=90°, 
^=270°), the other two real, 

(i) a = -1, /? 7 ^: 0 , 

(n) /^ == ± (a + 1 ), a^o, /^T^O, 

9. Two pairs of real non-consecutive coincident generators, 

a = 0 , ^ = Hh 1 . 

The central sections of the cone having been thus distributed 
into nine classes according to the character of .the generators lying on 
them, all sections of the cone can be distributed into as many classes 
according to the character of their asymptotes. One section of the cone 
for each of these classes has been drawn. In tracing the sections, use 
has been made of the values of co-ordinates obtained in Art. 5. 

Fig. IX is a section of class 1 (a= —3, = 1). 

Fig. X is a section of class 2 {a = 4, /5 = 4). 

Fig. XI is a section of class 3 (a= —1, ^ = 0) [asymptotes : ± a J. 

Pig. XII is a section of class 4 (a= oc , oc 

Fig. XIII is a section of class 5 (a==l, ^ = 3). 

Fig. XIV is a section of class 6 (a = 0, /3 = 2). 

Fig. XV is a section of class 7 (a = 0, = 

Fig. XVI is a section of class 8 (a= - 1, ^ = 1). 

Fig. XVII is a section of class 9 (a=0, ^ = ±1). 
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13. Lines of Striction of the Surface ?/, s, a)=0 

The direction cosines of two consecutive generators ^ and 
are sin6^ cosi^, sin/9, 

and sin ($ + d6) cos(0 + dO), sin((9 + dd) 


or 2sin6tco8 0 dO, smOco^S + (cos^^ — sin^6') dO, sin^ + cos^ dO 

if A, /', r bo the direction cosines of the common perpendicular to^ 
and ^ r7 (V. 

^ cos^^ -f /X sin(9co.s^ -h u sin^ = 0, 


Those give 


X (cos 2?:mdcoH9dO) /< (sin/9cos^ 4- cos^O — sin^6> d9) 
+ V (sin^ 4 cos^ d0)=^0. 

\ fL V 

sin^c^ cos — 2) cos^B , 


Let p, g, r he direction cosines of the perpendicular to the genera- 
tor d and the common perpendicular, i.e. to the plane containing the 
generator & and the common perpendicular to it and the next generator 
ei-do^ 

Then ^ p cos^d -hq smO cos9 -f r slnd = 0, 

p 4- (j cosB (cos’^0 — 2) 4- r cos‘^ ^ = 0. 


This gives 


P ^ ^ 

2sin^cos6^ sin‘^6^ — cos’^6^ — cos6t 


Similarly if p^^ q\ r' be the direction cosines of the perpendicular to 
the generator O-^^dB and the common perpendicular, i.e. to the plane 
containing the generator BJ^dB and the common perpendicular to it 
and the generator 0^ 

cf_ 

2Birj^^cos6^ 4“ oob^B (cos‘^t^ '^ \) dB bivi^B — oob^B 4* sin^cosiy ( i 4- dB 

/ 

^ BmB i) dB 

Thus the common perpendicular is given as the intersection of the 
planes , 

(I— a oos^) 2smBoos$ + — a sinS) (sin^^ — cos^^) — C 0080=0, 

and cos9 + a sin0 dB) (28ia0cos0 4- cos^0. 1 4-cus^c^ d$) 

■f (ly — a Bii)0 — a COS0 dB) (sin^0 — co8’^0 4-sm0cos0. 1 4-eu&*0 dB) 

— ^ {cosB sinB , 1 + cos''‘0 d!0) = 0. 

the line of striction which is the locus of points when the 
common perpendicular meets the generator 0 is given by these 
equations, and 
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co?^d ^ 7} — a Rin^ _ ^ 

0O6'ci i6indci),'>d yin^ ’ 

i.e. (^-a cos(9) cos^^ (cos^d + 1) + 2a sin’^^jos^ f (rj-a sin^) siafcosi9 (1 + cos^^) 
— a coaO (sin’^(9 — cos'^^) \ {coa'^S t 1)=:0, 


and 

$—rf c.o^O y — af^md 
sini9cosc^ 

These give 

^ a c.of^9 


a. sin^? 

^ It ^ 

- 

^ -asin^cos^ 

i t 

From these we get 

+ 

II 

>— 


i.e. -f r/) — 


i.e. 9 /) a cone of the fourth degree. 

Thus the lines of striction are the intersections of this cone and 
the surface. This cone has a fine symmetrical form, as can be seen by 
considering its piano sections parallel to the co-ordinate planes. 

Sections by 'planes parallel to the z=plane {z=Jc). 

x^y‘^ — {x^ + ?/‘^) = 0 . 

Its asymptotes are , -r= +A;, + A*. 

It is also clear that x and y are interchangeable and that they cannot 
be numerically less than k. The origin is a conjugate point. 

The form of the section is shown in Fig. XVIII. 

Sections by a plane parallel io the x-=plane (x=^k), 

{k^ 4 y^) = k‘^y^r or 4- {z^ —y^) = 0 . 

Origin is a node, the tangents at which are z+ j/=0, z - y=^0. 

Its asymptotes are z=±k 

The form of the section is shown in Fig. XIX. 

Sections by planes y=^k. 

These are the same as sections by planes a;=L. 

14. Envelopes op the projections on any flake op the 

GENERATORS OP THE SXJKPACE J/, Z, ay=0. 

Let lx-\‘m'y\’nz - be any plane, and let it be required to find 
the envelope of the projections on it of the generators. Transforming 
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the co-ordinate axes as in Art. 5, the new equation of the generators d 
becomes 

Z 


, nl , , , , 

4- Z (s 4 cos6> 

V V 


oos'^6^ 


. X y m {z •[ />) — a sin(9 

V V 

, smd cos9 
in/ 4 n ( z' 79) 

^i\\9 


.*. the equation of the projection of this generator on the given 
plane (z'«=0), obtained by eliminating z' and after simplification, is 


it; 


fb sin^ 9 

- sin (9 cos 0 (Z cos ^ 4 m sin B) — (1 — yi^) 

V V 


^ y 


+ ^ sinZ^ cos 0 (Z sin 0 —m cos 9) 4 sin^ 0 {I sin (9 — m cos 9) = 0. 


9 


If wo put tan- =Z, this becomes, when expressed in descending powers of Z, 

{Inv — my) I* + 2( — vH — mnx — ly+ am.v) i® + 2 ( — hix +■ my t 2 alv) f 
+ 2( — v^x -t- mnx ^ ly — amv) 1 1 {Inx — my) = 0 . 


To find fcho envelope of Huch linos, we put lnx — m.y = A, 

2 ( — v^x — rnnx - ly + am,v) = B, 

2 ( — Inx 4 my 4 2 alv) = C, 

2 ( — v^x + mnx + ly — amv) = D, 
and eliminate t between the equatioob 

Al* t Bl* 4 Oi:^ + Dt + A = 0., 
and 4 3j5i* + 2a« 1 D = 0. 

Now, adopting Cauchy’s form of Bezout’s method of elimination, we 
get the four equations 

4^t®4 3B(»4 2CM P = 0. 

Bi»4 2C«® f Wt^4:A = 0. 

2ACfi+ {UD^BC) iU{^AU2BD) t + 3AB=0, 

ZADt’^+{2BD + AA^) t^^{CD-^ZAB) t + 2AG = 0. 


Whence as resultant, we get the determinant 

4.4 ZB 2C D 

B 20 3D 4A 

3AD + BO 2BD^AA^ 3AB 

34D 2BD+4A^ OD^ZAB 2AO 

If this determinant is expressed in descending powers A, we get the 
resultant in the form 

266^« 4 128^* (BD-C^) + 484®0 (D*- B*) + 4® ( - 32B0 ^D-1U B^D^ 

^rSnB* + 27D* + lQO*) *- A {QBOD.B^-3 U^a4D«.D^-J^) 
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15. Envelope of projections on the co*okdtnate planes of 
THE generator OF THE SURFACE y, Z, a)=0, 

I. For plane x=()^ 

A = 0, B=^ —2[x 1 ?/), C — Aa, D = 2{y — x). 
envelope is 16 — [16 — - 16a^] = 0, 

i.e. (x^ — {x^ — y^ —a^)=0. 

II. For plane 2 :--=- 0, 

The envelope is the origin, as is also clear, the projection of 
X’-ctco^O y-asinO z 


cos^ 


'sin <9 cos sin <9 


on the 2 = plane being y^x tan B, 


III. For plane 

—y, B- — 2(x — r/), 0=2^/, D= —2{x + a) . 

envelope is 

256i/ l2Si/ [4 (:j2-a2)~4?/^]-96*16?/^ax 

+ 2/^ [-64*82/^ - 114*16 + 27 1() { (a; + + (a;- a)*} + 16*16?/*] 

2 

— y [48^ {x^- ’-a^)A{x - a^ — 2.x + c/) + ^2,l^y^ax] 

H- 16(a;‘^~a'^)‘-' [in(a:-2~a2)~4/] = 0. 

Or, on simplification, in descending powers of y, 

16aT?/*-»- (5a;*- 12ai:®— + 12a^^i;4- lla*)y^ -2(a;’^ — a^)^ = 0. 

When the origin is transferred to the point (a, 0), the equation becomes 
x^ {2x^ - 5y'^) + 4ax (3a;* - 2x^y‘^ - 4?/*) 4- 4a'^ (^x* 4 lOx^ — 4y*) 

4 IGa^x (a;^ 4 9y'^) 4- 54a*y^ = 0. 

When the origin is transferred to the point (-a, 0), the equation 
becomes 

x^ (2x^ — ) 4- 4ax - 4y* - 3a;*) + 4a^ ( 6a;* 4 - 4^* A x^y^) 

- IBa'a; (x^ 4 6y^) t 54a*y' = 0. 

(1) The curve is symmetrical with regard to the x axis. 

(2) It meets the a;- axis at x=±a. 

(3) The point (a, 0) is a cusp, the tangent at this point bdng y«=0, 

27 

the character of the curve at this point being a;‘’= - — ay®. 

o 

(4) The point ( - a, 0) is also a cusp, the tangent at this point 

27 

being y=0, the character of the curve at this point being »*= ^ ay*. 


i 
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ON HARMONICS ASSOCIATED WITH AN ELLIPSOID.* 


Sudhansxjkumar Banerji, D.Sc., Sir Rashbehari Ghosh Professor of 
Applied Mathematics ^ University of Calcutta, 

Part I. Theory.. 

1. Introduction. 

In a celebrated memoirf published in the year 1835, Lame trans- 
formed the equation v^F=--=0, in the ellipsoidal coordinates (A, ^u, p) re- 
presenting a set of confocal ellipsoidal surfaces, hyperboloids of one 
sheet and hyperboloids of two sheets respectiv'ely and then broke it up 
into three ordinary linear differential equations in (A, r). In a subse- 

quent paperf the complete solutions of the equations were given in 
terms of a class of functions which are now commonly known as Lami's 
functions. These functions have been developed in a series of articles 
by Heine, Liouville and a number of other investigators. An elaborate 
theory of ellipsoidal harmonics was subsequently given by Niven in a 
memoir published in the Philosophical Transactions of Royal Society in 
the year 18Q2. But although so much progress has made in the solution 
of Laplace’s equation y‘^F==C), the wave equation F = 0 has 

hitherto resisted all our attempts in solving it in the coordinates 
The wave equation was first transformed by Mathieuf in these coordi- 
nates, but the transformed equation was found to be so anmanageable 
that he had to content himself with approximating to its solution for 
the special case of an ellipsoid q£ revolution. Subsequent writers in- 
cluding Prof. NivenjI have simply improved upon this approximation 
of Mathieu. 

In the present paper a class of harmonics which are solutions of 

Some preliminary results on this subject have been published in Ihe 
the Calcutta Mathematical Society ^ Vol. X, Nos, 2 and $, 

t Memoiree dmSavanU Strangers ^ Vol. V. Although the volume is dated 1838, this 
paper (which was reprinted in LdouviUm Jourmt, \B%1} must have appeared at least 
as early as 1835. 

% Lwmille* 8 Journal f IB$9. 
i Ooure de Physique Mathimc^i^Ct Ch. tX. 

(I PM, JTraw., ToL CRXXI (1880). " 
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Laplace’s equation ^^^7 = 0 have been worked out in the ellipsoidal 
coordinates {p, (9, defined by 

a; = ap sin 0 cos (f>, \ 

y=^biJ sin d sin (p, > (1) 

z—cp oos 0, / 


where p== constant obviously determines a set of similar and similarly 
situated ellipsoids. This system of coordinates being analogous to the 
ordinary polar coordinates has got certain advantages over the system 
(^5 /s labours under certain disadvantages in as much as it 

does not form an orthogonal system. The harmonics in the coordinates 
(p, 6, 0) developed in this paper will be found to bear a close resemblance 
in forms as well as many of their principal properTes to the tesseral 
harmonics. Owing to this analogy most of the methods which are now 
in common use for the treatment of spherical problems can be easily 
extended to solve similar problems for an ellipsoidal boundar 3 ^ These 
harmonics will also be found to be simpler and more convenient for 
application to physical problems than the Lame’s functions. 

A difficulty is however experienced when an attempt is made to 
construct a set of elementary solutions of the wave equations + V 
—0 in the coordinates (p, 6, (p), in view of the fact that the transformed 
equation in the coordinates (p, 9, <p} is not separable into differential 
equations involving either p only or $ and i> only. This is what one 
should expect, for long ago Weber* remarked that the elliptic and the 
parabolic substitutions are the only transformations which lead to ele- 
mentary solutions of the equation 


d^V 


FF = 0. 


The same should obviously be true of the three-dimensional equation 


d^V d^v 


d^V 

Bz^ 




namely, that the ellipsoidal (x, v) and the paraboloidal substitutions 
are the only transformations which should lead to elementary solutions 
of this equation. 

But although it is not possible to construct a set of rigorous 
etemefiLtary solutions of the wave equation in the coordinates (/;, 0^ ^), 

* Math, Ann, See also Hantes<^ei, der p. Ii7. 
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a. class of approximate solutions can be- easily obtained. It is thought 
■fchat as we are not yet in possession of any satisfactory solution of this 
equation in the system (A, fx, v)^ the approximate solutions here given in 
blie coordinates (p, 0, (p) may perhaps be used with advantage to elucidate 
some of the obscure points in the ellipsoidal problems. With this 
object in view a few typical applications of these solutions will be con- 
sidered towards the end of this paper. 


2. Transformation and sohiiion of the equation ^^F = 0 m the coordi- 
nates (p, 0). 


If the equation 




be transformed in the coordinates (p, 0, (p) by the usual method, we 
obtain 


S^V 

-f 


• 8in’<?)\ cos’^^n I /cos^^) sin^A sin^^H 

—J + ? “j 

/coB^<p mn^(p 1 \n 


sm d cos I 


sin (p cos <p 


(s>-hh 

COS^<)!)\~| 

—Jj 


8in^</> cos^' 


1 / sin^ cosV\ 2 a*F F 

)* sin*^5 a'l 6* b p dpdd [_ 

.2 3^7 ^/1 1 \ 2 

+ - J-a- sm <b COS (pi i ) + -5 

pdpdp ^ a^J 

1 9F r /cos'^d) sm^<p\ sin^^ /si 

1 9Fr . . /sia^p co8^p\ ■ . . ^ /cos 

L' 0 (— +— ) -2 ™ * “> » (-3 

+ ? a? 

If it is assumed that this equation has a solution of the farm 

F=p*i7 (3) 

n t 

n being a positive or a negative integer and a function of 6 and f 

only/ then C7^ satisfies the equation 


'cos'^p ^ siny 


-m 


(2) 


89^ 


/coa^P mn^\ sin*6~] 1 /sin*^ coa^ \ 

-^cos 0 ( ^ c* J''' Bia^e ap ( «* 6* / 


d^U 


(p -’p) 


cot ^ + 




2 n sm 9 cos & 
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Sin' 

~W 


■CV V « >> } \ a?- ¥ ¥)] 

sin f cos j + 2 eosec’ & sin <(. cos J 

~ /cos2(ji) sm^(()\ cos‘^^'1 To. /cosH 


H- n (n—l) 


sin^(/>\ ^ sin'^^ /sin^^ cos^c^ 

-51- j + 1 + — - 


\ 


iosy\ 


u„ =0. 


w 


It is not easy to determine the form of the function from this 
differential equation. The method described in fche next article how- 
ever leads to the form of the function without much difficulty. 


5. Internal harmonics in the coordinates {p^ <p). 

It is well known that if (r^ 0'^ p') denote the spherical polar co- 
ordinates of a point y, z), then 


« t-vH? / /!/ V COS 

r”P„(cosi9 


, {n + m,)\{ , 


COS u + iy sin uY mudu. (6) 


sin 


Obviously by a generalisation of this expression we can define a func- 
tion (7j {0^ (p) by the expression 


cC(^,f)= 


(n + 


2Trn 


! i-J 


(c COS 0 + iasin 6 cos (p cos u + ib sin 0 sin <p sin uY cos mudu. 

( 7 ) 

With this definition for the function (0^ it is easy to see that 
p’^ p) is a solution of Laplace’ s equation in the coordinates (p, p) 

defined by (I 

, Similarly we can define a function )8"” p) by the expression 


'W« ' > w 22rw! »”*j 


(c cos ^ ia sia 0 cos ^ cos u + ib sin sin <f> sin w}". 


sin mvdu. (8) 

and p" jS“ {6, 'p) is another solution of Laplace’s equation in the co- 
ordinates {p, 9,0). 

One form of the function defined in the previous article is 
O" {9, P) and another is (9^ f). Both these functions therefore 
satisfy the differential equation (4). 
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The function corresponding to the zonal harmonics can be defined 

by „;>( 

1 r"" . 

(^5 ^ ^ ^os (p cos u -{-ib sin 0 sin (p sin du 

— TT 

= ^ ^ + sin^ ^ sin^ (p)^ cos -i^]” dw. 

(9) 

When a=6, that is^ for an ellipsoid of revolution, the function becomes 
independent of cp and reduces to 




ir 

(c COS 0 + ia sin 6 cos uY du. 


( 10 ) 


For convenience we shall usually write (7'^ (6) as [$)• 

For elucidating some of the properties of these functions, it will be 
convenient sometimes to denote the functions Oj {0, (p) and (0, <p) 

defined as above by the simpler notations 0^ (c cos 9) and S’]] (c cos 6) 
always however remembering that these are functions of both 0 and <p. 

Since x, y ^ z can be interchanged in the cyclical order in the 
expression (5), it is obvious that the function 0^ (^, f) can have the 
two other forms given below : — 


2im 


(ji 

27r 


4-m)! f 
nl 

— V 

+m) 1 r 

n ! j 


TT 

{a sin $ cos <|) + ic cos 9 cos -w + ^6 sin ^ sin (p sin uY cos mudu, (11) 


rr 

(h sin 5 sin ^ + ia sin d cos <!> cos m + ic cos 6 sin m)* cos mudu.{ 12) 


To distinguish these two expressions from (7) we denote them by 
O” (a sin 0 oos f) and 0^ (6 sin 6 sin f) respectively. 

Similarly the function (9, p) can have Ae two Mlowing differ- 


ent forms : 

(« + 

2vn 


m)! f 
! i-j 


[a sin ^ cos p + ic cos & cos ^ sin ^ sin ^Y sin mudu^ (I3| 
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^— — - j — (b sin 6 sin (j) + ia sin 6 cos <p cos.u + ic cos 0 sin u)^ sin mudu. (14) 


These two expressions we shall denote by the notation 5'^ (a sin ^ cos (p) 
and {b sin 0 sin <?>), respectively. 

The functions corresponding to the zonal harmonics, namely, the 
functions of the type {0, <p) defined by (9) can be similarly denoted 
by {c cos $) ^ C,,^ {a sin $ cos (p) and {b sin 6 sin ^). The values of 
the functions (^, (p) and (^, <?>) can also be expressed in terms 
of the hypergeometric function. Thus we get 

(n-hm)l tan”'/^ /n + m-hl n.-hm-h2 


G (c cos 0} — — — ' - p I -I.’ "" — "" , . L r m 1, 

^ (7i-m)l 2'«ml (c cos V 2 ’ 2 ’ ’ 


tan^ cos mi|/, (15) 


S'llic cos (9) = 


(?i + m)! tan”"^ n + m-\-l 


1^0 

»n^(' 


+ ( 16 ) 


(n—m)\2'^m\ (ccos^)” 

— tan^^^ sinmij;, 

where is a hypergeometric function of the four elements within the 
parenthesis and 

= (a^ sin^ B cos^ (p -h b‘^ sin^ 8 sin^ (p -h cos^ B)^ 


= (a*^ cos^ <p + 6’^ sin^ 
b 

tan i|/ = - tan (p, 

Cb 

c being assumed to be the greatest axis of the ellipsoid. 


(17) 


4, External harmonics in the coordinates (/>, 6>, </>). 

To obtain the harmonics which vanish at infinity we define the 
functions 

(T {9, i>) = (- D” • >- ^ 

n 27r 


f” 


cos mudu 


(c cos B + sin B cos <p cos u-hib sin B sin (p sin u)”^i 


(18) 


» 2sw 




sad '* - 
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<-2tt 


sia mudu 


(c cos 6 + ia sin 6 cos (f) cos u -f- ib sin $ sin (p sin 


(19.) 


and obviously {9, <p) Ip" + ^ ‘And S” (6i, ^Vp^ + i are solutions 'of La- 

Ji II 

place’s equation which vanish at infinity. 

m 

The function {0, <f) can have also the following two different 


forms : — 


(- 1 )' 


] ^ 


^ - 1 ) ... 
2^ 

cos mudu 


and 


{a sin 0 cos </> -f ic cos 6 cos u 4* ih sin 9 sin (p sin u^-^^ 
n (n-l) . . . (n — m -}- 1) 


( 20 ) 




-^271 


271 


cos mudu 


j (6 sin 0 sin (p + ia sin 9 cos f cos %i -f- ic cos sin 
o 

and the function S Tfi?, <l>) the forms : — 

n{n — 1) . . , — m + 1) 


( 21 ) 


(~1)- 


^27r 

J ^ 


27r 

sin mudu 


a sin 0 cos <j) -f- ic cos B cos u^-ih sin B sin <p sin uy^^ 


( 22 ) 


(~1)^ 


^2^ 
J (• 


n (^-1) - . . [n—m + 1) 

277 

sin mudu 


(23) 


{h sin 0 sin ^ + ia sin 9 cos u-{-io cos 6 sin uY^^ 

Afl in the case of the internal harnaonics, we denote the three different 
forms of (0 and {0, <p) by the simpler notations (t ^) > 

(T {a sin B cos (b), (£, (h sin^sind)) and S (c<^ns B), S (a sin B oos f), 

n n n ^ 

{h sin $ sin </>) respectively. 

The functions corresponding to the zonal haaQaonios^ namely, the 
three functions of the type 
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(In 


(c cos B -I- id sin B cos (p cos u -h ib sin 0 sin </> sin w)" ' 


( 24 ) 


can be similarly denoted by (c cos B), sin B cos p) and 

(Z (b sin 0 sin (j>) respectively. 

The functions ((9, ,rf)), S”' (B, (p), (Z (^j ‘ f) Q (B, (p) which 
we have so far defined represent four different forms of the function 
U and they all satisfy the differential equation (4). 

It is interesting to note the following relations between the func- 
tions d"' (0, (/)), aS”' (B, (/)), (p) and (B, p) 


2n + l 


O”', (6, <!)} = sia'^ d cos'^ f sin'^ ^ sin^ (f + c* cos' 

tj,) = (a^ sin'^ & cos^ ^ + 6'^ sin* 6 aia* <j) + c* cos * S) - {&, </>)• j 

fyhen o = & = c= 1, 

a”(^, </>)= (0, <!>)= p”(cos (9) cos m \ 

U » } 

and S‘“{d, (p) = (0, <ti)= P” (cos ff) sin m 


/(25) 




(26) 


5. Functions corres'ponding to the. Laplaciana. 

It is well known that 

(sin u cos V sin u' cos v' + sin u sin v sin u' sin v' -t cos u cos m') 

= P„ (cos u) P„ (cos u') + 2 ” 5 " I -^r (cos u) P” (cos %') cos m{v-v'). 

(27) 


{n + m)\ 

!f we write 

ic = r sin u cos v, 
y^r sin u sin v, 

2; = rcosi^, 

then the above identity can be written in the form 

-L y [axB' + yy' 4- zz' + i [ Cv*' -mT + ~vz'f-<rW <iOs w\iw 


a;'=r' sin u' cos v\ 
sin sin v', 
/ cos n' , 


— TT 
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47r^ 


(z + ix cos w + iy sin wY dw x I ( 2 ^' + ix cos w + iy' sin w)” dw 


:i 4.Tr\n\f 




2 2 ^ — ( — I)''" I \ ( 5 ; + cos If; 4- i?y sin it?)" cos mwdw 


ix' GQSw-^iy' sin wY sin mwdw 


X ^ ( 2 ;' 4 ix' 

— T? 

+ ^ (z 4 ix cos w 4- iy sin wY sin mwdw x ^ (z' •+ ix' 


cos w + iy' sin wY sin mwdw 
(28) 


Now if we write 

x'^a f) sin 0 cos 
y'zzib p Wi 0 sin (j), 
z' — cp cos d, 

we get 


x^r sm u cos v, 
y^r sixx u sin v, 
z^r cos ic, 


1 r 

^ V Fa sin 6 cos <l> sin cos t; 4* 6 sin 6 sin sin w sin -y 4 * c cos 0 cos u 

2 ,y 

— TT 

+ j {6 sin ^ cos (;> cos w-c sin u sin v cos ef + {c sinw cos vcos^-asinScos^ 

cosm)’‘+ ( asin6icosf sintt sin v-fesin^sin f smMeost))®}^ (iOBw\dw 


— TT 

4f 


(c cos ^ + ia sin 6 cos f cos w + ib sin 6 sin ^ sin w)” dw 


(cos M 4 - i sin M cos t) cos w + i sin m sin v sin to)* d^ff 


,„«5” (n-m)l (m-t-ali , 


[i 


(c cos 6 + ia sin 6 cos ^ cos w + sin (9 sin ^ sin w)” cos mwdw 
^ (cos w + i sin « cos v cos w + i sin u sin ® sin w)” cos mwdw 
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(c cos 0 +■ ia sin 0 cos (j) cos w -h ib sin 0 sin (p sin w)^ sin mwdw 




X \ (cos u -f- ^ sin u cos v cos iv + i sin u sin v sin wy sin rmvdw 


■ (29) 


In other words we get in accordance with our previous definitions, 
G„ (a sin 6 cos <j> sin u cos «; + & sin 6 sin <p sin u sin v + c cos 6 cos u) 


=” (n-m ) ! 


= On (c cos &) P„ (cos u) +2 (n + m) ! 


0 ”^ (c cos 6 *) (cos ^ 4 ) cos mv 


+ Sn {c cos 6) Pn (cos w) sin (;] 0 ) 

By a similar process, it is easy to show that 

Cn sin 0 cos (f) sin u cos + 6 sin ^ sin sin w sin v -h c cos i9 cos u) 


= (c cos (cos + 2 


(c cos u) (cos 9) cos m 


. (31) 


-f 8^ (c cos u) P ^ (cos 6) sin m 

In a similar way, we obtain 

On sin 9 cos a sin w cos + 6 sin 0 sin (p. sin u sin -f c cos 9, y cos u) 

m^n (n — m)\ 

= Cn (c cos 9) Cn (y cos -h 2 


Cn (ccos 9) On{y cos u) 
+ 8 ^ (c cos 0 8 ^^ (7 cos u) 


, (32) 


on making the substitutions 

x = a p sin 6 cos (^), 2 / = 6 sin ^ sin (p, z—c p cos 9, 

a;' = a />' sin % cos V, y'=^ p p sin u sin v, 2^=7 p' cos w. 

These functions correspond to the Laplacians of the wth degree. 

6. Conjugate Properties satisfied by the harmonics. 

By an application of Green's theorena we can prove that fchefunc- 

' m m m w 

tions 0 [d, f), S {6, (p), C (^) ‘P) and S (G, </>) all satisfy oer- 

tain conjugate properties. 

The element of volume in the coordinates (p, 6, <l>) is 
, abc p^ sin 0 dpd6d<j>, 


(33) 
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which caa also be written in the form dp.dS, where dS is a surface 
element on the ellipsoid and dp an element of perpendicular on the 
surface element. The element of normal to the surface /5==constant, 
defined by 


4- ■I" a P ^ 


is given by 


where 


a*' 6^ c' 

(_ a 


dp^’ _ 2i>djy 

F’ 


(34) 

(36) 


- 

^dy J [dz ) 


i a A sJjjil Q gJjj* A QQgil 0 


iCOS'' 


¥ 




where is the length of the perpendicular on the ellipsoidal surface 
p=l of semi-axes (a, 6, c). 

Therefore and 

d8= sine dddf. (3€) 

Vo 

Now, by Green’s theorem, if and be two functions which satisfy 
Laplace’s equation, we have 




did w 

Hence since — s — _ ^e see at once that the functions C ($, 
on Pq dp n ^ 

€ c sr (0, i>) must satisfy the foUo'wing conjugate 

properties : — 


o: 


F t// 


sin e 

~pF 


ddd<p — 0{n^n')^ 


(37) 


and 


0 2tt 


dOM = constant = X (say) , 


( 38 ) 


• where i7„stan<Js forC” (d, ^ (0^ or Q” (0, <f>). 
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To obtain the value of the integral (38), we write ^=sm ^ cos 
0 sin <j!), ^=cos 0, then since is a homogeneous function of 

degree n in (^, r), ’C} \ ^ homogeneous function of degree 2 in ), 

Po ^ 

we can write the integral (38) in the fo m 

i I r rj^(i, V, 0 J (^+ 12+ (39) 


where the integration is carried over the surface of a unit sphere- 
The value or this integral can be expressed in a variety of forms. 
One way* of expressing the value of the integral is 

(w+ Ij! /I 1 , 1 \ o" rr 

(2n+3)! (a* ^6^ 

where H ,, S)= [s^ ^ 

and q has all the finite number of positive integral values for which 
^ (2n ~ j) is integral and not negative. 

We can thus write 


{{n-^m) I]'^ (91 -f 1) 
Ann ! 


( I \^n {^, '?>)J ~ d&d'p 

\a cyq^o (n- 




+ a cos u-vir) sin u)^ cos mudu • 


Similarly for the functions /Sj (6, i>) (Zn [0, (f) and {$, </>). 

Owing to these conjugate properties an arbitrary function of {9, (p) 
can obviously be expanded in a series of these functions^ the condi- 
tions of expansibility being the same as those which govern a Fourier 
expansion or an expansion in a series of tesseral harmonics. 

> U. F. Baker on a formula connected with the theory of 
e|jox'joad. Harmonics, jfroc, Z/ond^* Math, VoL XV (1916) and a note by Dr, BromwMeh 
in the same number. 
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7. Potential problems involving ellipsoidal boundaries. 

A number of interesting potential problems can be solved with 
the help of the functions whose properties we have studied in the 
preceding articles. 

The familiar method of determining by means of ordinary 
spherical harmonics the potential of a spherical bowl or a circular disc 
at any arbitary point from the known value of the potential on the 
axis becomes at once available for solving similar problems for an 
ellipsoidal bowl or an elliptic plate. For example, assuming the bowl 
to form part of the ellipsoidal surface /?= 1 and its axes to coincide 
with the c-axis of the ellipsoid, we easily obtain the potential of the 
bowl at any point on the axis as a function of say / {i>). Then for 
points for which ^ 1, we expand / (/?) in the form 

y />^+ . . . , 

and for points for which p y 1, we expand / (p) in the form 



Now since the function (c cos $) has the value c on the axis 
the potential of the bowl at points for which p/Ll, is given by 

F = ao + -pC, (cco8 0)+ G^ic<ioae) + ^p^Gi {coob9) + .... 

C C 0 

and since the function (T (c cos &) has the value L, oh. the axis, the 

n 

potential at points for which py'l, is given by 

1^ = — (To (« cos ^ Ci(CC03^)+ + 

p P P‘ 

When the surface distribution on the ellipsoid /»=1 is given as a func- 
tion of / if), <f), we expand / {9, in a series of the type when p^l, 

M=sd m=o 

+ 22 

n=l 

and the potential at points for which is given by 

X, » » 

F= 2 2 0„ 

ws=o mss a ’ > 

+ 2 I s, i9,<p) 

nsss'O m^o 

For points for which py 1, we expand | [B, in a series of the type 
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f (6,'^)= % 2 ««,«• 

n=o n — o n ^ 

“ m 

?^= ] m - 1 » 

and fchen the potential at points for which py is given by 

+ 2 t g“ [9, + i 

7i=:] 7W=1 n 

8. Ttvo dimensioTial harmonics. 

To obtain the two dimensional harinonics in the coordinates (p, 6) 
defined by x=(i p oos 0^ y=^b p sin we notice that since {x-^-iyY'' is a 
solution of the equation 

d‘^V 

dx^ 

that (a cos ^+i6 sin Of is a solution of this equation. Now putting 

a cos 6—Jt cos xp, b sin Binip, 

^ b 

where i2= (a^ cos^S + b^ sin^ 9) , tani|/ = - tan S, 

we get the two dimensional harmonics in the forms 

n y^ 7 l 

p It cos n f, 

T>W. 

P It cos 71 ■ 

Hence the complete set of two-dimensional harmonics are 

log p R, p E cos ip, p^ R^ cos 2 ip, R^ cos 3 tj;, . . . 
p R sin xp, p^ R'^ sin 2 i(/> jo® R^ sin 3 xj/, . . . 

9. The ivave equation in the coordinates (p, 6, p). 

In this article we shall give a method of constructing a set of 
approximate solutions of the wave equation 

(v"^F)y=o, 

in the ellipsoidal coordinates (p^9, (p). The possibility of the solution 
being expressed in the form of a product (kp) ( 6^ p) is tacitly 
assumed in the method. It will be noticed, as we have said before^ 
that this assumption is not rigorously justifiable, but when the assump- 
tion has been made, it is passible to obtain au expression for ^^ (kp) 
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which represents the mean value of the function on the ellipsoid p and 

m 

that with this value for {kf), the quantity (kp) (5, <i>) very 
nearly approaches a solution. 

If we put x—ax', y—by', z—cz', then the wave equation can be 
written in the form 

1 1 a*F 1 d‘^V ,, 

(9.r'^ 6* dy' c* dz'^ 

If it is assumal that this equation has a solution of the form 


u,., 


where jf2„ is a function of p only and is a solution of the equation 
1 dWn 1 ^ 1 au,i - 

+ -Tr- nr- + — . — s-7!- = 'J. 


a® Bx'’’^ 


By'" 


Bz'^ 


then we obtain 

1 BHR„U„) 1 B\R,Un) ^ 1 B\R„U„) 


Bx'^ 


b'‘- By"'- 


dz"^ 


+ l^Ri, — 0, 


that is. 




1 B'^R,, 1 


Bx'^ 


Bv'* 


L 

o’* 'Bz'-^ J 


1 BR, BU’^ 


+ 2 


1 BRn BUn 


a® Bx' Bx' 
1 BR, B,Un~] 


¥ By' By' c® Bz' Bz' J 

Now since R„ is a function of p only, we have 

BR„ _ ^ BR„ BR„ _ y^ B^ BR„ _ £ BR„ 
Bx' ~ p Bp ’ p Bp ’ Bz' p Bp 

Therefore the above equation becomes 


~ +¥R„Un = 0. 


-1 B /xBRn '' 

uii-i 

ry' 9 R. ) 

u~-l 

/z' 8 E„ 

a® Bx' \p Bp J 

I &® By' ' 

\p ^p J 

' c*a / ' 

9 p )_ 


p Bp |_a® Bx' 6 ® By' c® Bz' J 


This can also be written in the form 

1 a. /I aB„ \ p'-® 2 /'*. 


1 br„ 

+ p Bp 




/vac^ y' 8 U„ £!£» 

dx^ dy' # dz' 


) 


R^By' 




456 


OlSr HARMOmCS ASSOCIATED WITH AN ELLIPSOID. 


It will appear from this equation that it is not possible to separate 
the differential equation for But it is easy to obtain the differential 
equation satisfied by the mean value of on any ellipsoidal surface. 
If we put ((>), this becomes 


2i 71 JJji {6, (p) 

+ kRnCn (^,p)=0, 


/I 

1 (^. f) ^ 1 


) 

’ K 

dp 






whore 

and 


1 _ sin'^ d cosV . sin^ 0 sin'^ (p ^ cos'^ 0 


Du ^{0, cp) : 


2'rrn 


+ m) 1 r 

nl J 


{c cos 0 + ia sin 0 oos (p cos ic 


+ ib sin 0 sin (j) sin 

<008 6 i sin 6 cos <p cos u i sin 0 sin </) sin u ' 
a b 


( cos 


\du 


Multiplying this equation by the conjugate function C^(0, cp) and in- 
tegrating we obtain 

P- 


sin 0 , 

dOd^ 
V(? 


1 To C C"" 

V \ D„ ( 0 ^ <!,) Cn {9, <p) am9 dOdf 
•Jq *^o 

[C„ {6, <(>)]^sin0rfW^.] 


^TT ^ 2,71 

+ I IC„{9, 

Jo Jo 


c^)]* sin^ d6d(p = 0. 


Now it is easy to see that 

^27r 


>v7r 

+ 3)\ \ [G„{e, 

■ Jq *^0 

-s: i 




sin 0 

'W 


Dn {6, <p) On <p) Bm$d0d(p 
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11 1 1 ^ 

( ^ 6* ^ c») \ \ 

^ ^ -'o ■^0 


Hence the differential equation for reduces to the form 


^ /I M 

^ ^p\p dp 


r r- 

, -0 ^0 


(0, <!>)] &ind dSd(l> 


If now we write 


n ^TT 

[CA^, 

0 


sin ^ 7 . , 

<p)r -jf- 


,ir ^Stt 




n 


[Cn (0, (l>)f sin 9 dOdcp 


,.TT /'27r 

J 

'^0 Jo 


■^k'\ 


{&, ^)f^^d6d<l> 

ro 


the equation can be written in the form 




‘dp 

which has the well-known solution 

Br^ = Allfn(k'p)+B%(k'p), 
where A and B are two arbitrary constants and 

1 d cos p 
P 


Also 


. , / X d \” sin p _ , ^ / 1 5 \»> 

*-w= (-,-«7) (-7r,) 

<•' ■/% •'i+tW- 


-E, = 0. 


The condition, which any two distinct solutions F, of the wa^e 
equation^ which thernselves or their diflEerential coeiSioients in the 
direction of the normal vanish on the surface of the ellipsoid, must 
satisfy, namely 



45S 


ON HARMONICS ASSOCIATED WITH AN ELLIPSOID. 


f f 

Jo ^0 Jo 


VV'p^ siii^ (If dSd })={), 

Is also easily seen to be satisfied by these approximate solutions. 

Part IL Appocations. 

1. Potential Prohlenis. 

As an example of the applications of the harmonics vhose proper- 
ties Tve have investigated in Part we shall here discuss the gravita- 
tional potential of a homogeneous semi-ellipsoid. 

It is well known that the potential function due to a homogeneous 
hemisphere whose axis is taken as the polar axis is 

,, Mra S.la^ ^ , 3.1.1 ^ . S.l.l.Sa^ n 

V == — — ^ P, (cos 'll) — Pa (cos -I- - — --r^h (cos'w) - . . . ’ 

a[_r 2Ar^ ^ 2 4.6 P ^ 2.4.6.8 J 

if r y a, and is 


3.1.1 r* , , 1 


Hr ^ a and u y 


The potential of a homogeneous semi-ellipsoid cam similarly be 
written in the form 


2.4.6.8. 


if p 7 I, and is 
V=M 


g ^0 + 1 AjpOo, {6, <!>) + 1./ <70, {8, i>) +14 ^ 5 / («, P) 


2.4 

% 1 1 


]• 


if P Z.1, 0 2-7r, whcte ^q, A^, etc., are functions of a^h 

and c, the semi-axes of the ellipsoid p= such that when a=5=:c = l/ 

’ • * =!• 

, Let us next consider the potential of an ellipsoidal conduotof lit 
aay outside point. 
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The potential at any outside point can obviously be written in the 


form 


V= 






If the potential on the surface of the conductor be equal to unity, then 

that is to say, the potential at any outside point is given by 

F = (L\e, f). 

In a similar manner the potential of many other problems invol- 
ving ellipsoidal boundaries can be investigated. 


3. Vibrations of a gas inside a rigid ellipsoidal envelope. 

One of the most interesting applications of the approximate 
solutions of the wave equation that we have obtained in Part I, is to 
the investigation of the motion of a gas within a rigid ellipsoidal en- 
velope. To determine the free periods we have only to suppose that 

^ vanishes when p=l. The symmetrical vibrations in which the dis- 
turbance in each similar and similarly situated ellipsoidal surfaces is in 
the same phase will be determined by {k'p) which satisfies the equa- 
tion. 

1 /I 

^dp\p Sp / p 


ill 




Therefore 


sin 


I 


V'SV 


’*'0=- 




The free periods ace given by 


2wp 

~ 


\/3 

X being the wave length. 
C 30 


(I-4:303»r, 2-4590V, 3-4709®. 4-4774®, 6*4818®, 
6*48447r, etc.), 
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The first finite root corresponds to the symmetrical vibration of 
the lowest pitch. In the case of a higher root the -vibrations in ques- 
tion has ellipsoidal nodes defined hy the values of p corresponding to the 
inferior roots. It will be noticed that the pitch would be lower for the 
ellipsoidal shell than for a corresponding spherical shell obtained by 
putting a=i==c=l. The amount by which the pitch is decreased for 
an f ellipsoidal shell of given dimensions can be easily calculated from 
the above formula. 

The case of n=l is perhaps the most interesting. The diflferential 
equation satisfied by is 


where 


Hence the vibration at any point is given by 


e(k'p) k'p 

where U a sin 0 eos </>, 6 sin 0 sin cp^ or c sin The air therefore sways 
from side to side in the directions of the three principal axes. For 
vibrations in the direction of the o-axis, the periods are given by 


for vibrations in the direction of the &-ax:is hy 


and for those in the (lirection of the c-axis by 


X as before denoting the wave length. 

"Whto ^ = 2, the differential equation satisfied by % is 

d /I . 
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vphere A'*= 

7A2[12a* + 3(6'* + c^)-4og(i^+c’i)H-2&ac^] 

8(&® + c=> 4- 4a®) + + i ^ 1^1 2a+ + 3 ( 6-* + c*) - 4a® (J® + c®) -t- 2&®c® 

■I k^ [m-* + 3 {c* -f a *) - 46® (c® + a-} + 2c^a®] 

8 (c® ■)■«*+ 4S®) + + L + 1^126* + 3 +■ a*) - 4fi® (c® + a^) + 2c®a® 

or 

7ji;® [12c® + 3 (g* ^ ¥) - 4<® (a® 4- ¥) f 2a®6®] 

8,(a® + 6® 4-4 c®) + +i 4-i^|^12c*4-3(a^ + 6‘)-4c®(a®4-&»)-i-2a®&® 


The spherical nodes are gi^en by 


tan k'p— 


4rV“-9 


of 'which the first finite solution is £>=3*3422, giving a tone graver 
than any of the symmetrical group. The follo'wing will be seen to be 
nodal surfaces 

—2:^=0, 22/’^— — =0, 2a;^— 

It 'will appear from the above results that corresponding to a single 
mode of vibration of the gas inside, a spherical shell we get three dis- 
tinct mode of vibrations for the ellipsoidal shell. This result is also 
clear from the general expression. The periods of the t^th mode are 
•determined by k which are the roots of the equation 


'W'here 


dpLv P ^p) P _ 


It is clear fronn 
letters a, 6, 0 in 
vibration. 




0 2r 

0 


ff 


[0°a(^, ^')r sin ^ d&d^ 


a sin 9 

2^0 


the above expression that bj an interchange of the 
the expression w®' get three .distinct types of 
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3. N on-stationary state of heat in an ellipsoid. 

If the initial tempera tare of the ellipsoid 

4 . 4 - _ = 1 

at any point z be f[x , y, z) and its boundary is maintained at tem- 
perature zero^ then the problem consists in the determination of the 
temperature ^{x, y, t), such that 

[\) -f- at every point inside the ellipsoid, the 

^ 6^ dx^ ^z^ 

dilEusivity being assumed to be unity, 

(2) on the boundary, 

(3) '!'=/ (Xj y, z) when ^=0. 

A set of approximate solutions of the equation (1) in the co-ordinates 
(p, $, p) are 

..U n 

e «-» ((V) [6, p) 

or « {6, p). 

Hence the solution of the problem is given by 

» *2f >n 

y, Z,t) — t An,in e p) (9, <(>) 

n,m 

where the parameter \ is a root of the eq^uation 

4'„(\) = 0 

and if / (», y,z)^f {p, 0, p), we have 


m — 


p 2i 

Jq 


/ (p, f) ’*'» i^n) ^ (®> ■?) 

n rO 


sin (9 

I C*. \ \ [(r{d,<^)f-^ 

Jo 


When n = 0, the parameter a is given by 

A= Sir. -J- ,/ i + LV S denoting any positive integer. 

yS \o* cV 

if 6*==<^=a* (1-e*), e denoting the eccentricity of the ellipsoid of 
revolution, we have 
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Jtt neglecting the fonrtli gbiid the higher powers of This 

:ees with the result obtained hj Ni^ren.* 

If h^=a'^ (1 - and c^=a^/ (1 - e/) , so that and e.^ are the eceen- 
cities of the principal diametral planes^ we have 


Xa=S^ — - 
v/3 




glecting the fourth and the higher powers of and 


4. Soatteringr of a set of plane uaves by an ellipsoidal obstacle. 

Let ns next consider the problem of the scattering of a set of 
ane sound waves hj an ellipsoidal obstacle. 

The velocity potential of a set of plane waves proceeding in the 
rection (sin u cos sin u sin v, cos u) can be expressed in the form 


ih(x sin 'u cos v-i-y sin 2 ^ sin D-j-z cos w) 

J.kp(ji sin d cos (p sin u cos ?; -h 6 sin ^ sin sin sin t? -H c cos ^ cos u) 

(knp) On (a sin 0 cos cp sin n cos v 4 - & sin ^ sin <j> sin n sin v -hc cos 6 cos u) 

0 

)proxin]Lately, where 




0 2ir 

(^, ^>)r sin I 

0 


0 2ir 

0 


al [(<!>> 9}T 

To 


he expression for pQ can also he written in the form 

[c; («, f.) p, (oo« ») + 2 [< («. f) K «) -»» 

+ S* (0, f)P” [©08 «) sin w 

• pyi.!rr«»».,Vol. 171 (1880), p-lliB. 
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The proof of this expression depends on the fact that if we make 
the wave proceed in the direction of the 2 - axis, that is we make u=0^ 
we have 


^0 = 6 


^ (ikpY 

?i=o 2^11 


4 ^, iKp) 0l (d., <p) 


and this is approximately true for 



e 


ikpc cose 


^J^d0dcp=^2(ikp)”<b„{k„p) 

Pi) 


approximately. 


Consider now a constituent 


%^Blp-^n{K0) olid, f) 


of the incident wave system, and let the corresponding constituent of 
the scattered waves be 


where, 


and as before 


(/>! fn (k'nP) 0^ {9, 0 ), 


jU 2 X. 
— rV 


.-iTT 2 

3 j J ^ 

p.'VC ^S^TT 

joi 


0 the ellipsoidal obstacle be fixed, the condition 


^(fo + # = 0, 


to be satisfied for p = l, gives 

J5g ^nf « (^«) + *^ /« (^») 

Wtien the wave length is large compared with the dimensions of the 
ellipsoid, we have 
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m 

B'n _ n . i:«2n+l 

~ n+\ { 1.3. . . (2w— 1) } (2n.-)- 1) 

n 

approximately, and 



approximately. 
We have 


B 


[n 7n)\ ^ p^‘(cosi{) cos mv. 


(n + m) ! 

The rate at which energy is scattered can be easily shown to be 


\2n+2 


B' 


and by considering the terms of the lowest order it can be shown that 
it varies as the fourth power of the wave length. This is true whatever 
be the shape of the body so long as the dimensions of the body are 
small compared to fche wave length.* 


Rayleigh, Scientific Papers ^ Yol. I, pp. 91-92. 
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THE UNIVERSITY COLLEGE OF SCIENCE AND ITS 

ACTIVITIES*. 

Introductory. 

The laying of the foundation-stone of the Palit Laboratories of the 
UniTOrsity College of Science at Calcutta by Sir Asutosh Mookerjee on 
the 27th of March, 1914^ may be justly said to mark a new epoch in the 
history of scientific education in India. That event was made possible 
by the generosity of two men whose names will pass down to history. 
Sir Taraknath Palit and Sir Rashbehari Ghosh, and no less so by the 
energy and enthusiasm of Sir Asutosh Mookerjee himself, manifested in 
a quarter of a century’s devoted efforts in advancing the cause of 
education, and preparing the ground for the establishment of an institu- 
tion where his aims would find their fullest achievement. Indeed it 
would be strictly accurate to say that it was the character and abilities 
of Sir Asutosh himself, the belief in the sanity and soundness of his 
ideals, in his untiring energy and administrative capacity and in his 
extensive academic experience and knowledge, quite as much as the 
great object of the proposed institution, that evoked the generosity of 
Sir Taraknath Palit and Sir Rashbehari Ghosh towards the Calcutta 
University. A perusal of the two trust-deeds in which Sir Taraknath 
Palit made over the whole of his property, and of the letters of Sir 
Rashbehari Ghosh offering his gifts for the foundation of the chairs in 
Pure and Applied Science and for the maintenance of a department of 
technology will make this entirely clear. Our profound thankfulness 
to the two great donors whose statues grace the portico of the college 
budding is enhanced by our appreciation of their discernment. It 
has been truly said that the memory of one who gives to learning 
lives on when kings and emperors have been forgotten. When future 
generations recall the gifts of Sir Taraknath Palit and Sir Rashbehari 
Ghosh,. they will also recall the name of Sir Asutosh Mookerjee as 
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the founder of the iastitubion associated with tlieir benefactions and 
as one who devoted his life to the advancement of learning in his 
country^. 

The significance of the foundation of the University College of 
Science at Calcutta lay in the fact that it was here for the first time 
since the establishment of the Indian Universities in the fifties of the 
last century that higher scientific teaching in all its branches was 
taken up by one of them as part of its regular functions, and that' the 
advancement of knowledge by scientific research was recognised as one 
of the chief duties of the teacher. The Sir Taraknath Palit Professor- 
ship of Chemistry and Sir Taraknath Palit Professorship of Physics 
were the two first University Chairs in Science to be founded in India. 
One of the conditions imposed by the donors was that all the chairs 
founded from their benefactions should he exclusively held by Indians. 
The significance of this will be appreciated from the fact that at the 
time the benefactions were made, Indians were practically barred from 
entry into the higher educational services under Government. The Uni- 
versity College of Science was in fact founded to offer Jndians oppor- 
tunities for exercise of initiative and achievement which were denied 
to them elsewhere. Lecturerships were established for many different 
branches and sub-departments of science, especially thoss of recent 
development j no attempts for beaching which had been previously made 
in the colleges affiliated to the University, or for the matter of that 
anywhere else in India. It is very regrettable that these magnificent 
efforts at self-help and progress naade by the Calcatta University in 
the matter of scientific teaching and research have hitherto evoked 
absolutely no recognition or assistance from the educational i]bdminis- 
tratoxs at Simla and Darjeeling. 

The imposing building at 92 , Upper Circular Eoad, Calcutta, of 
which a photograph is here reproduced, houses the departments of 
Physics, Chemistry and Applied Mathematics and. the attached work- 
shops. Some rooms have also been allotted for Experimental Psycho- 
logy and Tio-ohemistry. The private residence of Sir Taraknath Palit 
at Ballyganj, a few miles off, with the spacious grounds in which it is 
situated, have been converted into hbfcanical and zoological laboratories 
with q^uarters for the Professors and students. Separate provision has 
also been made for teaching in Geology , Anthropology and Physiology. 
The writer does not feel competent to give a detailed account of all the 
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activities of the TJaivorsit^ College of Science since its foundation, 
and even if lie could, would not perhaps be doing full justice to all, 
especiallj in view of the fact that some of the departments were only 
started recently under considerable difficulties owing to the conditions 
created by the war. As is evident from a perusal of the reports of the 
Council of Post-Graduate Teaching in Science for the past three years, 
the organization of higher scientific teaching has now been developed in 
the Calcutta University to an extent nob so far attempted anywhere 
else in India ^ and the Beneficial results are already becoming evident in 
the numerous research papers being contributed by the various mem- 
bers of the University staff and their scholars. 

T/ie Department of Physics, 

Though the Sir Tarakuath Palit Chair of Physics was offerred to 
the writer in 1914, owing to the law-suits on the endowment and other 
difficulties, it was possible for him bo join it only in July 1917. Partly 
owing to war- conditions and partly owing to the financial difficulties of 
the University, serious hindrances were felt in organizing the work of 
the department, especially in obtaining apparatus for teaching and 
research in the newer branches of the subject. Nevertheless, some pro- 
gress has been made, and writing now after three years and a half of 
workj it is permissible to look back and recount the broad aspects of 
.the results. 

Perhaps the most encouraging result of all is that the department 
has produced a number of men who have succeeded in proving their 
capacity for successful research in Physics with only such training and 
facilities as are available in India. Tour members of the staff of the 
Physics department have succeeded in obtaining their Doctorate during 
this period. Another obtained the Curzon Besearch Prize of the Madras 
University and was selected for an important and responsible charge in 
the Indian Meteorological Department. At least a dozen others con- 
nected in one way or another with the department have publish^ 
research work in various journals during the period under review, and 
some of them are men of high promise of whom more will he seen aurd 
heard in the years to come. All this is legitimately a matter for satis- 
faotion. 

The activities of the department have been many-^ded in fiheir 
nature* During the j^riod under review, research work was being 
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carried on practically in all the hranches of Physics, and papers dealing 
with a very wide range of subjects have been published. In the depart- 
ment of Optics and Spectroscopy no fewer than fifty papers were 
contributed, as also ten papers in General Physics, three in Heat, 
one in Magnetism, and some twenty papers in Acoustics, by the writer 
and those associated with him during the period under review. As 
time goes on and experience is gained, an increasing measure of success 
may be expected, and there is room for hope that at least in some 
branches of Physics, the University College of Science at Calcutta 
may obtain a leading position in the scientific world as a centre of 
research. 


The Department of Applied Mathematics. 

The principal features of the activities that have marked the 
few years the department has been in existence as an integral part 
of the XJniversity College of Science may here be set forth in brief. 
The department is composed of the Sir Rashbehari Ghose Professor 
of Applied Mathematics, three University Lecturers, two Sir Rash*- 
behari Ghose Research Scholars and several students who are either 
preparing for the Master of Arts or Science degree of the University or 
after having taken those degrees are engaged in post-graduate research. 
Contributions have been made by the members of the staff and the 
research students on various branches of applied mathematics, namely , 
theory of attraction and potential, theory of vibrations, harmonics 
(including Bessel and Mathieu functions), motion of solids through 
liq^uids, electrical, optical, acoustical, tidal and earthquake wave 
motion and astrophysics. Some of the researches were undertaken 
by their authors with a view either to explain or elucidate some new 
physical phenomena actually observed in the course of experimental 
work in the Physical Laboratory. In this way the Departments of 
Physics and Applied Mathematics h^ve been closely co-operating with 
each other. Some of the researches in applied mathematics have been 
published in foreign journals but they have been mainly published in 
the BiclleUn of the Galcutta Mathematical Society which is the quarterly 
organ of the Society, at present running through the twelfth volume. 
The Sir Rashbehari Ghose Professor of Applied Mathematics who is the 
Secretary of the Society and the Editor of the journal is at present 
aiming at its further development and improvement and it is hoped 
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that ere long it will be recognised as one of fclie leading mathematical 
journals of the world and will do away with the teproacli that lias 
been rightly or wrongly levelled by some of its critics against the 
scientific workers of the University that their conrtibutions published 
in foreign journals benefit the foreigners more than their o%fii 
countrymen. 

The Department of Ghemistry . 

The Department of Chemistry was the first to be inaugurated in 
1.915, with Sir P. C. Ray and Dr. P. C. Mitter as the first professors. 
A number of junior workers joined, who have since distinguished them- 
selves by their discoveries in the domain of pure chemistry. The 
articles in this volume, hy the various workers of this department, 
are ample proof of the excellent work being carried on here. The 
facilities afforded to the students are of the highest order. Post- 
graduate teaching is the only form of teaching which the Institution 
undertakes. The Professors and University Lecturers take direct and 
personal interest in the work of the students. 

Every professor is provided with two research scholars, their 
stipends being met from the endowments of the late Sir Tarak Nath 
Palit and the late Sir Rashbehari Ghose. 

In 1920, the Department of Applied Chemistry was added through 
a second munificence of the latCvSir Rashbehari Ghose. Dr. H. K. Sen, 
after spending six years in industrial work outside, has returned to 
Calcutta to fill the first chair of Applied Chemistry. Twenty-six students 
have been admitted to this department. Students are taken in batch*^ 
to visit factories, where teachers are present to explain the details of 
working. The instruction in this department will be aubstantially 
improved when the workshop, the construction of which wm under- 
taken a few months ago, is completed. This will include machines 
and other accessories that are in use in factories. There is a scheme 
for installing model working units of the more important industries 
that are vital to the country. This department has in addition a 
lecturer on mechanical drawing. 

The Deptwimeni of Experimented Psydkalogy, 

The term 'science’ is associated in the popular mind, with 
matter. It is concerned with changes in the physic^ world and it 
puts mau- lU- position to shape and control the realm of matter in 
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the fashion that his interests dictate. It is but to be expected then 
that, for most people it vrould seem to be an anomaly to see the 
Department of Experimental Psychology located in the College of 
Science. 

But the realm of mind too, is amenable to laws, the psychic 
events also are capable of prediction and control, as are the events of 
realm of matter and of the physical world. Psychology has thus a 
very good claim to a place in the congress of sciences. And the 
authorities of the Calcutta University are to be congratulated upon 
their taking this broad vievr of science. 

Many^ however, will hesitate to assent. Is not the spirit free 
from all determinations and is not its law the law of spontaneity ? 
Thus will the eternal Metaphysic enter its challenge and protest. 
But Psychology is not concerned with the ultimate nature of the 
spiritual reality. We know that we frequently ‘explain* our fellow- 
men’s behaviour ; and no explanation is possible unless there are 
generally valid laws. We are able to predict our neighbour's 
conduct; or else, all social intercourse would be at an end. We 
believe that we can control human mind. What else are the processes 
of education and training hut so many ways of ‘ controlling ’ the 
mind ? Why else does the business man advertise his wares if not. 
for ‘ controlling ’ the public mind in his own favour? Mental events 
then can be ‘explained’, ‘predicted’ and ‘controlled’ as much as 
physical events. And the ‘Science of Mind’ has its own place in 
the scheme of natural seiences. We might even say that Psychology is 
the latest step forward by the Spirit of Science. It views mind in the 
same manner as the physical sciences view the physical world. The 
same attitude of determinism is the ruling attitude everywhere. 

As a science Psychology is but in its youth, if mot in its infancy. 
Yet it promises a precocious future. Already there are signs of its 
far-reaching influence, potential if not actual, in many domains of 
human enterprise. We should be. failiog in our cultural 2seal if we do 
not welcome this new agency of progress. 

What has this science aeheived in the arena of practical life? 
Its achievement, it is true, cannot he pointed out to be stared at 
by the bystander. But to the thinking mind it is not ohseure. Its 
influence upon education is not far to seek. The great educationists 
from Edusseau onwards have sought a solid psychological foundation 
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for this greatest of human problems, that of Edncatioii. Their 
attempts haTe met with varied success, because the science of miod 
in those days was yet to be born. All educational movements of 
to-day feel their strength to lie exactly upon this basis — an accurate 
knowledge of the growing mind. 

But recent years have shown many other lines of operation. 
The upheaval of the last war forced all the progressive nations to 
marshall their best human material for the multiform national needs 
and activities. It involved choice and rejection, allocation of each 
unit to its proper place. And psychology came forward to help ; 
for selection of man is nothing but selection of his mind,— testing minds 
to discover what they are best fitted for. But nowhere has the 
harvest been so rich as in the studies of mental diseases. Methods 
of diagnosis and treatment have reached a degree of elaboration 
hitherto unknown. The numerous studies that are coming to light 
unerringly point to a great future. This is as was to be expected; 
for, the practical application does not far linger behind the discovery 
of the law. 

The Laboratory at the College of Science is devoted to this new 
science in its many-sided development. It is as yet mainly a teaching 
laboratory; for a science in order to flourish and progress must have 
its own human atmosphere. And this atmosphere has to be created. 
We are mating a persistent efiort to foster interest in almost all the 
special lines into which Tsychology has branched off. We are trying to 
help in the forward march of the science so far as circumstances permit. 

The Laboratory is about four years old ; it has yet to take to 
soil. But we have already a band of workers who^ though they can- 
not claim remarkable achievements, can claim eamestn^s of purpose 
and determination to work. Studies are in progress In several direc- 
tions. One of the teachers has been working with sucjoess in the 
field of Abnormal Psychology and has reported some of his results 
which have been adjudged to be of value. Two others are engaged 
in the interesting problem of studying certain psyebo phymcal capa- 
cities of our college students; and a report of a portion of this 
appears in this volume. Another member of the staff has interested 
himself in certain problems of General Psychology and has given 
out a portion of his work. Besides these, researches are in progress 
in seveial important smbleote and wift see light before long. 
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There are many fields of work open to us. Education, as tlie 
problem of abiding interest, will largely claim our attention. Every 
race must discover and understand its own mind and must shape 
its own plan of training. It is through an elaborate survey of the differ- 
ent mental capacities — of fatigue, of reaction, of attention, of memory, 
etc. — of the adult and of the growing mind that we can make our 
educational system fruitful and sound. The problems of backwardness 
and of ‘ mental deficiency ’ in their various orders will have to be worked 
out and will lead us to the study of individual and class differences. 
Much can be expected from a psyetological survey, at least of the 
school-going population. There are other topics equally promising. 
A study of the criminal types, more particularly, a psychological 
examination of juvenile offenders, would yield results valuable alike 
for sociological and for educational purposes. Abnormal Psychology 
is a subject by itself and offers a rich field for those who propose to 
study the miany forms of aberrations that are to he found in every 
social order. We have, then, before us the task of formulating psycho- 
logical tests for different purposes, vocational and educational. 
Besides these, the problems of General Psychology that can be fruit- 
fvilly investigated are too various to enumerate. We have, thus, a 
hopeful programme before us. We have not done much; we look 
forward to the future, — not a very distant one. 

The progress of a science often depends upon the public interest 
that it can command, which again largely follows the utilitarian 
possibilities. We are convinced that we can make our science useful 
to the community ; and we want the community to take interest in it. 


The. Departments of Biology. 

The residence of the late Sir Taraknath Palit has been fitted up 
to hioiise the Botanical and Zoological Departments. The work of 
reconstruction was commenced in 1916 and the Botanical Department 
was opened in October 1918. Mr. S. Bal, M.Sc., of the Michigan 
UniTersity, has been working up the mycological branch and has 
published eleven papers in the Science Journal of the University; 
a paper on a species of parasitic algae appears in this volume. Several 
new specie of fungi are about to be published under the. joint author- 
ship of Df . JB[. Sydow of the Berlin University and Professor Bal. A 
plot of land is being devoted to the cultivation of ludian medicinal 
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plants under Prof. Bal’s direction. An immense amoimt .of work lias 
been done on medicinal plants in recent years both in Europe and 
America, iuid considering rhac abouc seventy p...r etmt oi tlie medieiaa! 
plants recognised by the British PhaTmacopoea are fotiRd in India, it is 
high time that work of that kind be seriously taken in hand in Ills 
Qonntrj, and it is to be hoped, that funds for this class of rwearcli will 
be forthcoming. 

Dr, S. P. Agharkar, the Rashbehari Ghosh ProfeS'ior of Botany, 
returned from Europe in July 1920, after completing his stidlts at 
the University oi Berlin and a botanical toar through &iithtrn 
Prance and Spain. He had the good fortune to be present^ witb 
five hundred named specimens by the authorities of the Berlin 
Botanical Museum, and further vyith a yalnable set of CMrmrn^^ a gift by 
Mr. Groves, and has been promised a collection of Norwegian pkntaby 
Prof. VVille, of Christiania. The most important addition to tl» 
herbarium of the Uniyersity College of Science is a collection of about 
five hundred specimens of plante from- the interior oi made 

during a journey undertaken by Dr. Agharkar during the mouths of 
June and July of last year. This collection is of inteffst 

as it was made within a zone of from 4,000 to 14,500 feel yisit^ bj 
Dr. Wallich’s collectors many years ago. Although the de^rtmmt 
presided over by Dr. Agharkar is principally intendid ^ wire the 
purposes of Applied Botany, the absence of a farm aiM the want of 
funds are proving great obstacles, the aims of Dr. Agharkar being 
to study the relationship of plants of importance in tgricultiire, to 
investigate the diseases of economically imjmrtanfc planted their c«i^ 
and prevention, to discover by experiment and sel^liOB new 
and bo carry out experiments^ in co-opemfeion with the Bengal Agricul- 
tural Department, experiments on planb trebling. Ihr. BriU is- work., 
ing out the materials for local ioms of Bengal and Sikkim, fe^nduet- 
ing, in oolaboration with one of the Posfc-graduale student with the 
assistance of members of the Sanitary anJthe Fisherim Depafto^ti, a 
detailed examination of the Algae Pi«ra of Be^l with infer- 

ence to the algae found in filter beds «d %Mm ef great 
in pisoionlture, and, in colaboralion with a mwim rf ^ ftefi of %U 
department of zoology, is engaged in tmmmhm m pfeal 
instrumental etuipment for botanii^ 4 

available, the scheme for a sysfeu»li«e Wteie ^ 
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worked out and its speedy realisation is only a matter of the neces- 
sary funds being forthcoming. 

The Zoological Department was opened in 1919, with a library of 
about 850 volumes and a laboratory which has gradually developed. 
The museum is still in its infancy; Mr. Srinivasa Rao, now lecturer 
on zoology, has made a collection of local insects, whilst other 
material has been kindly lent by the authorities of the zoological 
department of the Indian Museum. Professor Mitter has published 
a treatise in Bengali, {Moner Bibartan), and is preparing 

another Bengali treatise on the theory of evolution and evidences in its 
support ; he is also engaged in a research into the part played by 
olfactory sensation of ants aiding in the selection of food. Professor 
Maulik, whilst in London and before joining his appointment as Univer- 
sity Professor of Zoology, worked out the subfamilies Hispinae and 
Cassidinae, members of the Order of Coleoptera, for the Fauna of 
British India. He has left again for England. 

Original research in the zoology department is greatly hindered 
by the necessity of opening classes for B.Sc, students who wish to 
specialize later on in zoology. 


